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Preface 


Although we are the formal authors of this monograph, the 
ideas in it and their application represent so much the fusion of the 
thinking—agreement and disagreement—of several close colleagues 
and ourselves, that to call the monograph “ours” is almost fatuous. 
Indeed, we have split the preparation of the several chapters between 
us, not to indicate sole authorship of the work summarized therein— 
as will be clear from the references to the work upon which the sum¬ 
mary is based—but to ensure as complete and current coverage of 
this rapidly evolving field as possible. 

C. W. Pecker and J-G. Pecker have been involved in virtually 
every phase of the work, from the early arguments on the importance 
of the non-LTE methodology, through the measuremen t and analysis 
of the Khartoum data, to the present diffusion of (he application of 
the methodology downward to the photosphere and upward to the 
corona. J. T. Jefferies came, supposedly, for a brief visit, but its 
length, and the bread th of his influence have become a benign Hydra 
in the evolution of the non-LTE methodology and the analysis of 
chromospheric structure. The results of W. B. Dunn’s meticulous 
and stimulating woi’k on chromospheric strucvtnre continue to be 
published mainly by others; we can only emphasize our debt for the 
material and advice he has provided us. The efforts of J. B. Zirker 
and S. R. Pottasch have focused attention on an extension of the 
methodology to clarify the structure of (he lowest chromosphere 
and on application ol‘ the methodology to the novae and diffuse 
nebulae. Our hopes that the approach may be extended to include 
more explicit treatment of velocity fields have been largely reflected 
in the work of C. A. Whitney on cepheids, and in his preliminary work 
on granulation. Although we have not considered the solar prom- 
inances in this monograph, t,he work on them by F. (^. Orrall and 
H. B. Zirin emphasizes the short-sighted nature of this omission in 
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the over-all scheme of the non-LTE configuration of a gaseous en¬ 
semble. The careful observations of line profiles at the limb and over 
plages by E. v. P. Smith, and in flares by E. v. P. Smith and H. J. 
Smith, have been responsible for much thought and analysis, only a 
part of which has been summarized here. H. R. Johnson and S. 
Matsushima have carried through detailed numerical explorations 
of Hel and H, respectively, to lay the basis for much of our physical 
“feel” for these problems. 

While they have not been directly involved in the details of 
these non-LTE investigations, we are indebted to several colleagues 
for much discussion on a number of problems considered here: J. W. 
Warwick, on our attempts at reformulation of the source-function 
problem; E. N. Parker, on problems of radiative stability; B. E. J. 
Pagel, on the problems of the solar limb and non-LTE in H“; L. M. 
Branscomb, S. N. Milford, and M. J. Seaton, on problems of cross 
sections; and especially R. 0, Redman and J. Houtgast, on eclipse 
spectra, results, and analysis. 


R. N. Thomas and R. Grant Athay 
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CHAPTER 1 


The Problem of the Solar Chromosphere 
and Its Bearing on the General Problem of 
Stellar Atmospheric Structure 

R. N. Thomas 


I. Definitions and Statement of the Problem of the Solar 
Chromosphere 


At the extreme solar limb the intensity of the continuous emis¬ 
sion in the optical spectrum drops by a factor e over a region some 
100 km in extent, (liereby giving rise to the appearance of a sharp 
boundary. Immediately following this rapid drop, two marked 
changes occur in the character of the optical spectrum: (1) The 
spectrum changes from a strong continuum emission, broken by 
absorption lines, to a spectrum dominated by emission lines of neu tral 
and singly ionized atoms superposed upon a weaker continuum. 
(2) For both lines and continuum, the emission scale height, which 
is the distance required for a decrease in intensity by a factor e, 
becomes much greater than the 100 km characterizing the continuum 
at the limb. These two characterislics of the emission persist for 
some 10,()()0 km, with only the strongest lines remaining visible 
throughout the entire region. This region, in which emission lines 
of neutral and singly ionized atoms are observed, is called the chro¬ 
mosphere. The first 5000 km, which presents a quasi-uniform ap¬ 
pearance, is called the lower chromosphere. The upper 5000 km, 
where the emission is concentrated in small spike-like columns, is 
called the upper chromosphere. The columns are called spicules. 
The classical chromospheric problem is to find an explanation of the 
large scale heights of the chromospheric emission. 

Above the chromosphere is the corona, in which the emission 
scale heights have values much larger than the chromospheric emis¬ 
sion scale heights, and whose spectrum is of a still dilferent type. 
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The continuum is fainter than in the chromosphere, and the emis¬ 
sion lines in the visible part of the spectrum consist of a few lines 
arising from forbidden transitions in metal atoms nine or more times 
ionized. The intensities of the lines, and, to a lesser extent, of the 
continuum, vary with both time and position on the sun (cf. Chapter 
3). The coronal emission lines are observed out to a distance of 
about one solar radius beyond the limb, and the continuum is ob¬ 
served out to several radii. For about the first one-half of the radius 
above the limb, there are no absorption lines in the coronal spectrum. 
However, at greater distances from the limb, the Fraunhofer lines 
of the solar disk spectrum gradually reappear. In this monograph 
our interest in the corona is restricted to those layers lying immedi¬ 
ately above the chromosphere. 

The chromosphere and corona together comprise the outer solar 
atmosphere. It is customary to distinguish the outer atmosphere, 
whose properties are inferred from limb spectra, from the lower or 
normal solar atmosphere, whose properties are inferred from disk 
spectra. Customarily, those regions of the lower atmosphere wherein 
arises the continuous spectrum are called the photosphere. The 
regions producing the absorption lines have often been called the 
reversing layer. This concept of “reversing layer” is, however, a 
misleading one, as we shall see in discussing line production, and is 
best forgotten. The distinction between lower or normal parts of 
the solar atmosphere and the outer solar atmosphere has arisen from 
two conceptual standpoints. 

First, most astronomers feel that they understand the character 
of the lower atmosphere in terms of what may be called the “classical” 
theory of stellar atmospheres, which assumes the local applicability 
of thermodynamic and hydrostatic equilibria and does not take into 
account the existence of the outer atmosphere. This theory predicts 
a monotonic outward decrease of material density and of excitation, 
thus of emission scale height. 

Second, from considerations based partly upon the predictions 
from the classical theory and partly upon interpretations of observa¬ 
tional data, some astronomers feel that the outer atrposphere has no 
influence upon the observed disk spectrum (cf. van de Hulst, 1953). 

In opposition to the foregoing viewpoint, there are some who 
maintain that the cores of the strong Fraunhofer lines are formed in 
the chromosphere. On the basis of eclipse observations of the chro- 
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mosphere, we believe that many of the intermediate strength lines, 
as well as the strong lines, ai'e of chromospheric origin. 

Thus, in entering a discussion of the outer solar atmosphere, 
we recognize four main problems: (1) What is the significance of the 
observed increase in emission scale heights just above the solar limb, 
in terms of the thermodynamic structure of the outer solar at¬ 
mosphere? Particularly, we ask the relation between emission 
gradients and density gradients. (2) What alteration in the physical 
assumptions underlying the classical models of the solar atmosphere 
are required in order to produce this outer atmosphere? (3) What 
changes must be introduced into conventional methodology under¬ 
lying the interpretation of solar (and ultimately stellar) spectra, re¬ 
quired by these derived characteristics of the outer solar atmosphere? 
(4) To what extent must any current empirical characteristics of the 
lower solar atmosphere be modified by such a change in analytical 
methodology? 

The initial approach to the problems above must be an em¬ 
pirical one. However, much of the analytical methodology applied 
to the early observational material has been based upon concepts 
that are valid only under the assumptions defining the framework 
of the classical theory. Thus, the most important aspect of any 
study of the solar chromosphere must be a re-examination of this 
analytical methodology. Considerable controversy has arisen over 
widely divergent answers to the problems above, derived from the 
same observational data, but subjected to dilferent kinds of analytical 
treatment. Thus, this monograph is an inctuiry into a methodology 
of analysis of the solar chromosphere, as well as an analysis of the 
solar chromosphere itself. 

For many years the 1932 eclipse data of Gillie and Menzel 
(1935) served as the focal point for discussions of chromospheric 
problems. A re-discussion of these data based on a s trong change in 
analytical methodology (Thomas, 1948b, 1949a, 195()a), showed con¬ 
siderably higher values for the amount of absorbing material in the 
chromosphere than previous estimates had given, and wide depar¬ 
tures from results which would be required by the classical method¬ 
ology of analysis of stellar atmospheric spectra. A program was 
planned for the 1952 eclipse which would greatly increase the scope 
of the observational data and provide a firmer basis on which to 
attack the chromospheric problems. The data from this eclipse 
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have substantiated the notions that the chromosphere has a strong 
effect on the disk spectrum, and that significant departures from a 
state of local thermodynamic equilibrium exist, and their analysis 
has yielded a wealth of new information on the thermodynamic 
structure of the chromosphere. 

In this monograph we concentrate our discussion on the 1952 
eclipse data obtained by the High Altitude Observatory expedition 
to Khartoum, Sudan, with the aim of exploring the above enumerated 
problems. We supplement these data with certain disk observations, 
spicule observations made outside of eclipse with coronagraphs, and 
with radio noise data. Such an approach, with the principal em¬ 
phasis simply on determining empirically the structure of the outer 
solar atmosphere, fails to put the problem of the existence of the outer 
solar atmosphere in its full perspective. Therefore, in the remainder 
of this introductory chapter we discuss the outer solar atmosphere 
in relation to its general role in clarifying the problems of the struc¬ 
ture of the solar and stellar atmospheres. 

11. The Significance of the Outer Solar Atmosphere in the 
General Study of the Structure of Stellar Atmospheres 

The existence of the outer solar atmosphere with its unex¬ 
pectedly large emission scale heights relative to the photospheric 
scale height must be regarded as anomalous in terms of the classical 
model of a stellar atmosphere. The classical model predicts a 
monotonically decreasing scale height with increasing distance from 
the sun. In order to account for the observed outward increase in 
emission scale heights, one usually postulates either an energy source 
other than that carried by the radiation field, or a source of mechan¬ 
ical momentum capable of supporting the atmosphere. In the first 
alternative, the anomalous scale heights are attributed to the thermal 
structure of the atmosphere, which departs from the structure of 
the classical atmosphere. In the latter alternative, the thermal 
structure of the classical atmosphere in radiative equilibrium is pre¬ 
served. 

Associated with the gross, over-all anomally of large scale 
heights are other aspects of the outer atmosphere which stand in a 
priori contradiction to the assumptions underlying the conventional 
theoretical model. Outstanding among these other aspects is the 
existence of large differences in emission scale heights between lines 
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of different ions and between different lines from the same ion, the 
presence of ionized helium in the chromosphere and highly ionized 
metals in the corona, and the existence of material velocities exceed¬ 
ing the thermal velocity at the temperatures given by the conven¬ 
tional theoretical model. 

The solar chromosphere-corona is not the only example of a 
stellar atmosphere whose extent is anomalous relativ e to conventional 
models. Indeed, in some stars the “abnormal” component repre¬ 
sents the entire visible atmosphere. In most cases of such extended 
atmospheres, rather sizable velocity fields appear to be present and 
some non-radiative source of thermal energy seems to be required. 
We now ask whether the macroscopic velocity fields are coupled 
with the thermodynamic state of the atmosphere? If so, how does 
this coupling modify the conventional atmospheric model? Al¬ 
though the departures from the predictions of the conventional 
model of a stellar atmosphere occur most obviously only in the outer 
solar atmosphere, the proximity of the sun and the consequen t wealth 
of observational detail make the solar chromosphere a natural start¬ 
ing point for such an investigation. 

If there is a coupling between the macroscopic velocity field 
and the thermodynamic state of the gas, the local kinetic tempera¬ 
ture is no longer fixed solely by the radiation field. Under such 
conditions, it cannot safely be assumed that the atomic energy levels 
are populated as they would be under conditions of thermodynamic 
equilibrium at either the local kinetic temperature or the local radia¬ 
tion temperature. Instead, the detailed excitation and de-excitation 
processes must be carefully examined. 

The depth in a star where departures from thermodynamic 
equilibrium become relevant is a question that has always wvirried 
astronomers. In the lower atmospheric regions, whence originates 
the continuous spectrum, surprisingly great success has been had 
with the application of the various distribution functions that are 
rigorously valid only under conditions of thermodynamic equilibrium. 
In the outer atmospheric region, where there is the possibility of a 
non-radiative energy source and a radiation sink, conditions are most 
favorable for the onset of non-thermodynamic-eciuilibrium effects. 
Again, the detailed information made possible by the proximity of 
the sun presents the chromosphere as a natural source of empirical 
information. 
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From a more ‘‘solar” viewpoint, the chromosphere is an ex¬ 
tremely interesting component of the atmosphere. The central 
components of the strongest Fraunhofer lines originate here. The 
ultraviolet emission lines observed in rocket spectra of the solar disk 
appear also to originate in the chromosphere. In addition, many 
phenomena of solar activity arise in or near the chromosphere. 

In a broad sense, our ultimate aim in this monograph is a re¬ 
vision, or extension, of the conceptual basis underlying the classical 
model of a stellar atmosphere, along the direction set by the prob¬ 
lems just posed. In a specific sense, we seek a detailed knowledge 
of one such non-classical atmosphere as a guide to our change in 
concepts. Consequently, we try to exhibit the conceptual evolution 
that has resulted, in part, from the introduction of new observational 
data, and in part from a re-analysis of existing data. 

III. High-Energy Aerodynamics and Stellar Atmospheres 

The properties ascribed to the gaseous ensembles studied in 
stellar astrophysics and those studied in laboratory gas dynamics 
have traditionally differed in the degree of excitation of internal 
degrees of freedom in the gas, and the energy of the macroscopic 
velocity fields relative to the internal energy of the gas. In the 
astronomical situation, ambient temperatures correspond to more 
than 102°K. The conventional models of a stellar atmosphere as¬ 
sume negligibly small velocity fields, and the radiation field provides 
both energy source and sink. In the laboratory situation, ambient 
temperatures correspond to about The velocity field pro¬ 

vides the local energy source, and viscosity and heat conduction pro¬ 
vide the energy sink. Or, such was the situation prior to about 1947. 

Since 1947, studies of both stellar atmosphere and laboratory 
gas dynamics have converged on the problem of how to describe a 
gaseous ensemble when there is appreciable coupling between the 
macroscopic velocity field and the radiation field. In both cases, 
the concern with this problem results from an awakened interest in 
very high gas velocities. The high velocity in the stellar atmosphere 
case serves to introduce the possibility of a local source of mechan¬ 
ical energy in addition to radiative energy. In the laboratory case, 
the high velocity serves to provide highly excited atoms, which, in 
turn, provide a radiative sink of energy. Thus, in both cases, the 
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local mechanical dissipation of energy and radiative efflux of energy 
occur as a cyclic process. 

Such a cyclic process introduces the possibility of a departure 
from thermodynamic equilibrium. In the conventional approach to 
stellar atmospheres, a “local thermodynamic equilibrium” assump¬ 
tion is introduced, which couples the internal degrees of freedom to 
the radiation field by forcing the relation between local emission and 
absorption of radiation to follow Kirchoff’s law for thermodynamic 
equilibrium. In the conventional gas dynamics, a “local thermo¬ 
dynamic equilibrium” assumption couples the internal degrees of 
freedom of the gas to the macroscopic velocity field by forcing the 
temperature to follow velocity via a constant value of the specific 
heat ratio. 

In each of these two types of “local thermodynamic equilibrium” 
assumptions, the goal is to represent the distribution functions of 
the atoms over the various internal energy states by one or two para¬ 
meters, and thus to avoid the necessity of discussing the detailed 
mechanism of atomic interactions. In the presence of cyclic pro¬ 
cesses, the question of a non-thermodynamic-equilibrium configura¬ 
tion for the gaseous ensemble arises and the details of all atomic 
processes must be considered. Thus, in essence, the over-all prob¬ 
lem reduces to that of describing the general configuration of a gaseous 
ensemble. 

The problem of a general approach to the description of a 
gaseous ensemble with possible departures from thermodynamic 
equilibrium is not a trivial one. If the distribution of electron density 
rie, electron temperature 7\, velocity field v, and chemical composi¬ 
tion of a gaseous ensemble is known, it is possible, in principle, to 
predict the emergent radiation field—or, on the other hand, to infer 
Tic, Te, V, and chemical composition from the emergent radiation field. 

On the purely theoretical side, an a priori prediction of the 
configuration the gas will assume can be attempted from a knowl¬ 
edge of the energy sources. In general, observations are neither 
sufficiently precise nor detailed to proceed wholly empirically, and 
our physical insight has not matured sufficiently to guard against 
iinwarranted simplification in the assumptions defining the theore tical 
model. Thus, in practice, a composite of the two approaches must 
be adopted. The chief guide is the physical consistency between 
the theoretical approach and the observational data. The major 
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hope for advancement lies in obtaining detailed observations on such 
non-thermodynamic-equilibrium configurations, both astronomically 
and in the laboratory, which will allow development of our physical 
insight and testing of analytical investigations. 

Interests in astrophysical and laboratory studies of gaseous 
ensembles in which the velocity and radiation fields are coupled 
differ in three essential aspects. 

First, the laboratory interest in coupling between the radiation 
and velocity fields has arisen fairly recently, accompanying the de¬ 
velopment of methods to obtain such high gas velocities. The ex¬ 
tent to which these effects can be induced is limited to the magnitude 
of the velocities that can be produced. In the astronomical case, 
velocities of wide range in amplitude have always existed; only re¬ 
cently have their implications been investigated. 

Second, the composition of the gas and the character of the 
impressed velocity field are a priori known in the laboratory case. 
The primary problem is the development of an analytic description 
of the configuration of the gas and of the radiation field. In the 
astronomical case, the problem is to ascertain the character and 
origin of the velocity field as much as its effect upon the atmospheric 
structure. 

Third, the stellar atmosphere itself has such a slow time scale 
of change that at any given time it seems safe to treat the gas, as a 
whole, as being in a statistically steady state. In the laboratory, 
however, it is difficult to maintain a high-energy configuration other 
than transiently. In partial compensation, laboratory gas densities 
are much higher, thus speeding up all relaxation processes. 

In consequence of the comparison just made, the stellar at¬ 
mosphere and laboratory studies are strongly complimentary in an 
investigation of this field of ultra-speed gas dynamics. Laboratory 
investigations provide information on relaxation rates, verify the 
accuracy of computations on atomic cross sections, and clarify the 
physical validity of new concepts such as those involved in attempts 
to provide a generalized theory of turbulence. Astronomical obser¬ 
vations of stellar atmospheres provide detailed information on a 
gaseous ensemble in a steady state, bat not necessarily in thermo¬ 
dynamic equilibrium. 

In the past there have been several joint aerodynamical-astro¬ 
nomical discussions of problems arising in the interstellar medium. 



THE PROBLEM OF THE SOLAR CHROMOSPHERE 


9 


For the first time, in the summer of 1.960, there will be a similar sym¬ 
posium for aerodynamicists and astronomers on the problems of the 
stellar atmosphere. A major requirement underlying such a dis¬ 
cussion is an observational and analytical investigation of stellar 
atmospheres aimed principally at clarifying the physical conditions 
in those “extended” stellar atmospheres whose properties seem as¬ 
sociated in a major way with aerodynamic motions. Let us turn, 
then, to a brief recapitulation of the problems of a general stellar 
atmosphere. 


IV. The General Stellar Atmosphere 

Prior to about 1947 the approach to the structure of stellar at¬ 
mospheres was based completely on the notion of a gaseous ensemble 
whose properties were fixed by the assumptions of radiative equilib¬ 
rium, local thermodynamic equilibrium, and negligible velocity fields. 
The analysis of stellar atmospheres via this “classical” model was 
just emerging from a period in which an approximation to the model, 
the gray-body approach with continuous absorption coefficient inde¬ 
pendent of frequency, had seemed adequate to predict the distribu¬ 
tion of temperature in the atmosphere. In essence, the earlier analy¬ 
sis of the line spectrum for purposes of abundance determination 
had dealt with one “mean level” in the atmosphere; and a precise 
knowledge of the temperature distribution over the whole atmosphere 
was not critical. However, Wildt’s (1939) identiftcation of the H~ 
ion as the source of the continuous opacity in stars later than about 
AO and Chandrasekhar’s (1945, 1946) detailed determination of its 
properties, had simultcuieously explained the high degree of success 
of the gray-body approximation for the sun and other intermediate 
type stars and spurred investigalions of the non-gray case. These 
investigations were supplemented by more extended and precise 
empirical determinations of temperature distribution in Ihe solar 
atmosphere from limb-darkening measures in the continuum. At 
the same time, more detailed investigations of models of line forma¬ 
tion wei'e underway, including specifically the detailed dependence 
upon the temperature structure of the atmosphei'e. 01* particAilar 
interest was the influence of the more detailed models upon abundance 
determination. 

In consequence, what seemed to be the two outstanding theo- 
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retical problems on the atmospheric structure at this epoch, prior to 
about 1947, were both concerned with an improved calculation of 
the temperature distribution. One problem, formulated directly 
under the framework of the assumptions defining the classical model 
of the atmosphere, sought to provide an adequate treatment of the 
“blanketing effect” resulting from the addition of line absorption to 
the continuous opacity.^ The other problem sought a correction to 
the temperature distribution in the lower atmosphere, by providing 
an adequate treatment of the convection zone associated with the 
ionization of hydrogen and possibly helium. In this convective zone, 
the strict application of radiative equilibrium must be dropped, and 
so the problem represents a first departure from the strictly ‘ ‘classical’ ’ 
atmosphere. 

From an observational and conceptual standpoint the ultimate 
adequacy of the “classical” atmospheric model defined above seems 
less certain. Such doubts center primarily on the rather widespread 
indication of appreciable velocity fields, with speeds exceeding the 
thermal velocity of the classical atmospheric model; and an equally 
widespread indication of atmospheres that are anomalously extended 
relative to the predictions of the classical model. The two phenom¬ 
ena are often linked, in that an atmosphere exhibiting one charac¬ 
teristic is prone to exhibit the other. Four main categories of stars 
appear to exhibit one and/or the other of these effects: (1) shell stars, 
consisting of a central star surrounded by a semi-detached envelope; 
(2) practically all, if not all, the variable stars; (3) a number of non- 
variable giants and supergiants in the early spectral classes; (4) 
the outer atmosphere of the sun, and, by implication, the outer 
atmospheres of a good portion of the main-sequence stars. 

The usual inferences on the extent of an atmosphere refer to 
the distribution of a particular stage of excitation of a particular ion. 
To turn such observations into density variation with height re¬ 
quires a knowledge of the spectroscopic state as a function of height, 
which requires some atmospheric model. In general, observations 
are so limited that one can only conclude that the results are anoma¬ 
lous on the basis of the classical model, but he is not able to say what 
the actual density variation is in the atmosphere. For a long time, 
the semi-intuitive expedient was adopted of treating the inferred 
macroscopic velocity fields as a simple extension of molecular motion, 
which gave a “turbulent” pressure, thus an atmospheric extension. 
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But no coupling was allowed between the macroscopic velocity field 
and internal degrees of freedom of the gas. Therefore, of the as¬ 
sumptions defining the classical atmosphere, just one was dropped, 
that of negligible velocity fields. Under this picture, the tempera¬ 
ture distribution fixed by the assumptions of radiative equilibrium 
and local thermodynamic equilibrium remains, and an observed 
distribution of emission can be converted to a distribution of density. 
This approach seems to have developed following a suggestion by 
Rosseland (1929) that the Reynold’s numbers occurring in astronomy, 
based on stellar rotation, were large enough that some turbulent 
motion should be expected. The concept of such “turbulence” was 
invoked by McCrea (1929) to support the solar chromosphere and by 
Struve and Elvey (1934) in their discussion of observations of some 
10 F-type siipergiants. The primary difficulty in such a concept 
of “turbulence” is that it by-passes the important cxuestion of how 
to avoid the local dissipation of mechanical energy and thus the re¬ 
jection of all the assumptions defining the classical atmosphere. 
Chandrasekhar (1934) raised this objection to McCrea’s original dis¬ 
cussion, on the basis that the Gaussian distribution of “turbulent” 
velocities adopted by McCrea implied collisions, hence energy dis¬ 
sipation. The “turbulence” theory was propped up by removing the 
specification of the velocity distribution, and postulating an unknown 
mechanism which inhibited energy dissipation. Thomas (1947, 
1948a) reopened the question by objecting per se to the whole concept 
of superthermic turbulent, or random, motion without local dissipa¬ 
tion of energy, and suggested that the supposed velocity fields were 
more likely a blend of systematic macroscopic motions and high 
kinetic temperatures generated by this motion. It would seem that 
the proper approach is that which drops all a priori concepts on the 
nat lire of the velocity fields and attempts to relate the velocity field 
and optical spectrum in order to infer the properties of such a gaseous 
ensemble. 

The origin of veloci(;y fields is, of course, a relevant aspect from 
the standpoint of a model of the stellar atmosphere. Moreover, a 
really adequate description of the velocity field cannot be developed 
unless it embodies the origin of the field. If the question of origin 
is by-passed, the choice of the most physically coherent description 
is weakened, and some method of introducing the velocity field as an 
empirical parameter must be developed. Nevertheless, knowledge 
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of this originic question is so insecure that its solution must be re¬ 
garded as one of the desired results rather than a physically clear 
parameter of the investigation. It does seem that the velocity field 
must arise from an instability of one sort or another. The original 
suggestion by Rosseland (1929) of turbulence arising from stellar 
rotation offers one possibility. The pulsation associated with variable 
stars is another possible source. An amplification of the small velo¬ 
city fields arising in low-lying zones of convective instability by the 
atmospheric density gradient, as suggested by Biermann (1946) and 
by Schwarzschild (1948) offers a natural extension of the classical 
atmospheric model. The problem is to provide, from these or other 
sources, velocity fields ranging from those in the sun through those 
in the Wolf-Rayet stars to the outbursts of the novae. Thus, it 
seems reasonable to conduct our inquiry into velocity fields through 
a kind of kinematic study in which we inquire into the details and 
consequences of their existence rather than their cause. 

A study of the velocity fields in a stellar atmosphere is usually 
carried out by indirect means. A major requirement is a separation 
of atomic thermal velocity from macroscopic gas velocity. If the 
thermodynamic state of the gas is not to be prejudged, it is necessary 
to recognize the difficulty of this apparently simple problem. Even 
studies of solar spicules and prominences on the limb offer complic'a- 
tions, for the distinction must be made between material velocity 
and the motion of excitation fronts. Thus, in general, an empirh'ul 
inference of a macroscopic velocity field is closely linked witli mi 
assumption on the spectroscopic state of the atmosphere. 

It has not proved to be feasible as yet to cope in detail with 
many of the dynamical problems which occur in stellar atmospheres, 
even wi thout the complications of magnetic fields. Thus, we at temp t 
idealizations of certain outstanding features of such motion, to gain 
insight. For the case of the pulsating variables, we have attempted 
to idealize the problem to a piston oscillating at the base of an at¬ 
mosphere (Thomas and Whitney, 1953; Whitney 1955 et seq.). For 
application to the solar spicule, we have investigated (Thomas, 1948a, 
1950c) the behavior of a supersonic jet in a gravitational field, the 
effect of the jet on the atmosphere, and we should particularly like 
to ask the effect of radiation on the temperature of the jet. For the 
Wolf-Rayet stars, we have considered (Thomas, 1949b) the problem 
of inter-penetrating systems of jets. In each of these problems, the 
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spectroscopic state of the resulting ensemble is desired. Conversely, 
we have attempted to interpret the spectroscopic state of the at¬ 
mosphere in terms of the physical conditions prevalent in the at¬ 
mosphere. All these attempts represent but first approximations— 
to which hydromagnetic eflfects, questions of radiative stability, etc., 
must be applied. 

The analysis of the spectroscopic data in terms of the electron 
temperature electron density and occupation numbers of the 
various energetic states is more complicated than usual because of 
the necessity to allow for departures from thermodynamic equilib¬ 
rium. In some cases, the analysis yields the occupation numbers 
themselves; in other cases, it yields only the ratio of occupation 
numbers. Thus, one must be able to calculate the occupation num¬ 
bers for any given gaseous ensemble. The existing knowledge of in¬ 
elastic collision cross sections for thermal electrons, and, in most 
cases, optical transition probabilities, is inadequate for such calcu¬ 
lations. Because of the inadequacy, the limited calculations of 
occupation numbers that have been made are considerably uncertain. 
These calculations are mainly of interest in indicating the kind of 
effects to be expected. 

In order to circumvent the lack of physical parameters, as ex¬ 
tensive a set of data as posvsible is required to develop a methodology 
as well as to investigate the atmosphere. Although the chromosphere 
and corona represent bu t a small part of the total mass of the at¬ 
mosphere, the sun is a natural formal point of investigation. Most of 
tlie data relerrhig to the outer atmosphere have heretofore come from 
a few isolal(Hl (eclipse observations, but the details of these results 
are (luite <‘xtensive. Moreover, the large aperature coronagraph 
and high-resolution spectrographs at Sacramento Peak and McMath- 
Hulbert Observatories in the I Ini ted States, and similar instrumen ts 
abroad, are now in operation. Since the cen tral parts of many lines 
of the solar FraunholVir spectrum apparently originate in the chromo¬ 
sphere, the high-resolution disk instruments are capable of providing 
considerabh^ data relevant to the chromosphere. 

For lli(\s(^ reasons, we summarize in this monograph the results 
of our inv(\s(,igation of the solar chromosphere, and the development 
of the analy tical methodology underlying the investigation, as it has 
thus far progressed, l^he impetus for this investigation commenced 
from th(3 assumption that the solar chromosphere provides the most 
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readily studied example of a stellar atmosphere whose state is fixed 
by a local dissipation of mechanical energy and a radiative efflux. 

V. The Solar Chromosphere 

We have stated the problem of the solar chromosphere as the 
existence of the large emission scale heights relative to that scale 
height which gives rise to the solar limb and which would be predicted 
by the ‘‘classical” theory of stellar atmospheres based on a neglect 
of large-scale velocity fields and non-radiative energy transfer. We 
have mentioned the apparent evidence for superthermic, macroscopic 
velocity fields and asserted that such evidence suggests values of 
Te much in excess of those predicted by the classical model of stellar 
atmospheres. The kind of observational effects, and evolution of 
thinking, cited in the preceding section for the general stellar at¬ 
mosphere is duplicated exactly when we consider the specific quest ion 
of the outer solar atmosphere. To bring this specific problem into 
sharper focus, we summarize the chromospheric problem as it ap¬ 
peared at about 1930, at about 1947, and at present, within the 
framework of the discussion of the last section. The epoch of 1930 
marks a dividing line between the period of uncalibrated observ aliens 
of gross structure and the detailed spectrophotometric eclipse ob¬ 
servations. Serious investigations into the energetic effect of velo¬ 
city fields in stellar atmospheres began in about 1947. 

In the early 1930’s, the “chromosphere anomaly” was simply 
the existence of large emission scale heights, and, less often, of the 
variation of scale height from one ion to another. Attempts were 
made to correlate the variation of scale height with ionization po¬ 
tential of the psirticulai' ion and thus with excitation effects resulting 
from a temperature gradient. vSuch a temperature gradient was 
difficult to fit in with the classical model atmosphere, which was es¬ 
sentially isothermal at these levels. Other attempts involved gravita¬ 
tional or charge stratification, until it was realized that practically 
infinitesimal macroscopic motions of any kind suffice to ke(ip the 
atmosphere well mixed. Thus attention was directed mostly toward 
simply explaining the existence of large emission scale heights and 
the details were ignored. 

Efforts fell into two broad categories. In each, only the as¬ 
sumption of negligible velocity fields was dropped. One type of 
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proposal, McCrea’s (1929) “turbulence” model already mentioned, 
simply postulated the existence of a random velocity field within a 
uniform atmosphere. The second type of proposal dropped the as¬ 
sumption of a uniform atmosphere, and considered the chromosphere 
to be a composite of gas streams. Two alternatives were discussed. 
One, a quantitative treatment by Chandrasekhar (1934), consisted 
of a system of streams associated with a checkerboard of hot and cold 
regions over the solar surface, which produced a pattern of differen¬ 
tial radiation pressure. The other, a qualitative suggestion by 
Menzel (1931), consisted of a statistical array of prominences or 
filaments. 

All these proposed models were capable of a superficial repre¬ 
sentation of an increased scale height in the chromosphere. The 
basic question explicitly posed was the extent to which the chro¬ 
mosphere might be treated as a quasi-continuous gaseous medium. 
The extent to which the energy residing in the velocity field would 
couple with the thermal state of the gas was left undiscussed. 

By 1947 the formulation of the chromospheric problem was be¬ 
ginning to change radically, largely because of a conceptual change 
in the problem of the coupling between macroscopic and thermal 
velocity fields. The physical model of the chromosphere was that 
of a quasi-uniform gas, in which an appreciable dissipation of me¬ 
chanical energy occurred , and on which the formalism of local thermo¬ 
dynamic equilibrium was no longer forced. The idea of an “anoma¬ 
lous extent to the atmosphere” was replaced by the idea of a non- 
radiative energy source whicdi heated the atmosphere, thereby ac¬ 
counting for its extent. This idea had already been applied to the 
corona as a result of Edlen’s (1939) identification of the coronal lines 
with highly ionized atoms whose presence required. Te 1()®°K. 
Redman’s (1942) observation of chromospheric line profiles at the 
1941 eclipse apparentiy supported the notion as applied to the chro¬ 
mosphere. Several possibilities were discussed for the energy source: 
by Biermann (1946), by Scbwarzschild (1948), by Schirmer (1950), 
and by Scbatzrnan (1949) from the standpoint of the solar granulation 
as a source of acoustic noise which propagated into the outer at¬ 
mosphere, where it dissipated; and. by Thomas (1948a) from the 
standpoint of the solar spicules as superthermic streams of mat ter 
which heated the gas in the enveloping atmosphere. 

These discussions of a chromosphere having a kinetic tempera- 
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ture higher than the boundary temperature were rudimentary, largely 
because of lack of sufficient observational data. Both the non- 
radiative energy required to sustain the chromosphere and the energy 
actually residing in the various proposed energetic sources were 
highly uncertain. 

Since 1947, attempts have been made to obtain additional data 
on the system of mechanical energy input, to advance the under¬ 
standing of the thermodynamic structure of the chromosphere, and to 
develop the analytical methodology needed lo discuss such an at¬ 
mosphere. In terms of actual numerical results the greatest progress 
has been made in the structural direction, largely from the observa¬ 
tions at the 1952 eclipse. Considerable progress has been made in 
the development of the analytical methodology; the greatest handicap 
in detailed numerical application lies in the lack of atomic cross 
sections. Over this same period, however, there has been a slight 
shift back to the chromospheric problem as stated in 1930. The 
chromosphere has assumed a symbiotic appearance, with high- and 
low-temperature properties at the same heights. Arguments have 
appeared attempting to explain away the high temperature properties 
in favor of a low temperature configuration, and conversely. Follow¬ 
ing a suggestion advanced by Giovanelli (1949), the idea of a two- 
component chromosphere consisting of hot and cold vertical columns 
has grown in favor. Along with this development, the question of 
whether the chromosphere is not simply a composite of gas streams 
has reappeared. Thus, the chromosphere problem as it appears 
today might be stated as: 

Over-all: Is the chromosphere wholly a collection of gas streams, 
superposed on a negligible uniform gaseous substr.a,tum, or is the 
chromosphere a quasi-uniform gaseous atmosphere, into which a 
system of mass motions discharges? 

Detailed: What is the thermodynamic state of the material com¬ 
prising the chromosphere? Is the chromospheric structure random 
in space and in time, or is it statistically regular? 

Originic: What is the physical source or cause of the mass mo¬ 
tions? 

Any attempt to bring into focus the chromospheric problem as 
it appears at present would be incomplete without a brief summary 
of recent thinking on the structure of the upper photosphere. In 
essence, this thinking revolves around the concept of a spherically 
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symmetric solar atmosphere. The two outstanding theoretical prob- 
lerns of the classical atmosphere, as stated in the foregoing section, 
are that of the boundary temperature To, and that of the description 
of the convection zone. On the basis of a spherically symmetric 
atmosphere, the problem of the boundary temperature as it relates 
to the chromosphere is physically clear, even if there is not yet a 
satisfactory theoretical or empirical specification of For, once 
Te begins to rise above To, there must be a non-radiative dissipation of 
energy. Consequently, the first major goal in presenting a chro¬ 
mospheric model is that of specifying the height at which Te exceeds 
Tq. As a broad generalization of current empirical evidences from 
various sources, it appears that 4500 db 300° is a reasonable estimate 
for To, on the basis of an assumed spherically symmetric atmosphere. 
We summarize this material in Chapter 6. Thus, in analyzing the 
height distribution of Te in the chromosphere, particular attention 
must be paid to the height ho, where Te > 4200°. At least here, if 
not at lower heights, the assumption of radiative equilibrium be¬ 
comes invalid. 

On the other hand, attempts to describe the convection zone 
lead to departure from a strict spherical symmetry. Some sort of 
convective pattern exists, with ascending and descending currents 
carrying non-zero energy, and the temperature distribution must, in 
consequence, vary across a given horizontal surface. Even though 
these fluctuations average out in a large enough scale, there is non- 
uniformily on a small scale. The question becomes the size of the 
non-unilormity and (>f the scale. In addition, there exists the possi¬ 
bility that such non-uniformity in the convection zone produces dis¬ 
turbances whi(‘,h propagate upward fr’om the convection zone prop(^r 
and induce a iion-uiril‘ormil.y in the overlying layers. 

Such considei'ations, cx)upled with the observed phenomenon ol‘ 
granulation, have led to two kinds of dis(vussion of this convectlon- 
zone-induced noii-unilormity. On the one hand, there are attempts 
to link the granulation to the convection zone and thence to the 
energy source Ibr the chromosphere-corona. It is not yet clear 
whether tJie granulation itself represents (he convective elements, 
the picture first sugg(^sl,ed by Unsold (1930); a kind of turbulenc‘.e 
associated with the convection, as suggested by Biermann (1946) 
and by M. Schwarzscliild (1948); or a system of acoustic waves pro¬ 
duced by the convection and propagating upward as suggested by 
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Schatzman (1953) and by Thomas (1954). Estimates as to the 
actual temperature fluctuations across a granule depend very strongly 
upon the size ascribed to the “bright” granular regions. We sum¬ 
marize existing data and inferences from them in Chapter 6. 

On the other hand, de Jager (1954), Bdhm (1954), and Vogt 
(1956) have proposed a multi-component structure for those parts 
of the atmosphere in which the Fraunhofer lines are produced. These 
discussions have, to all practical purposes, been carried out neglecting 
departures from the local thermodynamic equilibrium assumption. 
It is not the purpose of this monograph to present much considera¬ 
tion of the general Fraunhofer line spectrum—we discuss only cer¬ 
tain lines having strong bearing on the chromospheric model. How¬ 
ever, we present in Chapter 6 a few brief comments on the above 
analyses, as they bear on the question of the existence of large-scale 
inhomogeneities in Te near the photosphere-chromosphere boundary 

VI. Explicit Statement of the Kind of Non-LTE Effects Treated 
in This Monograph, and Their Relation to the Transport 
Problems of Interest 

We have emphasized, in this introductory chapter, that the 
primary problem confronting a re-examination of the analytical 
approach to stellar atmospheres lies in a proper treatment of the 
coupling between macroscopic velocity field, microscopic degrees of 
freedom of the gas, and electromagnetic radiation field. What we 
have called the classical aerodynamical approach concxait,rates on 
the macroscopic mechanical transport problem. Whal- we have 
called the classical stellar atmospheric approach concentrates on a 
mixture of macroscopic and microscopic radiative transport problemvS. 
Each obviates the necessity of a simultaneous inquiry into distribu¬ 
tion functions over the microscopic degrees of freedom of t he gas by 
some kind of local thermodynamic equilibrium (LTl^) assumption, 
which couples microscopic distribution functions to macx'oscopic 
parameters of the transport problem. When either has had oc¬ 
casion to go beyond the most frequently treated aspect, of a comphrtc^ 
neglect of the other, the treatment has usually betm consi<l(u’ably 
oversimplified by some ad hoc assumption; the corux^f)!, of ''astro¬ 
nomical turbulence” having no energetic coupling to the thermal state 
of the atmosphere is an example. Thus, the interesting kind of ex- 
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tension beyond the wholly classical viewpoint—astronomical or 
aerodynamical—is one introducing some energetic coupling between 
radiative and mechanical transport problems. 

The analytical developments in this monograph starting in 
Chapter 4, introduce such an extension by considering an energetic 
coupling involving negligible monentum transport. Thus, the view¬ 
point is almost diametrically opposite to that underlying the intro¬ 
duction of “astronomical turbulence,” which is based on momentum 
coupling bu t neglects energy coupling. Consider a quick summary 
of the usual successive stages of approximation to the two transport 
problems, and the associated local thermodynamic equilibrium as¬ 
sumptions on the coupling with the microscopic distribution func¬ 
tions, in order to place in focus our approach in this monograph. 


A. Mechanical Transport via the Boltzmann Eqaatiori 

Write (he Holtzmann equation in terms of the distribution 
function fia for the number of ions i in energy level a with velocity 
components vj and acceleration aj at position xj, representing a process 
of type A carrying the ion from state (a,?.)y) to by 6^A(cx,vj;P,v'j) 
and its inverse by (H.4(/3,r'y;a,ry). Then we have 


dfia 

dt 


+ Vjf^ + 

dxj 


aj 


dVj 


S - 6U(^yj;ot,vj)] ( 1 - 1 ) 


Allernatively, introducritig (he dis(-nl)ution funcytion measured 
relative to the mean How vekxyity, yaf/y, of at.oms in the (i, a) state, 


we have 


dt 


+ 




dxj 


it x ^ ia^k I *11^ in 

0 Vk J <1 Vj 


dia<Ii 

dt. _ 


A,0,1)'; 


with 


., d d , d 

Vi = Vj - .v/y; + 


= - S. (O' - Oi.) (1-2) 

(1-3) 


Ty and d/dl should carry subscripts ia, l)ut their omission should 
cause no confusion in the following. 
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B. Radiative Transport 

Write the radiative transfer equation in its usual form in terms 
of specific intensity R (energy in the range v dz dv/2 per unit solid 
angle crossing unit area normal to the beam per unit time), rather 
than a photon distribution function Iy{cj,Xj)/hv, We use Cj for the 
components of light velocity c. Then we have 



= — (kvIv — ep)c ( 1 - 4 ) 

where Kv and are absorption coefficient and emissivily. 

Consider now the various degrees of local thermodynamic 
equilibrium assumptions conventionally introduced, when treating 
the transport problems individually; we are interested in trying to 
identify a rough parallellism between mechanical and radial-ive as¬ 
pects, To investigate the parallellism completely consistently, we 
should compare the analysis of mean flow velocity with that of inte¬ 
grated (over Irequency) radiative flux, or we should compare a specl.ral 
analysis of the velocity field with that of the monochromatic radiative 
transfer problem. Indeed, for a proper treatment of the effecjts of a 
velocity field on the optical spectrum we should have to adopt, the 
latter viewpoint. Here, however, we are attempting to ask how to 
introduce a first-approximation coupling of velocity field and radia¬ 
tion field in terms of an observable effect in the line spetdrum. So, 
we mix the approaches—which is, when one asks what is usually dou(^ 
in practice, the usual approach. 

1. Zero Order. Complete thermodynamic equilibrium : No 
gradient appears in thermodynamic variables of zero order, ^•«r/ = 0; 
h = 5,(T), the Planck function; and Fia == i^o(T), the (^()mp()und 
of Maxwellian velocity distribution, Boltzmann distribution over 
internal energy levels, Saha distribution over ionization states. 

2. First Order. Distribution function for transfer quant it i(‘s 
given locally by the thermodynamic-equilibrium value at \ho hx'al 
value of a temperature parameter. 

a. Mechanical Fia = Fo{Tk) everywhere locally, but a gra(li(uit, 
in and iaQ 0 permitted. T/t is the kinetic temperature, dcdiruxl by 
the Maxwellian velocity distribution. The usual treatment of a one- 
component gas—either (i, a) the same for all atoms or the disl ribution 



THE PROBLEM OF THE SOL/^R CHROMOSPHERE 


21 


over internal energy states assumed to have no explicit dependence 
upon the Vj —then gives the three equations expressing conservation 
of mass, momentum, and energy through multiplication of the Boltz¬ 
mann equation (1-2) by m, mVi, and mVjVj JJ = E and integrating 
over Vj and a, viz. 



dp , dqj _ f. 

(1-5) 

p 


(1-6) 


(1-7) 

n is the particle density and m the mass; p, p are 

gas pressure and 


gas density. J (‘ we introduce the coupling-assumption 

nE = p/(7 - 1) (1-8) 

the energy equation integrates to the polytropic relation 

P = Kp^ (1-9) 

and the microscopic distribution function has been completely coupled 
to th<! mac.roscopic velocity field. The essential physical approxi- 
inalion i.s the. as.siiinplion of complete predominance of atomic col- 
lisional rates, clastic and inelastic, over any other rate; so that dis¬ 
tribution functions always adjust instantaneously to the local value 
of 7’i., which is coupled to q through Eqs. (1-5) through (1-9). 

b. Radiative. The analogue to the mechanical case would be 
L = Bp(Tr), with Tr fixed wholly by the local radiation density. 
The essential physii'al approximation is the assumption of complete 
proclominamHi of radiative rales, so that distribution functions always 
adjust to Ihe local radiation density. Because the microscopic dis¬ 
tribution functions over the internal energy levels will in conse- 
qiienee lie llu! Bollzmann and Saha relations at Tr, we shall also have 

= BriTr) ( 1 - 10 ) 

SO tlial hlq. (l-'t) hec<)me.s 

dBXn) , dBrjTr) ^ 

dl dXi 


( 1 - 11 ) 
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This configuration is uninteresting astrophysically, because of the 
required isotropy of radiation field, which does not let us examine a 
radiating gas mass, having a free—or non-reflecting—boundary. 
A.ctually, this case is in more direct correspondance with the mechan¬ 
ical case for g = 0, corresponding to zero flux, mechanical or radiative. 

If we introduce the less-restrictive assumption I\ = By{Tr), 
where the bar indicates average over angular distribution, we retain 
the assumed predominance of radiative rates, and Tr remains fixed 
wholly by the radiation density. Also, Boltzmann and Saha rela¬ 
tions remain valid at Tr, thus also Eq. (1-10). Equation (1-11) 
gives way to 


dBv(Tr) , f dip doi _ 

dt J ^ dxi 4 >t 


( 1 - 12 ) 


In the steady-state configuration of a plane-parallel atmosphere, the 
configuration usually treated in discussing stellar atmospheres, the 
monochromatic flux gradients are zero; but Ip need not be istropic, so 
that the case of a free-boundai’y with, no incident radiation field may 
be treated. 

3. Second Order. Deviation from thermodynamic-equilib¬ 
rium value permitted in distribution function for transfer qinmtities, 
but size of deviation small 

a. Mechanical Distinguish between distribution function in 
atomic velocities, F\ and the remainder of that covering the 
distribution over internal molecular and atomic degrees of freedom. 
Then = F'o(T'/c)(l + \p), and \f/ is determined by a pert urbation 
treatment of the Boltzmann equation. Ec|uations (1-6) and (1-7) 
become 



and pjk, hk are specified, respectively, by the average of m V/Vk and 
mVWk over the perturbation distribution function F'o'/'- The internal 
degrees of freedom may or may not be assumed directly coupled to 
the velocity field through the assumption of Eq. (1-8). The usual 
practice, however, is to assume the validity of the Boltzmann and 
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Saha distributions at Tk to compute the energy partition over internal 
degrees of freedom. Because elastic collisional rates generally ex¬ 
ceed inelastic, the introduction of a departure of F' from the Max¬ 
wellian value while simultaneously forcing the validity of Boltzmann 
and Saha relations is hardly consistent. The justification in the 
usual application is the relatively low mechanical energies involved, 
so that excitation of other than molecular internal degrees of freedom 
is rare. In more modern work, however, dealing with hypersonic 
(or hyperthermal!) velocities the problem becomes of importance. 
We emphasize it here, both lor comparison with the radiative situa¬ 
tion and for orientation in formulating a reasonable approach to a 
non-IjTE calculation of occupation numbers for atomic energy levels. 

h. Radiative, Rather than seeking a solution as a perturbation 
on Ip = Bv{Tr), one usually turns directly to make some assumption 
on the interaction process between the local material and the radia¬ 
tion field, thus on the value of Sp = ep/icp, then proceeds to evaluate 
Ip. The classical assumption is that Sp lies somewhere intermediate 
to Bp{Te) and L, where Te is the local kinetic temperature of the 
electrons. The accompanying assumption on the distribution func¬ 
tion for internal atomic degrees of freedom is the local applicability 
of the Boltzmann and Saha relations at Te- These assumptions 
represent a curious compound of assumptions (hat radiative rates, 
chiefly ionization, are rapid enough to determine Te by the local radia¬ 
tion density; and that inelastic collisional rates are rapid enough to 
fix occupation numbers of atomic energy levels. 

4. Further Approximation. To proceed beyond the second- 
order approach, there are several possible directions, the essence of 
each of which is the introduction of a multi-component gas. In a 
rough sort of way, we can divide these into two main directions: one, 
a principal concern with the effect of physical diflerences between 
components on the transport problem, e.g,, the introduction of 
differential diffusion and hydromagnetic effects by having one com¬ 
ponent charged, or the introduction of differential diffusion by com¬ 
ponents of different masses; the other, a principal concern with the 
problem of energetic coupling, where we ask explicitly into the prob¬ 
lem of distribution functions over atomic energy levels and their 
coupling with velocity and radiation fields. Our main concern is the 
latter, in this monograph. 

We have already noted that the second-ordei' mechanical ap- 
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proximation is likely inconsistent, at higher energies, in the sense of 
introducing a departure in F' from F'o while retaining Boltzmann and 
Saha distribution functions. We also note that the second-order 
approximation is usually of importance over the first-order only in 
regions of strong gradients, such as in shock waves, in boundary 
layers, etc. Finally, we note that in any circumstance in which in¬ 
elastic collisional excitation becomes of comparable importance to 
radiative, the assumptions of both first and second order on Ip are 
completely open to question. These considerations suggest that as 
a first attempt to consider coupling between radiation and velocity 
fields, including a proper treatment of internal degrees of freedom, 
we investigate an atmosphere in which we do not have strong gradients 
in either time or space. Then, we may assume the first-order ap¬ 
proximation for F' — F' = F'o—adopt a microscopic viewpoint to 
compute distribution functions for internal degrees of freedom, then 
evaluate Ip directly from the radiation transfer equation. We can 
then ask from an a posteidori viewpoint what processes couple most 
strongly to the kinetic temperature entering Fo- 

The one complication in an otherwise-straightforward ap¬ 
proach comes if we write, as we must, the equivalent of Eq. (1-5) for 
each energy level. We obtain 

^ ^ = -g [(Pa(«;^) - (RA(/3;a)] (1-15) 

and note that even the assumption of a spectroscopically steady 
si/dle—driia/dt = 0—does not reduce the problem to the set of alge¬ 
braic equations usually considered, Eq. (1-15) with left side zero. 
We have remaining the divergence of In our considerations of 
Chapter 4 et seq. we set this term equal to zero. This assumption 
is stronger than the neglect of gradients large enough to require a 
departure of F' fi om F'q. We must bear this point in mind when 
asking how widely the analytical methodology developed in this 
monograph may be applied. The next step in improvement would 
be to include the divergence term in a solution of the equations of 
spectroscopically steady state. The third step would introduce the 
perturbation on F' associated with the presence of the viscosity and 
heat-conduction terms in the usual second-order mechanical trans¬ 
port solution. 




CHAPTER 2 


Chromospheric Data 

R. Grant Athay 


I. Introduction 

The first observations of the chromosphere were made visixally 
at the total solar eclipse of 1870 by G. A. Young. Although the 
corona had been photographed in 1860, photography of the chromo¬ 
spheric spectrum was not accomplished until the eclipse of 1893. 
Thereafter, photographs of chromospheric spectra became a regular 
feature of eclipse observations. Not until 1926, however, did 
Davidson and Stratton (1927) successfully attempt photometric 
standardization. Subsequent eclipse ex^xeditions have furnished 
much valuable data, but, even collectively, these data still leave 
much to be desired. 

Limitations on the use of chromospheric data obtained at 
eclipse are imposed primarily by the incompleteness of the data 
lather than the inaccuracy of a given observation. The data usually 
do not have sufficient resolution in position on the limb and height 
above the photosphere or they cover too narrow a spectral region. 
Thus, in summarizing the data we shall attempt to indicate the in¬ 
herent limitations characterizing a given set of data, and the direc¬ 
tion of improvement desired in future observations, rather than 
discuss in detail the instrumental problems and observing tech¬ 
niques. We adopt this attitude to emphasize the need for more ade¬ 
quate data and to point out the major uncertainties in interpreting 
chromospheric phenomena. We recognize, however, that limita¬ 
tions are usually deliberately imposed in order that we may con¬ 
centrate on specific problems. 

Chromospheric observations made outside of eclipse may be 
placed in two categories: spectral and structural. Until fairly 
recently, snectral observations at the solar limb outside of eclipse 
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have concentrated largely on the corona and prominences. How¬ 
ever, as early as 1909, Hale and Adams succeeded in photographing 
the chromospheric spectrum with the 60-foot-tower telescope at 
Mt. Wilson, and somewhat later Adams and Burwell (1915) pub¬ 
lished a list of chromospheric lines observed outside of eclipse. More 
recent observers have concentrated on determining the profdes of 
chromospheric lines. For example, we cite the studies of Ha, 11^, 
and Hy by Keenan (1932), of Ha by de Jager (1952) and E. v. p. 
Smith (1957), and of rare earth and metal lines by H. Smith (1957) 
and Parker (1957). In addition, Athay (1958a and 1959a) and 
Michard (1959) have studied profiles of spectral lines for individual 
spicules (cf. Chapter 3). All these extra-eclipse observations suffer 
large errors in both the zero point of the height scale and in relative 
heights, so that it is impossible to specify the height to which a giyen 
observation applies to within about 1000 km. A further disad¬ 
vantage of these data arises from the fact that the chromospheric 
emission-line spectrum is superposed upon a scattered light spectrum 
containing the Fraunhofer absorption lines. Thus, in cjuality and 
height resolution these data do not compare with eclipse data. 

Structural observations of the chromosphere can be made on 
the solar disk by isolating the light in the cores of the strong Fraun¬ 
hofer lines and at the limb by isolating any particular line that is 
strong enough to show above the background of scattered light. 
Observations at the limb, made primarily in Ha using coronagraphs 
and Lyot filters, have yielded rather extensive data on the structure 
and velocity fields of spicules, which are summarized in Chapter 3. 
Because of the short observing period, these data are quite impossible 
to get at eclipse. 

Spectroheliograms of the solar disk made in the Ha line of 
hydrogen and the K line of Call reveal many of the structural de¬ 
tails of the chromosphere. Unfortunately, however, practically no 
interpretations of these data have been made. We shall use some 
of these data in our discussion of the chromosphere without making 
any attempt to summarize them here. 

A further source of data not mentioned in the foregoing comes 
from radio noise observations of the sun at mm and cm wavelengths. 
We discuss the radio data that apply to the chromosphere in Chapter 
8 where it is used as a check on the model derived from optical data. 
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II. Eclipse Observations of the Chromosphere 

A. Single Spectrogram {Slitless) 

Because the chromosphere appears as a thin crescent at eclipse, 
a spectrograph can be used without a slit. This eliminates the neces¬ 
sity for accurate guiding as well as the need for additional focusing 
optics. However, the data obtained from slitless spectrographs 
yield only total line intensities rather than line profiles. 

Early eclipse observers concentrated primarily on determining 
the gross spectral characteristics of the chromosphere. MitchelFs 
(1947) observations provide an extensive series of records covering 
five eclipses between 1901 and 1937; the data for each eclipse are 
derived from a single spectrogram taken during each flash. Observa¬ 
tions of this type were not standardized. Line intensities were 
estimated visually, and the thicknesses of the emitting layers were 
determined from the lengths of the crescents and the geometry of the 
eclipse. 

Campbell’s “moving-plate” technique was an improvement 
over the single stationary spectrograms. In his spectrograph a long, 
narrow slit, set parallel to the direction of dispersion just in front of 
the photographic plate, permitted only the central portion of the 
crescent to reach the film. The plate moved at right angles to the 
direction of dispersion, accomplishing the efiect of observing a greatly 
magnified solar image. Since the relative positions of sun and moon 
(‘hanged continuously during the exposure, the intensity of the spec¬ 
tral line changed along the direction of motion of the plate. The 
lengths of the lines were used as a measure of the thickness of the 
emitting layer just as were the lengths of the crescents in Mitcheirs 
method. The (*Jiief disadvantage in the moving-plate observations 
was that only a small sector of the chromosphere could be observed 
and this sector had to be pre-selected. This led to the possibility 
that the region selected might include prominences and other phe¬ 
nomena of solar activity that could seriously alter the character of 
the observed emission and make it unrepresentative of the average 
chromosphere. 

Several discussions of the data from moving-plate and crescent 
spectrograms have be(3n published. MenzeFs (1931) analysis of 
moving-plate data and Wildt’s (1947) treatment of crescent data 
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represent the outstanding summaries of this epoch of unstandardized 
eclipse obseryations. Their data give rough numerical values for 
the scale heights of the emission. The roughness results primarily 
from the lack of photometric standardization, which necessi tates the 
use of indirect methods for determining scale heights. 


B. Multiple Spectrograms {Slitless) 

To overcome the disadvantages of the single spectrogram ob¬ 
servations, Pannekoek and Minnaert (1928) and Menzel (Gillie and 
Menzel, 1935) used a ‘‘jumping-film” technique to obtain several 
slitless spectrograms during each flash. This method of observing 
incorporates the advantages of both the moving-plate and the cres¬ 
cent spectrograms. The spectrograms can be used to obtain in¬ 
tensity as a function of height at as many points on the limb as 
desired. A more elaborate camera is necessary, but the increase in 
data more than compensates for the added complexity of the equip¬ 
ment. 

At the 1932 eclipse, Menzel obtained spectrograms each 2.4 sec, 
corresponding to a height resolution of 833 km. From these data 
he found emission scale heights ranging from ^1000 km lor helium 
to ^300 km for metals. Thus, the height resolution was of the 
same order as the larger scale heights. At the 1936 eclipse, Menzel 
reduced the exposure interval to 2.0 sec with a 700-km height resolu¬ 
tion, again of the same order as the scale height of emission. For 
many years, the data from the 1932 eclipse served as the standard 
reference for chromospheric work. However, the inadequacy of these 
data may be illustrated in the following way. 

To formalize the problem of specifying the physical conditions 
in the chromosphere, £x, is defined as the emission per unit volume at 
wavelength X and E as the intensity of radiation in the specvlral line 
that reaches the earth from the volume contained between the planes 
defined by Z = —1/2 and Z = -1-1/2 in the coordinate system de¬ 
picted in Fig. 2-1. Hence, 

E = f f f 8xe-"x dX dy dx (2-1) 

J fl J — oO 0 

where h is the height of the moon’s limb above the solar limb and 
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the optical depth n is 

Tx = / Ujax dy (2-2) 

nj is the number of absorbing atoms, i.e., those in the lower state of 
the transition producing the line, and a\ is the atomic absorption 
coefficient. Before the data from slitless spectrograms are used to 
infer the thermodynamic structure of the chromosphere, it is neces¬ 
sary to sol ve Eq. (2-1) for 

‘ S = r Sx dX 
■lo 

This solution corresponds to a double differentiation of the data. 
Unless E(li) is known with considerable accuracy, the solution for S 
may contain large errors. It is therefore essential that observations 
of integrated emission give reliable intensities at height intervals 
considerably less than a scale height, if they are to be used for de¬ 
tailed discussions of emission per unit volume. The data for the 
1932 and 1936 eclipses do not satisfy these requirements. 

At the 1945 eclipse, Lindblad succeeded in obtaining spectro¬ 
grams at intervals of 0.05 sec with a height resolution of -^21 km. 
However, in order to get the required light, intensity, the dispersion 


X 



Fij^. 2-1. The coordinate vsy,stern used for discussions of eclipse data. 
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was reduced to 100 A per mm. This limited the data to the strong¬ 
est lines only. Kristensen (1955) published scale heights obtained 
from Lindblad’s spectrograms, but absolute intensities were not given. 

At the 1952 eclipse, the High Altitude Observatory expedition 
succeeded in obtaining spectrograms at intervals of 0.4 sec, giving a 
height resolution of 110 km. These observations cover the spectrum 
from 8800 to 3400 A with ^--'10 A per mm dispersion. Figure 2-2 
exhibits prints of two of the spectrograms. 

Several other expeditions have successfully observed the flash 
spectrum. The data obtained from these expeditions are summarized 
in Table 2-1. 

C. Slit Spectrograms 

Despite the relative simplicity of observing with a slitless 
spectrograph, the use of the slit introduces several advantages, the 
most important of which is greatly improved line profiles. In addi¬ 
tion to making possible the determination of line profiles, the slit 
spectrograph increases the contrast of the lines over the continuum. 
This increased contrast is especially valuable for studying the metal 
lines with relatively small scale heights, since it increases the range 
of heights over which the lines may be observed. 

Redman (1942, 1955) published line profiles for hydrogen, he¬ 
lium, and metal lines at a few heights for the 1941 and 1952 eclipses. 
His discussion of the line profiles at the 1941 eclipse provided much 
of the stimulus for our re-examination of the chromospheric problem . 



Fig. 2-2. The blue, violet, and ultraviolet regions of the chromospheric, spectrum 
photographed at the 1952 eclipse. 
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The fact that our discussion centers around the data from slit¬ 
less spectrograms should not be taken to imply that we consider the 
data from slit spectrograms less important. Past observations with 
slit spectrographs, however, have been designed to give line pro¬ 
files at a few heights in the chromosphere, and they have not proved 
to be sufBcient lor a detailed discussion of its thermodynamic struc¬ 
ture. 

D. Future Observations 

In our opinion, the advantages to be gained by using slit spec¬ 
trographs have not been fully exploited. It is hoped that planners 


Table ?-/. Photorneti’io Data from Eclipses’^ 


Eclipse 

date 

Observing 

method 

Published data 

Height 

range, 

km 

Height 
resolu¬ 
tion, krn 

References 

1927 

W'S-MM. 

Er all lines XX4154~ 
4768; Ea and ^'Hy 
and He4472 

One ht.; 
loNV ch. 
03000 

700 

Pannekoek 
and Min- 
naert, 1928 

1932 

SS-M'S 

15yi and hydrogen 
lines H/3-H31, and 
continuum; helium 
and selected metal 
lines XX3330-5876 

670-4000 

833 

Cini6 and 
Menzel, 
1935 

1936 


Ea and hydrogen, 
IIa”ir28; helium 
and selected metal 
lines, XX3664-7100 

290- 

10,000 

700 

Hernmen- 

dinger, 

1939; 
Athay, 
Menzel, & 
Orrall, 

1957 


NS-SM 

Prohles and Er hy¬ 
drogen lines, HS- 
H26, and metal 
lines XX4()77-5896 

One ht.; 
low ch. 


Thacker y, 
1937 

1940 

NS-SS 

Profiles H^, Ht, H5, 
lle4472 and metal 
lines XX4200-460() 

One ht. 
1500 


Redman, 

1942 

1941 

ss-mm: 

Ea and ^3' hydrogen 
lines H<^-H18; 
helium and metal 
lines XX3692-6563 

500-9000 

1000 

Vyazanitsyn, 

1951 


{continued) 
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Table 2-i. Photometric Data from Eclipses" (continued) 


Eclipse Observing 
date method 


1945 SS-MM 


SS-MS 


1952 ns-m:s 


Published data 


Height 

range, 

km 


Height 

resolu- References 
tion, km 


Ea and hydrogen 650-6200 
lines, PW-H12; 
few helium and 
metal lines, XX3680- 
5876 

Eb and /3' hydrogen 
lines, Hi3-H16; few 
helium and metal 
lines and con¬ 
tinuum 

Profiles hydrogen 
lines H7-Ii31; he¬ 
lium 5876, 4026, 
and 3820 and metal 


200-9000 


200-2600 


1100 


65 


600 


Vyazanitsyn, 

1952 


Kristensen, 

1955 


Redman and 
Suemoto, 
1954; Red¬ 
man, 1955 


SS-MM 

Ea and (3' hydrogen 200-5000 

430 Houtgast, 


lines Ii/3-Hll; he¬ 

1957 


lium and metal 



XX3770-4900 


SS-MS 

Ea and |3' hydrogen 100-6300 

108 This mono¬ 

SS-MM 

lines, H«-H31, and 

graph and 


continuum; helium 

references 


and metal lines, 
XX3440-8700 


» Code to observing method 12-34. 

12 WS = wide slit, NS = narrow slit, SS = slitless- 

3 S = single spectrogram, M = multiple spectrogram. 

4 S = /3' determined by using single region on lirnb,^ 

M = determined by using multiple regions on limb. 

Height resolutions refer to successive exposures; where multiple r(‘gu>ns on 
the limb were used the height resolution is effectively improved. 

Ea, absolute intensity; Er, relative intensity. 


of future eclipse expeditions will consider seriousiy the advanlag(‘s 
of combining the slit and slitless spectrographs. The grc'alcwl, single 
need in optical data is a complete set of data from one eclipse. 
data should include line profiles, total line intensities, and conlimnnn 
intensities in absolute units at several points on the limb. The 
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height resolution should be small compared with the scale heights. 
In order to get the data required for an adequate discussion of the 
thermodynamic conditions in the chromosphere, it is important to 
observe the spectrum from as far as possible in the ultraviolet to the 
red of the Paschen series limit. We do not yet have usable observa- 
tions of the Paschen lines, except in a single abnormal region of the 
chromosphere. Paschen series data would be of great value when 
combined with Balmer series data for a study of the excita tion condi¬ 
tions in hydrogen. This point will be brought into better perspective 
in Chapter 9. 

III. Data for Normal Chromospheric Regions 

We have noted in the preceding discussion that observations of 
the slitless type must give intensities as functions of height if we are 
to solve Eq. (2-1) for the emission per unit volume. It is convenient 
to represent the height dependence of the observed emission in the 
form 

/? = (2-3) 

From the geomelry in Fig. 2-1, and the condition to <3C R we obtain, 
1,0 a good approximation. 

h ^ x+ yV2/? (2-4) 

In the case of small optical depth, Kqs. (2-1), (2-3), and (2-4) reduce 
to 

8 = (l/27r/?)‘/2 ^ (2-5) 

i 

If the optical depth is not small, I]q. (2-5) must be limit,iplied by a 
factor less than unity to acxjoun t for the fraction of the emission re¬ 
absorbed in the chromosphere. Since this factor depends upon the 
absorp tion coefficien t and the dis tribu tion of absorbing at oms through 
the chromosphere, it will diflhr from one line to another (cf. Chapter 

9). 

We define the local emission gradient /3', and the surface bright¬ 
ness of the chromosphere F, by 

r = -dXnE/dh = -{l/E){dE/dh) = -F/E (2-6) 

One term in Eq. (2-3) is adequate to represent the data for many of 
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the lines, in which case, |3' = /3 and is independent of height, t or 
some lines and the Balmer continuum, however, (3' changes with 
height, and additional terms are required. 

Table 2-1 contains a description of data obtained at eclipses 
where the observations gave line profiles or Figure 2-3 exhibits 
the epoch of these observations, as well as that of less complete ob¬ 
servations, relative to the sunspot cycle. 

A complete tabulation and discussion of all data Irom the val¬ 
iens eclipse expeditions would be very useful. Unfortunately, the 
instances in which complete photometric results have been published 
are rare. Ill general the literature contains a pieliminaiy c .csciip- 
tion of results, occasionally a table of comparative values ol ^ , but 
rarely an extensive set of data. By restricting our discussion to the 
High Altitude Observatory’s data for the 1952 eclipse we do not 
mean to imply either that these data are characteristic ol the chio- 
mosphere at all times, or that their accuracy, per single obBervalion, 
exceeds that of all other such data. We believe only that they are 
somewhat more complete and extensive than any yet tabulated and 
are therefore more suitable for analytical and expository purposes.^ 

In the following presentation of the 1952 observations, the in¬ 
tensities refer to the emission in all directions from a l-cm^sli(e ol 

atmosphere contained between two parallel planes defined by Z —^ 1/2 

= —1/2. The data referred to in Sections A through F arc 
averaged over a strip 12,000 km wide centered at 23 Noith latitude. 



Fig. 2-3. The location of eclipses for which chromospheric data are availal>le 
relative to the sunspot cycle. 
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on the east solar limb. This region was free from prominences and 
other activity on eclipse day and during the days immediately before 
and alter the eclipse. In Chapter 3 we discuss a region, centered at 
11 ° South latitude on the west limb, which was located directly over 
an active sunspot area. Both the chromospheric and coronal emis¬ 
sions were abnormally intense in this region. It is of special in¬ 
terest both because of its peculiar characteristics and as a basis for 
checking the consistency of the conclusions arrived at from analysis 
of the data for the normal region. All numerical data are tabulated 
in the Appendix. 

A, Goniimiimi ai'K^lQQ 

The continuum on the long wavelength side of the Balmer series 
limit is produced primarily by scattering of photospheric light by free 
electrons, by emission from the negative hydrogen ion, and by the 
Paschcn conlinuiim (Athay, Menzel, Pecker, and Thomas, 1955; 
Athay, 1959b; Chapter 6 ). It is, therefore, of considerable value in 
determining the chromospheric model (Thomas, 1950; Zanstra, 1950). 
There are three main reasons for selecting a wavelength near \4700: 
( 1 ) relati vely few spectral lines are in the region, ( 2 ) the relative im¬ 
portance of the contribution from scattering by free electrons is at 
maximum, and (3) the intensity varies slowly with wavelength. 

The continuum intensity at X4700 is plotted against height in 
Figure 2 - 4 . We define the zero point of the height scale as the height 
where 74700 = 1 for a tangential ray. Equation ( 2 - 1 ) may then be 
rewril;l.cn in the Ibno 

E 470 C) = f / dn da! (2-7) 

Jk -/o 

where S is l,l\e source function. 

If we assume Te to be constant with heigh t and local thermo- 
dynami(! equilibrium to hold for the continuum, = Bx /(r) and 

F 4700 = = r B47oo(Te)e-^ dr 

ah Jo 

= B47oo(T.)'( 1 - e-0 (2-8) 

Ifwcfurther assuiaer to decrease exponentially with increasing height, 
T = 1 where (PEIciff = 0, i.e., at the point of inflection on a plot of 
E versus h. An inspection of Fig. 2-4 shows that h = 0, determined 
in this way, occurs near /i = 100 on the adopted height scale, which 
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Fig. 2-4. The continuum at X4700 in the chromosphere and corona. The 
inset shows the continuum very neax the solar limb. (From R. G. Athay et al., 
1955, Asirophys. suppL, 1, 510.) 

we determined from preliminary data. However, it would be pre¬ 
mature to correct the height scale by this amount until there is a 
better understanding of the behavior of rx and Te in this region. 

In the original discussion of the continuum data (Athay et al., 
1954) we tried six representations in the form of Eq. (2-3). We re¬ 
peat here only the most accurate of the representations, viz., 

E 4700 = 385 exp (-7 X 10 -^ h) + 67.5 exp(-2.2 X 10”“« h) 

+ 10 exp(-6 X lO-® h) -h 12.1 exp(~4 X h) 

+ 8.5 exp(-7 X h) + 17.4 exp(-5 X 10™^' h) (2-9) 

For h > 100 km, r is small for the continuum, and Eq. (2-5) applies. 
Equations (2-5) and (2-9) yield 

S 4700 = 1.07 X 10"i4exp(-7 X 10'^ h) 

+ 3.3 X 10“i« exp(-2.2 X 10““« h) 

+ 7.0 X 10-18 exp(-6 X 10™'^ h) 

+ 4.6 X 10-18 exp(-4 X 10-‘‘‘ h) 

+ 2.4 X 10-19 exp(-7 X 10"i9 h) 

+ 9.2 X 10-21 exp(-5 X lO-n h) (2-10) 


for the emission per cm®. 
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B. Balmer Continuum 

The Balmer free-bound emission is superimposed on a back¬ 
ground continuum arising from other sources. The intensity of this 
background continuum can be measured for X > 3700. Data ob¬ 
tained from our spectrograms indicate that for heights where Tc « 1, 
over the range XX8600 to 3700 the background continuum follows 
the photospheric curve quite closely, and it appears safe to extra¬ 
polate to wavelengths shorter than X3700 by using the photospheric 
curve. Doing this, we readily separate the Balmer free-bound con¬ 
tinuum Irom the background continuum (Athay et ah, 1954). 

Data at four wavelengths in the Balmer continuum are given 
in Table A-2 of the A|)pendix. To extend the X3640 data to heights 
below 500 km we combined data from three points on the limb. 

Above 500 km the data can be represented, to within the allowed 
accuracy, by single exponential terms. Least-squares fits to the 
data at X3640, X3600, X3550, and X3500 give the following equations: 

log Emu = 2.89 dz 0.04 - (0.95 dz 0.03) X (2-lla) 

log Euuu = 2.83 dz 0.04 ~ (0.91 dz 0.03) X 10~% (2-llb) 

log Emu - 2.79 ± 0.04 - (0.91 dz 0.03) X 10““«A (2-llc) 

logi^oo - 2.73 ± 0.04 - (0.89 dz 0.03) X lO^Vi (2-lld) 

Figure 2-5 is a plot of log Emu versus height. Three curves 
arc; drawn through (lie data; one corresponding to 15q. (2-lla); one 
lab(‘l(‘d '‘l)est fit,,” which corrects the curve Irorn (2-lla) to fit the 
data Ix'low 500 km; and one corresponding to the equation 

Emu - 3000 exp(-5 X 10-%) + 360 exp(--1.8 X 10-%) (2-12) 

Figure 2-5 also contains a curve of E versus height, which is 
derived from the curve lalieled “best lit,” and displaced from its 
true position on (lie in tensity scale in order to include it in the figure. 

The curve of F versus height shows a sharp maximum near 
500 krn, Simihir maxima appear in the data for most of the Balmer 
lines although, hir the most part, these maxima result, from a single 
ol)s(;rvation lielow.SOO km. Our purpose in combining data at 
X364() from three regions on the limb is to check the reality of this 
maximum in F. Any reasonable curve through the data results in a 
similar inaxirniim, and we conclude that it is a real effect. The exist- 
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Fig. 2-5. The head of the Balmer continuum in the low chromosphere. 
The curve of surface brightness F is derived from the “best-fit” curve for E. 
(From R. G. Athay, et al., 1955, Astrophys, J., suppl., 1, 506.) 


ence of this maximum serves as an important check on the chromo¬ 
spheric model. 

C. Balmer and Paschen Lines 

The measurement of line intensities, though more laborious, 
does not entail the difficulties associated with the reduction of the 
continuum data. The reduction process becomes simply that of 
integrating the area under the line profiles. In general, the intensities 
of the strong lines are more accurately determined because of the 
increased contrast between the line and the backgroimd eontiniium. 
However, a serious problem arises because the range of intensities, 
exceeds the range of sensitivity of photographic films. The 
High Altitude Observatory program at Khartoum avoided this 
difficulty by using an image divider to give two images of the spec¬ 
trum, with an intensity ratio of about 100 :1. 

The Balmer line intensities are tabulated in Table A-3 of the 
Appendix. These data represent a combination of two regions on the 
limb about 25,000 km apart (Athay et ah, 1954), one of which corre¬ 
sponds to the region where the continuum data were measured. 
Figure 2-6 is a plot of the data for one line at both regions of the limb. 
It is evident that there is no significant difference between the two 
regions. In the process of reducing the line data, some of the lines 
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Fig. 2-6. mo at t^vo different regions of the solar limb. 

w(yre rneasiir^d twice. The probable error of a given measurement 
from 56 siic.li cases is dbO.04 in log E. More serious errors undoubt¬ 
edly arise froni local irregularities in the film grains. 

In (lie last two columns of Table A.-3 in the Appendix 'we give 
values of (3' at 2000 km and at the height where the line fades into th e 
backgr<)iind <;oritiimurn. These values of /?' are estimates obtained 
from plol,s of log i? versus height, as in Figure 2-6. Values are given 
to thrc(y ligurt's, hut the last figure is not significant. For most of 
the liiuis the (M't'or in is estimated to be about ±0.05 X lO”*®. 

For 12 < & < 28, a single exponential term provides a good 
repi'CHcnlalion of the data for each line. We have tried least-squares 
r(^l)r('S(uila(i{>n of log E versus height lor both linear and quadratic 
r(‘f)r(‘S(Milali(>nH. In each case, the probable error of the coefBcient 
of the <iua(lrati(‘ terni is about the same size as the coefficient itself; 
so W(' coia’liKle that the linear representation is satisfactory. I-Iow- 
ever, Itu^ sign of the quadratic term is the same for all lines, indicating 
a vei-y sliglil- upward curvature at the greatest height observed. It 
is of ill 1 (M’( ^sl, to note that the same kind of effect is present in the data 
on (,h(', hahiKu* free-bound continuum. The marginal nature of the 
ellk*!, I)!'(!(diKbys loo great attention, but we shall return to this point 
when wc discuss the model of the chromosphere. For k > 29, there 
arc deparinros from a single exponential which apparently arise 
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from a strong blend in H30, which also overlaps with the wings of 
H29 and liSl. 

For k < 12, there is a steady trend toward a decrease in 
with decreasing height in the low chromosphere. It should also be 
noted that there is a monotonic increase in /3' with increasing h. At 
X3640, corresponding to k == oo, = 2.19 X 10~®, in good agree¬ 
ment with the limiting for the higher-order lines. 

The meager data available for the Paschen lines is given in 
Table 4 of the Appendix. It is not possible to estimate reliable values 
of jS' from these data. 

jD. Helium Lines 

The 1952 eclipse spectrograms show several helium lines with 
sulTicient intensity to permit reliable photometric measurement. 
Lines of the 2^s-k^p, 2^p-L}d, 2^p-kh, and 2^p-k^d series of neutral 
helium and the Paschen-a line of ionized helium are present. In 
addition, there is a weak line from the transition 2^p-3\s which c^an- 
not be accurately measured; a line from the transition 2'^/>-3’ts* is 
blended with H8. The intensity of this latter helium line can be 
separated from H8 by interpolating between H6 and 119 to obtain 
the intensity of H8. 

Intensities of the helium lines (Atbay and Menzcl, 1956) are 
given in Table A-5 of the Appendix. Figure 2-7 is a plot of log E 
versus height, with the corresponding curve of log F versus lu'ighl, 
for the neutral helium line X7065. Most of the other neu tral li(4ium 
lines exhibit essentially the same variation of log E and log F willi 
height. In contrast to the data lor hydrogen, there is no (widcuicci 
for systematic changes in from line to line in the h(‘lium data. 
The only notable departures from the curves in Fig. 2-7 occur ibr 
some of the lines which appear to be blended in the low (4iix)nH )splHvr(u 
These lines show a larger /S' at low heights. Howe ver, because (3' for 
helium is considerably smaller than for the melal lines, the ellV'cts of 
blends decrease rapidly with height. The maximum in the (‘urve 
of log F versus height near 1100 km is evident in all (he iKnilral 
helium lines. In order to represent the neutral helium dat a wit h an 
analytical expression, we smooth the data by averaging tlie inten¬ 
sities of the unblended lines, and then fit the smoothed data witli a 
series as given in Eq. (2-3). We obtain, for h > lOOO km (Athay 
and Menzel, 1956), 
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Eki = (10iV5;t,-)[1.26 exp(-1.27 X lO-^/i) 

- 40 exp(-3.7 X 10-%) + 100exp(-4.6 X 10~^h) 

- 1600 exp(-9.2 X 10-«/i)] (2-13) 

'Oie Sfa ’s measure the relative intensities of the lines, and have the 
V alues given in column 2 of Table A-5 in the Appendix. Equation 
(2-13) doe,a not. jU Ike data below iOOO km and should not be used below 
Ifiin hdglil. 



FifT' 2-7. l-rijilH. line 3ls--2>p of Hel .stowing integrated intensity E and surface 

briglitiiess F. 


'riui ionized h(diiim line \4.686 shows discernible differences 
I'roiti (he mnilriil luOivim lines. Curves of log E and log F versus 
lu'iglil for llii.s line are shown in Fig. 2-8. is somewhat smaller 
Ilian for lu'ut ral ludiiirn, especially in the low chromosphere, and 
lli(' ina.xiinuin in I lie log F curve seems to lie near 1500 km. 1 hese 
differeiKH's tiiuy he real or they may be due to errors in the data. 
11 nfoi-lunutely, Ihi.s line is weak and the data are not quite as reliable 
ns (h(‘y aiu for the stronger neutral helium lines. 

’■i'he inaxirtia in the log F curves for helium are analogous to the 
niuxi nnim in t.lie log F curve for the Balmer continuum emission at 
X364(). 
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Fig. 2-8. The Paschen-a line of Hell showing integrated intensity E, and surface 

brightness F. 


E. Metal Lines 

The metal lines show more diversity than either the hydrogen 
or helium lines. The intensity variation with height for each of 
the metal lines seems to be adequately represented by a single ex¬ 
ponential term. However, varies through a range from X 

to 0.7 X 10"^ Line intensities and values o( p' are tabulated in 
Table 6 of the Appendix (Zirker, 1956, 1958). 

Figure 2-9 is a plot of log E versus height for sev(u-al of the 
metal lines. It is evident from this figure that the diffcuxvnces in (S' 
do not arise from errors in the data. The most signifies,ant (‘orrela- 
tion with 13' seems to come from the absolute intensities of the lines 
(Zirker, 1956, 1958). No systematic dependence of p' on either 
excitation or on ionization potential is indicated by the data. Previ¬ 
ous suggestions that such correlations existed apparently resulted 
from generalization drawn from insufficient data. 

F, Other Data 

In addition to "the data tabulated in the preceding sc^ctions, 
data exist for the CN band at X3883 (Pecker and Athay, 1955; 
D. V. Thomas, 1958) and for the coronal lines (Atliay and Roberts, 
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Fig. 2-9. Representative lines of neutral and ionized metals. 


1955). The CN emission is observed only in the lower 750 km of the 
chromosphere. For the intensity at the hand head, /?' is 4.7 X 10”^ 
Houtgast (1953) found a similar value of /3' for the emission gradient 
of the total l)arKl intensity. 

Our interest in the coronal-line data lies not so much in de- 
tcirmining the (coronal model as in fixing a boundary condition on the 
chromospheric model. The FeXI line at X7892 was measured over 
a lieigh 1. range fr-om 2()()0 km to 46,000 km at two regions on the limb, 
one of which coincided with the region where the chromospheric 
measurements were made. In both regions the Climax and Sacra¬ 
mento Peak coronal isophotes for X5303 of FeXIV and X6374 of FeX 
showed that the emission at the limb at the time of eclipse was as 
strong as, or strongcn* than, the emission in adjacent longitndes. 
Furtluu’morc', lh<*r(‘ wer(‘. no signs of local condensations of increased 
brighlm‘,ss lu'ur th(\s(*. regions. Thus it seemed safe to assume that 
tlu'- <)bs(u*v(‘(l ('mission was actually representatiye of the region over 
the limb. Tlu^ data for the two regions (Athay and Roberts, 1955) 
are plott('rl in Fig. 2-10. 

We arc^ in(cr(^sted in deteimining the lowest height at which the 
emission from F<^X 1 is present in measurable quantity, which re- 
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quires that we have the curve of log F versus heigh t. The data in 
Fig, 2-10 are not numerous enough to give the detailed shapes of 
the curves of log E versus height near the extremities of the data, 
and the straight lines shown appear to be as good a representation 
as the data justify. If F has a maximum at some heigh t above 2()()() 
km, as we expect, there should be a marked decrease of (S' at Innghts 
below the maximum. It is quite evident from Fig. 2-10 that, any 
marked decrease in 13' must occur below 8000 km. Therefore, we 
have a strong boundary condition on the upper chixxmosphere, viz., 
we require our chromospheric model to account for emission from 
FeXI at height as low as 8000 km, and possibly much lower. 



CHAPTER 3 


Variations in Chromospheric Structure and 
Mass Motions 

R. GiiANr Athay 


I. lilt roduc lion 

In any detailed discussion of chromospheric structure, its 
regularity, in both the spatial and the temporal senses, raises im¬ 
portant questions. In the spatial sense, to what extent does the 
chromosphere depart from spherical symmetry? In the temporal 
sense, does the chromospheric spectrum show a variability over the 
solar activil<y cycle, or possibly exhibit a more local variation in time? 
Another closely allied question is whether the chromospheric struc¬ 
ture shows any association with the various types of mass motion 
occurring in the ou ter solar atmosphere. 

We shall discuss the evidenc'e bearing on these three facets to 
the (iiu^stion in this chapter. 

II. Positional Variations 

Tlie most direcvl, evidence for chromospheric irregularity comes 
from (K‘lipse. and (3xl,ra-e(ilpse observations of the solar limb made 
;rnc)nochix)inal,i(’<^ in the stronger spectral lines. The top of what 
wc have called (he lower chromosphere in Chapter 1 appears to be 
([uite irregular in luvight, and (he upper chromosphere appears to 
consisl, (vntir(d,V ol‘ spicules. Further evidence that the chromospheiic 
structiire dei)arl,s markedly Irorn spherical symmetry comes from 
disk observalioiis that were made in the centers of the strong Fraun- 
hofer lines. 

Spatial irregularities in chromospheric structure seem to be 
of two main ty|)(\s, which dilfer in both size and spectra. The large- 
scale striHvl iire has a characteristic size lying in the range 10'^ to 10® 
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km and spectral features which differ considerably from those of the 
“average” chromospheric spectrum. The small-scale structure has a 
characteristic size of some 10® km, and a spectrum very similar to 
that of the average chromosphere. 

Plages, flares, and sunspots appear in extra-eclipse observa¬ 
tions as such large-scale structures. At eclipse the so-called, but 
poorly named, “hot spots” fall into the class of this large-scale 
structure. The fine mottling in spectroheliograms provides evi¬ 
dence of the small-scale structure in disk observations. Spicules 
provide the evidence for the small-scale structure at the limb, in 
both eclipse and extra-eclipse observations. The correspondence be¬ 
tween the structure seen on the disk and at the limb is, however, 
very poorly understood. 

Leighton (1959) reports that Call plages show a close associa¬ 
tion with regions of increased magnetic field strength, and Howard 
(1959) notes the same effect in Ha plages. There can be little doubt, 
then, that spatial and temporal irregularities in chromosphere struc¬ 
ture result in many instances from a more or less direct coupling 
with magnetic fields. The coupling most probably arises through 
an energy transfer from the magnetic fields to the chromospheric 
gases. Theretdre, we shall treat the spectroscopic data independently 
of the magnetic field data. 

A. Large-Scale Struciure 

Eclipse observers have variously referred to abnormal regions 
of the chromosphere as: “hot spots” (Gillie and Menzel, 1935); 
“excited regions” (Hemmendinger, 1939); and “active regions” 
(Athay, Evans, and Roberts, 1953; Athay and Thomas, 1957aj. In 
all cases the regions referred to were located over plages and under 
regions of bright coronal emission in the X5303 line. However, the 
pronounced anomalies in the chromospheric spectrum extended lor 
only 1 to 2° along the limb, which was considerably less extensive 
than either the associated plage or coronal regions. 

In this section we summarize the data for active regions at the 
1932, 1936, and 1952 eclipses. We shall, however, center our dis¬ 
cussion of active regions around the 1952 eclipse data, which are 
tabulated in the Appendix, since they are far more extensive than 
the earlier data. 

The 1952 active region first appeared as a new sunspot group 
near the east solar limb. During disk passage the sunspots and 



VARIATIONS IN CHROMOSPHERIC STRUCTURE 


47 


plages developed in size, and flares were reported on three separate 
occasions. On the day of the eclipse the region was centered on the 
west limb. The yellow coronal line X5694, arising from CaXV 
(Edlen, 1942, 1954; Rohrlich, 1956; C. Pecker, Billings, and Roberts, 
1954; Layzer, 1954, 1956) was observed, for the first time at eclipse, 
in this region (Athay et ah, 1953; Lyot and Dollfus, 1953; Athay and 
Roberts, 1955). Chromospheric emission extended to unusually 
great heights. Lines of high excitation potential were abnormally 
strong at all heights, whereas lines of low excitation potential were 
relatively weak at low heights and strong at greater heights. A 
region apparently devoid of chromospheric-type emission lay im¬ 
mediately adjacent to this region of enhanced emission. Here even 
the very strongest lines showed emission too faint to measure re¬ 
liably. Moon profile pictures revealed no lunar features of sufficient 
size to obscure the chromospheric emission. 

In some respects this region of reduced emission is just as in¬ 
teresting, if no t more so, than the region of increased emission. How¬ 
ever, since there are no quantitative data we can only speculate 
about its nature. There are, however, considerable data for the 
region of increased emission. The Paschen lines are bright in this 
region and suitably exposed for photometric studies. Unfortunately, 



Fig. 3-1. CotMpfirisons of 1952 active region and normal region for selected 
lin(‘s: •, nornial; O, active. (From R. G. Athay and R. N. Thomas, 1957, Astro- 
phys, 125, 794.795.) 




48 


PHYSICS OF THE SOLAR CHROMOSPHERE 


the ultraviolet spectrograph did not operate properly during the time 
this region appeared, so the Balmer line data are very limited. 



Fig. 3-2. Comparisons of 1936 active region and nortruii region for selected 
lines: •, normal; O, active. (From R. G. Athay and R. N. Thomas, 1957, Astro- 
phys. X, 125, 794 795.) 



Fig. 3-3. Comparisons of 1932 active region and normal region for selected 
lines: •, normal; O, active. (From R. G. Athay and R. N. Thomas, 1957, yl,v^ro- 
125, 794-795.) 
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Because of an instrumental failure, none of the spectrographs 
continued to operate until third contact. Thus, the zero point of 
the height scale had to be estimated by extrapolation from second 
contact. Irregularities in the moon profile and errors in the time 
assumed for the duration of totality could lead to as much as 1000 km 
error in the zero point of the height scale determined in this way. 
The relative heights, however, are accurately known. 

Comparisons between the emission in normal chromospheric 
regions and in the active regions are exhibited in Figs. 3-1, 3-2, and 
3-3. Neither the 1932 nor the 1936 active regions represent as strong 
a departure from the normal chromosphere as the 1952 region. It 
is evident from the data that the 1936 region is similar in nature to 
the 1952 region, whereas the 1932 region is apparently of a different 
nature. 

B. Small-Scale Siruciare 

Although we have stated that the small-scale structures in 
the chromosphere have spectral features similar to those of a large 
portion of the chromosphere, we do not mean to imply that these 
features are necessarily difficult to recognize. When observed at the 
limb, the spicules in the upper chromosphere stand out prominently 
in projection against a relatively dark background as illustrated in 
Figs. 3-4 and 3-5. When observed against the bright solar disk, 
however, they are much more difficult to distinguish, if, indeed, they 
can be distinguished at all. Spicule observations made outside of 
(K‘lipse contribu te heavily to our understanding of chromospheric 
stru(‘.tur(5. These observations are summarized in Section 4-lV. 

Because of the irregular appearance given to the chromosphere 
by spicules, many observers have asked whether the chromosphere 



Fig. 3-4. A monochrortiatic Hof photograph of the polar chromosphere and 
spicules taken with the Sacramento Peak chromosphere camera. (Courtesy 
E. B. Durm.) 
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Fig. 3-5. A white-light photograph of the chromosphere and spicules 
taken at the 1930 eclipse by the Swarthrnore expedition. (Courtesy Sproul 
Observatory.) 


itself is not simply an array of spicules. There are two possible 
interpretations to such a question. One interpretation might be 
that virtually all the material in the chromosphere is concentrated 
in spicules, with interspicular regions essentially “empty.” Al¬ 
ternatively, most of the radiation normally classed as chromospheric 
might arise in the spicules with interspicular material radiating a 
quite different spectrum even though the mass distribution might be 
nearly uniform. In our discussions of a chromospheric model, we 
shall pay particular attention to this question. 

At this point it is well to consider whether there is any meaning 
to the concept of an “average” region of the chromosphere as ap¬ 
plied to eclipse data. Eclipse spectra, as a rule, do not resolve the 
fine details of much of the spicular structure. Thus, we reciognize 
that a particular region of the limb represents an average ol’ tlu^ 
emission from surrounding regions. Of necessity, there is an avcu’ag- 
ing over all regions lying in the line of sight and because of instru¬ 
mental and atmospheric effects there is an averaging in lh(': dinn^lion 
perpendicular to the line of sight. Furthermore, in any phot,orn(d,i‘i(‘, 
data reduction, the use of a microdensitorneter, or oth(M' rc^c’ording 
device, introduces an additional averaging. The microchuisilonudiu' 
slit employed in the reduction of the 1936 and 1952 data averaged ov(‘r 
a length of arc extending 12,000 km along the solar limb. Spi(nl(^ 
statistics indicate that three to lour observable spicules normally 
fall in such a sector of the limb. Thus, eclipse data represcuil, an 
average over spicular and interspicular regions. If the (‘ou<‘(vpi, o|' 
an “average” region of the chromosphere is meaningful, il- is n(M‘(\s- 
sary that eclipse data show essentially the same (‘hai‘acl(‘iis( i(‘s a I, 
difefent points on the limb. 

Hemmendinger (1939) measured line inlensit-ies and scale 
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heights at 14 regions on the solar limb for the 1936 eclipse. Nine of 
these regions showed very similar line intensities as well as similar 
scale heights. The five remaining regions all showed prominence 
features. For the 1952 eclipse, we studied three regions of the 
limb, two of which showed nearly identical features (cf. Fig. 9-2). 

The third region was the active region discussed in the preced¬ 
ing section and was chosen for its outstandingly peculiar charac¬ 
teristics. Houtgast (1958) also determined scale heights for the 
1952 eclipse by combining data from several regions on the limb. 
Generally, his results agree quite well with the results for the two 
normal regions we studied. However, he found slight evidence that 
the relative line intensities change by small amounts from one region 
to another. From extensive studies of the Ha chromosphere outside 
of eclipse, Dunn (1956) found little evidence for significant changes 
in either scale height or intensity from one region to another, pro¬ 
vided the emission was averaged over an arc length comparable to 
that used in the reduction of eclipse data. 

In summary, it appears that for the emission averaged over a 
length of arc of about 12,000 km there are only small diflerences in 
scale heights and line intensities. Therefore, a particular chromo¬ 
spheric region of this scale may be regarded as being representative 
of the chromosphere in general. 

HI. Temporal Variations 

Since the solar corona exhibits marked systematic changes in 
structure throughout the sunspot cycle, it would not be too surprising 
to find similar changes in chromospheric structure. Such changes 
might be manifested through changes in scale heights or through 
changes in absolute and relative line intensities. An inspection of 
Table 2-1 indicates, however, that few data are available for an in¬ 
vestigation of systematic changes in the chromosphere. Further¬ 
more, since the scale heights differ for diflerent lines, bolh absolute 
and relative line intensities vary with height above the solar limb. 
Any diflerences in the zero points of the height scales will therefore 
tend either to obscure or enhance the evidence for such systematic 
changes. For example, a change in the zero point of the height scale 
by as little as 300 km changes the ratio of intensities of helium lines 
to faint metal lines by about a factor of two, and changes the ab¬ 
solute in tensity of faint metal lines by about a factor of three. Thus, 
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Table 3-1. Representative Values of (3' X 10® 


X 

Ident. 

1932 

CM“ 

1932 

AMO 

1936 

AMO 

1941 

V 

1945 

V 

1945 

K 

1952 

H./VO 

4861 

4101 

H/5 

H5 

1.16 

1.16 

— 

1.38 

1.15 

1.20 

1.32 

0.95 

1.22 

1.33 

1.43 

1.60 

1.70 

3835 

3750 

H9 

H12 

1.22 

1.22 

— 

1.52 

1.82 

1.37 

1.47 

1.12 

1.11 

1.54 
1.70 

1.51 

1.68 

3712 

H15 

1.30 

1.6 

1.82 

1.55 

— 

1.82 

1.73 

3692 

H18 

1.20 

1.9 

2.0 

2.04 

— 


1.85 

3679 

3671 

H21 

H24 

1.42 

1.47 

2.1 

2.3 

2.4 

2.4 

— 


— 

. 1 . . y\) 

2.05 

O A <1 

3666 

H27 

1.61 

2.2 

1.9 




-i . Wo 

*> 1 O 

3661 

H31 

1.54 

— 

— 





3640 . 

Hoo 

1.54 

2.3 





-i. I V 

5876 

Hel 

1.33 

— 

0.99 

0.88 

0.73 

1.01 

1.25 

4713 

Hel 

0.50 

1.30 

0.8 

1.96 

— 


1.25 

4472 

Hel 

1.03 

— 

0.99 

1.11 

0.87 

0.95 

1.25 

4026 

Hel 

0.67 

1.40 

0.90 

0.75 

0.87 


1.25 

,4686 

Hell 

0.30 

0.92 

0.7 




1.00 

4227 

Cal 

2.11 

— 

2.44 

1.33 

— 


2.16 

4072 

Fel 

1.78 

2.6 

3.7 

— 



2.95 

4064 

Fel 

1.78 

3.0 

3.6 

1.28 

—, 

^.. 

2.84 

4045 

Fel 

1.78 

2.8 

3.0 

1.14 

— 


2.58 

3860 

Fel 

2.04 

— 

2.2 

1.36 



1.94 

3764 

Fel 

2.11 

3.1 

1.9 

— 



3.12 

3746 

Fel 

1.69 

2.2 

2.2 

■—■ 

. 


2.92 

3720 

Fel 

1.69 

2.1 

— 

— 


... 

2.31 

5018 

Fell 

— 

___ 

2.9 

1.32 


2.78 

2.90 

4584 

Fell 

— 

— 

4.3 

1.23 



3.21 

5184 

Mgl 

1,81 

_ 

1.75 

1.64 

0.66 

— 

2.16 

4078 

SrII 

1.12 

1.7 

1.57 

1.60 

1.31 

1.78 

1.47 

4572 

Till 

1.58 

— 

2.9 

2.60 

— 


2.54 

3761 

Till 

1.13 

2.0 

1.55 

1.46 

1.11 

1.58 

2.31 

3759 

Till 

1.13 

2.0 

1.72 

1.46 

— 


2.18 

3774 

YII 

— 

3.8 

— 

— 

— 


3.43 


'i' CM, Cilli6 and Menzel, 1935; AMO, Athay, Menzel, and Orrall, 1957 
V, Vyazanitsyn, 1951, 1952; K, Kristensen, 1955; HAO, see references in text. 
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line intensities are not well suited for a study of temporal changes in 
chromospheric structure. 

On the other hand, above 1000 km, the scale heights of all the 
chromospheric lines appear to be independent of height, and for the 
majority of lines the same holds true for h > 100 km. Therefore, 
scale heights can be compared at different eclipses irrespective of the 
zero point of the height scale. 

Table 3-1 contains values of for representative lines observed 
at five eclipses. The two entries for the 1932 eclipse represent two 
independent reductions of the same set of spectrograms at the same 
point on the limb, and the differences in /S' arise from differences in 
the photometric standarization, A comparison of 1932 data with 
data from other eclipses indicates that the reduction by Gillie and 
Menzel (1935) probably contains large systematic errors, and that 
the second reduction of the data by Athay, Menzel, and Orrall 
(1957) is more reliable. The two en tries for the 1945 eclipse are from 
spectrograms obtained by different expeditions. 

The 1932 eclipse occurred within one year of sunspot minimum, 
and the 1936 eclipse about one year before maximum. The remain¬ 
ing three eclipses all occurred within about two years of sunspot 
minimum. Thus, we rely heavily on the 1932 and 1936 eclipse data 
for any evidence of systematic changes through the sunspot cycle. 

An estimate of the relative accuracy of the values given for 
/3' c^m be made from Fig. 3-6, which shows plots of log E versus 
heiglrt. for tlie hydrogen llalmer line originaling on the ninth quantum 
level The slopes of the curves are proportional to /S'. It is evident 
that liie values of are well determined for the 1936, 1945, and 
1952 eclipses. For the 1932 and 1941 eclipses, /S' is subject to rela¬ 
tively large errors. Of the two sets of data for the 1945 eclipse, 
those given by Kristensen (1955) are apparently more reliable. 

With the exceptions of the 1932 data of Gillie and Menzel and 
lh(' 1945 (lain of Vyanzanitsyn, Table 3-1 shows lit;tle evidence to 
sugg(‘sl, sys(-(‘ma(ic changes in (3' through the sunspot cycle. In an 
(xu‘li(^r dis(vussion (Athay and Thomas, 1956) we found evidence for 
marked systematic changes in p'. This discrepancy arose from the 
fact that we used the 1932 data of Gillie and Menzel and the 1936 
data of Hernmendinger. Subsequently, we (A thay e;t al, 1957) re- 
standardized the 1932 and 1936 data using the same reduction tech¬ 
niques employed in the 1952 data. As noted above, the changes in 
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the 1932 data resulted from changes in photometric standardization. 
The changes in the 1936 data, however, resulted from extensions of 
the data to a greater intensity range, and therefore a more accurate 
determination of Since both the 1932 data of Gillie and Menzel 
and the 1945 data of Vyanzanitsyn are of questionable accuracy, 
we must conclude that ,6' is essentially constant in time as well as in 
position on the solar limb. We also emphasize, as already indicated 
by our compilation of data, that many more data are required before 
any great confidence can be placed in this conclusion. Correlations 
of in 1932 and 1936 with in 1952 are illustrated in Figs. 3-7 and 
3-8. 

Although a comparison of line intensities at diflerent eclipses 
is subject to systematic errors, such comparisons must be made be¬ 
fore it can be determined whether the chromospheric structure changes 
with time. In an effort to make the comparisons as meaningful as 
possible, the zero points for the height scales in the 1932 and 1936 
data were re-determined (Athay et al., 1957) according lo (he same 
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Fig. 3-7. Correlation in 13 between 1952 and 1932 eclipses. (From R. G. Athay 
et al., Smithsonian Contrib. to Astrophys., 2, 45-48.) 

criterion used in the 1952 data. Systematic errors, resulting from 
errors in the zero point of the height scale, should now be reduced 
to a minimum in these three sets of data. 



Fig. 3-8. Correlation in jS between 1952 and 1936 eclipses. (From R. G. Athay 
et al., 1957, Smithsonian Contrib, to Astrophys., 2, 45-48.) 
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Figure 3-9 contains plots of log E versus height for lines of dif¬ 
ferent excitation potential. It is evident from these plots that the 
relative line intensities in the three sets of data are the same over a 
wide range in excitation potential. Therefore, on the basis of the 
data presently available, we conclude that the mean chromospheric 
excitation is constant in time. 

The data in Fig. 3-9 indicate a difference of 0.5 to 0.6 in the 
logarithm in the absolute intensities between the 1952 eclipse and 
the other two eclipses. By further comparing the conlinuum in¬ 
tensities near the photosphere and the coronal continuum intensities 
in the polar corona, Athay et al. (1957) concluded that these ap¬ 
parent differences in absolute intensities resulted predominantly 
from photometric errors rather than from real changes in chromo¬ 
spheric emission, and that the errors were divided about equally be¬ 
tween the 1952 data and the other two sets of data. Thus, the 
absolute intensity scale for the 1952 data seems to be too high by 
about 0.2 to 0.3 in the logarithm. 

If the intensity of the continuum emission at X47()() near the 
limb is made to agree for the 1932, 1936, and 1952 eclipses, the line 



•1932 01936 XI952 
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Fig. 3-9. Comparisons of jS and E for selected lines at 1932, 1936, and 1952 
eclipses. (Fi'om R. G. Athay et al, 1957, Smithsoman (kmirlb, to Astrophys,, 2, 
45-48.) 
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intensities from the 1932 and 1952 eclipses agree also, whereas the 
line intensities at the 1936 eclipse are relatively weak by about 0.3 
in the logarithm. This discrepancy between the line and continuum 
data in 1936 is apparently the only evidence for significant variation 
in chromospheric emission at the three eclipses. Even this evi¬ 
dence, however, may represent a photometric difficulty rather 
than a real change in chromospheric emission. More data giving 
reliable absolute intensities are therefore needed before definite con¬ 
clusions can be drawn. We can only conclude that we find, as yet, 
no clear evidence for systematic large-scale changes in chromospheric 
emission. 

IV. Data on Mass Motions—Spicules 

The strongest and most direct evidence for the existence of 
velocity fields in the chromosphere comes from spicule observations. 
These short-lived jets which surge upward through the chromosphere 
into the corona lead to the classical description of the chromosphere 
as a “burning prairie.” In recent years, observers using the cor- 
onagraphs at Climax, Sacramento Peak, and Pic do Midi have fur¬ 
nished valuable data on the motions, sizes, disLribulions, and life 
histories of spicules. 

In addition to tlie spicules, which, are imbedded in the chromo¬ 
sphere, tlie chromosphere is bombarded from above and below by 
sLrei^uns of prominence matter. Energetically, one of these streams 
is probably comparable to several spicules. However, they are far 
less numerous than spicules and ai’e generally a less important com¬ 
ponent of the velocity field. Although prominence streamers un¬ 
doubtedly have a marked local efiect on chromospheric structure, 
in our compilation of chromospheric data we have purposely avoided 
discussion of such regions until proper data are available. 

Finally, the chromosphere overlies a photosphere, covered with 
fine granulation, which is associated cither directly or indirectly with 
velocity fields. It is not yet known whether granules and spicules 
represtmt two aspect,s of the same general velocity field or single 
aspects of two separate velocity fields having different origins. Un- 
Ibrtimately, ( here is mudi uncertainty about the meaning of granule 
statistics (e.g., llberoi, 1955) because of uncertainties in the size, 
velocity, and spectrum of individual granules, as well as in the in¬ 
terpretation of these data as discussed in Chapter 6. The recent 
observations made from high altitude balloons, and with the high- 
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resolution spectrographs at McMath-HuIbert and Sacramento Peak 
Observatories represent promising advances toward obtaining the 
desired data. We do not feel it is advisable to make use of these 
data until more complete observations and analysis are available. 

A, Characteristics of Spicules 

Early solar observers (cf. Secchi, 1877) successfully registered 
their visual observations of spicule structure in quite detailed free¬ 
hand drawings. Marriott obtained the first photographs of spicules 
at the 1930 eclipse, and Mohler (1951) later estimates sizes and 
numbers of spicules from these eclipse pictures. Bugoslavskaya 
(1946) studied spicule orientations and numbers at the 1945 eclipse. 
In 1943 Roberts discovered that, under good observing conditions, 
spicules could be observed with a Lyot filter and coronagraph. Sub¬ 
sequently he and his co-workers measured lifetimes, velocities, and 
sizes of numerous spicules (Roberts, 1945; Roberts et al., 1949; 
Rush and Roberts, 1954). Dizer (1952) made similar studies using 
Lyot’s observations at Pic du Midi. Dunn improved the quality 
of spicule observations considerably by using improved observing 
techniques with the large chromosphere camera at Sacramento Peak 
(Dunn, 1956; Lippincott, 1956, 1957; Athay, 1959a). Figure 3-4 
exhibits one of Dunn’s spicule photographs. 

Some pertinent spicule statistics are given in Table 3-2. The 
results are consistent for the most part, even though diflerent instru¬ 
ments and different observing techniques are used. The most ex¬ 
tensive data are derived from Dunn’s observations, which undoubt¬ 
edly include a higher percentage of small faint spicules than do the 
other data. 

Figure 3-10 exhibits isopleths of the number of identifiable 
spicules crossing a given height in the chromosphere at diflerent 
solar latitudes (Athay, 1959a). The mean heights and the number 
of spicules are seen to increase from equator to pole. Also the height 
where the maximum number of spicules occurs increases from 5000 
km at the equator to 6500 km at the poles. In general, the polar 
spicules are oriented more nearly along a radial direction than those 
in equatorial regions, and according to van de Hulst (1953) they 
tend to align with coronal features. 

Rush and Roberts (1954) found that spicules of a given life¬ 
time are more numerous for the shorter lifetimes. They also found 
that there is a marked linear correlation between the maximum 
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Fig. 3-10. Isopleths of spicule numbers as a function of height and latitude. 

(From R. G. Athay, 1959, Astrophys, ./., 129, 167.) 

height attained by a spicule and its velocity of ascent. Lippincolt 
(1957) found a small but significant correlation between inaximum 
height and total lifetime of a spicule. 

One of the more important spicule observations is that of spicule 
motions. The apparent life history of a typical spicule has been 
described as a rise at uniform velocity to maximum height, where 
the spicule pauses for about one-third of its lifetime, then either 
fades in brightness or falls back along its original path at the speed 
of ascension. Roughly, half of the spicules fade from view while 
still at maximum height. The foregoing description of spicule mo¬ 
tions must be evaluated in terms of the accuracy to which spicule 
velocities have been measured. Velocities are determined by plotting 
the apparent heights of the spicules against time. The apparent 
heights contain errors from seeing excursions which, at best, are of 
the order of 1 ' of arc, and from lack of a well-defined reference point. 
Thus, the height of a spicule at any one time is uncertain by about 
±500 km in terms of the heights measured at other times in the 
spicule history. 
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Figure 3-11 shows the locus of height versus time for a typical 
spicule, represented alternatively by the assumption of constant 
velocity of ascent and descent with one-third of the lifetime at maxi¬ 
mum height and by the assumption of motion under the sole force 
of the solar gravitational field (Thomas, 1948; Athay and Thomas, 
1957b). In order to distinguish between these two rather contra¬ 
dictory assumptions the velocity must be accurately determined dur¬ 
ing the time the spicule is near its maximum height. Until this can 
be done, either of these assumptions, or any intermediate combina¬ 
tion, is acceptable on the basis of the observations. A constant up¬ 
ward and downward velocity implies that there are upward forces 
just counteracting the downward force of gravity, and that there are 
discontinuities in velocity when maximum height is attained. Mo¬ 
tion under the sole force of the gravitational field, on the other hand, 
implies that whatever force accelerates the spicule in its upward 
motion ceases to act before the spicule becomes visible. Either of 
these alternatives is very likely an oversimplification of the actual 
forces acting. It is of interest to note, however, that if the spicule 
motions are assumed to be governed primarily by the gravitational 
field, then the observed correlations between veloci ty and maximum 
height and lifetime and maximum heigh t are easily understood. On 
the other hand, if constant velocity is assumed, there is no a priori 
reason for either correlation. 

Miss Lippincott (1957) found large regions of the solar limb 
of the order of 10'*' km in length over which the spicules show syste- 



Fig. 3-11. Two alternative models for spicule motions. The dashed line 
i*(^pi’(is(;nts a constant velocity with one-third of lifetime at rriaximum height. 
Tlie solid curve represents motion in a gravitational held. (From R. G. Athay 
and R. N. Thomas, 1957, Aslrophys. J., 125, 806.) 
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matic orientations and similar life histories. These regions have 
lifetimes of the same order as the mean lifetimes of individual spicules, 
and may represent a fundamental association between spicules and 
large-scale velocity fields or magnetic fields. Until more data are 
available, however, such an association can be only speculative. 

B. The Total Number of Spicules on the Sun 

A problem of prime importance in consideration of spicule 
structure and its effect on the chromosphere is the determination of 
the total number of spicules on the sun at a given time. Such a de¬ 
termination is complicated by the fact that spicules are observed at 
the limb of the sun, which means that the line of sight is tangential 
to the spherical surface of the sun. Therefore, spicules are inevit¬ 
ably seen lying both fore and aft of the true solar limb. 

For a spicule located at an angle 6 from the limb, the apparent 
height h is related to the true height /i* by 

h = h* - 10502 (3-1) 

where /i* and h are measured in km and 6 is measured in degrees. 
Thus, spicules that have a true height of 15,000 km will have ap¬ 
parent heights of 14,000 km if located 3.U from the limb, 10,000 km 
if located 6.9° from the limb, and 5000 km if located 9.7°" from the 
limb. 

For each degree away from the limb, the tangential distance 
from the limb increases by about 12,000 km. Since the average 
spicule diameter is of the order of 1000 km, spicule counts at the 
limb are averaged over a path length many times the mean spicule 
diameter. If there are a large number of spicules on the sun, a given 
line-of-sight path will very likely intersect more than one spicule, 
and the counted number of spicules may be far less than the actual 
number. The apparent decrease in spicule numbers below the 
maxima in Fig. 3-10 is most likely due, in part, to this effect of ob¬ 
scuration resulting from unresolved spicules. We consider first the 
problem of converting the observed spicule number to the actual 
number along the line-of-sight path and second, the problem of cor¬ 
recting for line-of-sight effects. 

If the number of spicules that can be counted at a given ap¬ 
parent height and the mean apparent diameter of a spicule are known, 
it is possible to compute the number of spicules actually present in 
the line of sight at that height (Athay, 1959a). However, since the 
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problem involves line-of-sight projections and obscuration by over¬ 
lapping, it is necessary to know the spatial distribution, relative sur¬ 
face brightness and optical thickness of spicules. In the following 
it is assumed that spicules are randomly distributed over the solar 
surface, that they all have the same surlace brightness and that they 
are optically thick in H(a. These latter two assumptions are equiva¬ 
lent to the assumption that if three or more spicules overlap when 
projected against the plane of the sky only one brightness maxi¬ 
mum will be observed. It is necessary to make such assumptions 
at the outset, but, following the computations, it will be shown that 
these assumptions do not have any great influence on the results. 

The problem of relating the observed brightness maxima to the 
true spicule number is analagous to dropping objects, say spicules, 
at random, into a series of boxes and then determining the relation¬ 
ship between the number of spicules dropped and the number of 
boxes containing one or more spicules. 

Divide a 12° sector of the solar circumference into m boxes 
defined by 


m = (2T/?o/d) (12/360) (3-2) 

where d is the mean apparent diameter of a spicule. Then consider 
that N spicules are dropped at random into these boxes, and de¬ 
termine S, the number of spicule-like ieatures that can be counted. 
S differs from the number of boxes containing spicules because each 
box is the width of one spicule. If two adjacent boxes each contain 
one or more spicules, the spicules will blend together so that a total 
of OTily one spicule will be counted, in the two boxes. Similarly, any 
series of./ t)oxcs (^ach containing one or more spicules will contribute 
only one count in the spicule statistics. Designate ()/() as a con¬ 
figuration of j adjacent boxes, all of which contain one or more 
spicules and are bounded at either end by empty boxes, and -Soyo as 
the iiumber of these configurations. Then, the number of spicule¬ 
like Ieatures counted is 


w-2 

Sojo 

i «1 

If Po is the probability of a given box being empty, 1 — Po is the 
probalyility that, a given box contains one or more spicules. Hence, 
the probabili ty for a single occurrence of a configuration OjO is Po^(l 
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Pq)K The number of such occurrences is — Po)^ and 

therefore, the total number of features counted is 

m —2 

S= mPo^ E (1 - P^y/J = -mP,- In Po (3-3) 
y = 1 

since m 55> 1. For, a random distribution of spicules 

Po = [1 - (l/m)f ~ e-JVM ( 3 . 4 ) 

again since m ^ 1. Therefore, 

S = Ne--^/^ (3-5) 

In Dunn’s films, from which the data in Fig. 3-10 were taken, 
the mean apparent spicule diameter in the upper chromosphere is 
about 1" of arc, or some 700 lun. If the spicule diameter is constant 
with height, S has a maximum value of Sm = m/2e. The data 
plotted in Fig. 3-10 show Sm = 37 at the equator and 42 at the poles. 
Sm = 37 corresponds to m = 200 or d = 730 km, and Sm = 42 cor¬ 
responds to m = 230 or d = 640 km. Thus, the observed values of 
Sm ai'e consistent with Eq. (3-5) and the observed mean spicule 
diameter. 

Using Eq. (3-5) and the observed S and Sm, we compute N at 
each height and for each latitude. Once this is done, it is a straight¬ 
forward matter to extend the computations to ob tain N*, the number 
of spicules in a 6.2 by 12° area of the solar- surface, (cf. Rush and 
Roberts, 1954; Athay and Thomas, 1957). 

Table 3-3 contains values of S, N, and N* for the average 
number of spicules in a 12° sector of solar latitude. Having de¬ 
termined N, we can now estimate the effects of the assumptions of 
optical thickness and equal surface brightness. The greatest danger- 
in these assumptions is at low heights where an overestimate of S, 
as it is defined by Eq. (3-2), leads to an underestimate of N. At 
3000 km, 5^20 and N cs; 300. In order to increase iV by a factor 
of two, S must be reduced by a factor of 10. The number of spicule 
configurations in this case would be two, and almost all the observed 
brightness maxima should result from overlapping of a few optically 
thin spicules or from a few spicules of above average brightness. 
If this were the case, the average diameter of the brightness maxima 
would be of the same order as the spicule diameter. Hence, the 
total width of the 20 maxima in a 12° sector would be about 14,000 
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km, which corresponds to a fraction / of the arc length of ap¬ 
proximately 0.1. 

According to the assumptions used in this paper, all the spicules 
enter into the statistics on the average diameter of the brightness 
maxima, and we should have 

/ = 1 -- Po = 1 -- (3-6) 

From Eq. (3-6) and Table 3-3 with m = 200, / = 0.8 at 3000 km. 
Therefore, observed values of / should provide a good check on the 
reliability of the computed values of N. 

Visual estimates of / were made for 109 frames in the four sur¬ 
veys used in this analysis. The estimated values at 3000 km ranged 
from 0.5 to 0.9 with an average of 0.7. Clearly, then, the computed 
values of N do not seem to be in error by as much as a factor of two. 

Possible errors in TV* are more difBcuIt to estimate. However, 
since the tendency is to underestimate TV at both 3000 and 4000 km, 
the maximum numerical error in TV* at 3000 km is the same as the 
numerical error in TV at 3000 km. An error of a factor of two in TV 
corresponds to a maximum error of a factor of three in TV*. Since 
the error in N appears to be considerably less than a factor of two, 
it is probably safe to assume that the error in TV* from this source is 
also less than a factor of two. 

We have assumed in the discussion above that spicules are ob¬ 
scured by other spicules only, whereas there may be other obscuring 
matter such as a continuous substratum of chromospheric gases, par¬ 
ticularly at low heights. In such a case, we would underestimate S, 
as defined by Eq. (3-2), and overestimate Vat low heights. Hence, 
this effect works in the opposite direction to those discussed in the 
preceding paragraph. 

The total number of spicules on the sun extending to height h 
or above is 555iV*. tience, there are about 9.3 X 10^ spicules ex¬ 
tending to 3000 km or higher and about 5.6 X 10^ extending to 5000 
km or higher. For a mean diameter of 700 km, the spicules extend¬ 
ing to 3000 km or higher cover a fraction 0.006 of the solar surface. 

A previous estimate (Athay and Thomas, 1957b) of spicule 
numbers gave somewhat smaller values for TV and TV* at low heights. 
Our earlier analysis started with Lippincott’s (1957) data giving 
Sh — 5/1 +1 as a function of height. By assuming the two alternative 
laws of motion stated in the preceding section and further assuming 
that 5 = TV for heights above 10,000 km, we derived the probability 
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Pm, of a spicule reaching maximum height hm- From Pm we then 
derived N for heights below 10,000 km. Our estimate of the total 
spicule number was close to 10^. However, the uncertainties in this 
method of estimating N and iV* are likely to be considerably larger 
than those in the analysis presented here. 

Figure 3-12 shows plots of log {Nh — Nu + 1 ) versus height from 
the data in Table 3-3 and our earlier computations. For illustration, 
we also show Lippincott’s values of Sh — Sh + i. Above 10,000 km, 
the plots in Figure 3-12 decrease exponentially with height. Some 
authors (cf. Rush and Roberts, 1954; Evans, 1955; Coates, 1958) 
have attempted to obtain iVin the low chromosphere by extrapolating 
this exponential curve as illustrated in Fig. 3-12. Such an extrapola¬ 
tion leads to something like 10® spicules over the solar surface, rather 
than the much smaller values obtained from an analytical interpreta- 



Fig. 3-12. The number of spicules terminating in height intervals of 1000 
km as oi>served at the solar limb in projection against the sky. (From R. G. 
Athay, 1959, Adrophys, X, 129, 170.) 
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tion of the data. It is our considered opinion that tlu’ us«‘ <>* 
extrapolation technique has no justification and that th(' rosuItN .ii< 
in consequence unreliable. We return to this probloiu of .Hpii tili 
numbers in connection with our discussion of the clironiospla i i< 
model. 

C. Profiles of Spectral Lines in the Emission from Spicules 

In addition to studies of spicule motions and niiniher.s, 
eclipse observations provide valuable infoi'mation on lh<’ 
dynamic state of spicules through studies of line prolile.s. Mii haitl 
(1956 and 1959) and Smith (1957) studied Ha profiles in .s|)i<’ti!i's iiinl 
Athay (1958aand 1960a) studied profiles of Ho:, 110 , and Ih as w. H 

as the K line of Call and the Ds line of helium. Sjxm-I I’ogram'* «»( 
these lines are shown in Fig. 3-13. 

The emission lines in the spectra of spicules oh.si'rvcd oiilsid,- ,4 
echpse are superimposed on the spectrum of photo.spheri(' and clu i »in* > 
spheric light arising from seeing excursions of tlu^ solar imago on I he 
spectrographic slit and from additional photosplimie lighi hou tiered 
m the mstruments and in the earth’s atmosphere, lids l.aokgr.mud 
pectrum must be subtracted from the composili; sp(‘elruin in otdei 
to obtain the true profiles of the spicule line. 71ie H, line pro*.. (,t. 



perpendfcula'r to ^' 

constant height in the chromosphere. The background ^* 

photospherio light scattered in the earth’s atmosnlir ptioii hut-, ,,,> n-.tn 

K Une is observed in the second-^det 
served in the first-order spectrum /Tonri, ^ ' ..i, 

High Altitude Observatory ) '' •’ - 
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no particular problem since there is no corresponding Fraunhofer 
line in the photospheric spectrum. The oi.her lines, however’, are 
superposed on strong Fraunhofer lines, and corrections for scattered 
light must be made. 

Michard corrected the Ha profiles for st^atLered light in his 
earlier work by subtracting the observed spe(vtruni adjacent to a 
spicule from the composite spectnim of th(! spicuile plus scattered 
light However, both Smith (1957) and Athay (1958a) subtracted 
the Fraunhofer spectrum, observed near the edge of the photospheric 
disk, from the composite spectrum, after noiunalizing the con tinua 
in the two spectra as illustrated in Fig. .‘5-14. In Miehard’s initial 
observations made with a tower telescope the corrections to the 
profile for scattered light were large. However, both Smith and 
Athay used coronagraphs at high altitudes for observing the profiles, 
which reduced the scattered light, (.o a point, wherii the average cor- 
lections l,o the profile at the cent er of the line were about, 10 percent. 
Under these conditions, it makes lil.tle diflerence how the coiTccIions 
are made in detail. 

Michard’s early observations, in which lie was forceil to rnakc 
large corrections, gave Ha profiles imieh narrower than tho.se ob¬ 
tained by Smith and Athay. In later ol)S(M’vations, however, he 
obtained profiles that were in good agreiunent, with those obtained 
by the latter authors (Michard, 1959). 

The D;( profiles, which retpiire no eoi're<4ion for an underlying 
absorpt.ion line, are slightly a.symmet.rie. due. to inul(i[)let, structure. 



tig. .1-14. Illuslrulioii ol cori'cction lo obstM'vtHi proliles tor sctU.t.ci'c<t ligfht. 
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Fig. 3-15. Illustration of correction to da profile for multiplet structure. (From 
R. G. Athay, 1958, Annals d’Astrophysique, 21, 10.) 


The corrections for multiplet structure, assuming an equivalent 
doublet with intensity ratio 8 :1 and separation of 0.35 A, is illus¬ 
trated in Fig. 3-15. After this correction is made the profiles are 
Gaussian in shape. 

The distributions of corrected half-widths, defined as the total 
width of the profile at the half intensity points, are shown in Fig. 



Fig. 3-16. Distributions in observed halLwidths of spectral lines for spicules. 
The numbers in parentheses indicate the number of profiles studied. (From 
R. G. Athay, 1960, Annals d'Asirophysique, 23, 7.) 
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3“16 for the five lines observed. For three of the lines, Ii/5, H 7 , 
and Dg, the dispersion about the mean is rather small. For all these 
lines, over half of the spicules have half-widths within ±0.05 A of 
the mean value. The accuracy to which the half-widths are de¬ 
termined is also about ±0.05 A. It therefore, appears that the 
intrinsic half-widths for each of the lines Ii/3, H 7 , and D 3 are very 
nearly the same from spicule to spicule. Furthermore, for each of 
these lines, the profiles tend to be Gaussian in shape suggesting that 
the spicules are optically thin. 

The profiles of both Ha and the K line show considerably more 
dispersion in half-widths than do the profiles of the other lines. In 
addition, the K-line profiles and the wider Ha profiles, as illustrated 
in Figures 3-17 and 3-18, tend to be flat-topped, which is charac¬ 
teristic of saturation due to self-absorption. The narrower Ha 
profiles with half-widths of less than 1.2 A are Gaussian, however. 

In the central regions of the lines observed the broadening must 
either be from the Doppler effect or from saturation due to non- 
negligible opac^ity. The H^d, H 7 , and D 3 profiles and the narrower 
Ha profiles are clearly broadened by thermal or microscopic non- 
thermal velocity fields with a Gaussian distribution because the 
profiles are Gaussian. The wider Ha profiles and the K-line pro¬ 
files are obviously broadened by something other than velocity fields 
with a Gaussian distribution, however. 

The mean half-widths of the lines are Ha == 1.43 A, H/3 = 0.82 
A, H 7 == 0.69 A, Da - 0.54A,andK = 0.77 A (Athay, 1958a, 1960a). 
When corrected by a factor (6563/X) \/ (m/mn), which should give the 



Fig. 3-17. I'he irioan Ha profile (crosses) for spicules whose individual 
firofiles have half-widths between: (a) 1.1 to 1.2 A; (b) 1.3 to 1.5 A; (c) 1.6 to 
1.7 A. The solid curves arc Gaussian profiles through the center and points 
on tile ol)serv<id profiles. The dashed curves are computed for a constant source 
function and ro = 1 (b) and ro = 2 (c). (From R. G. Athay, 1958, Armais 
dAslrophysiquey 21, 8.) 
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Fig. 3-18. The mean K-lirxe profile (crosses) for spicules whose individual 
profiles have half-widths between 0.77 and 0.81 A. The solid curve is a Gaussian 
profile through the center and points. (From R. G. Athay, 1960, Annals 
d'Astrophysique, 23, 6.) 

same half-width for each line if the broadening is purely thermal, the 
means are: Ha == 1.43 A, = 1.11 A, Ey = 1.05 A, = 1.22 A, 
and K = 8.15 A. The difference between the hall-widths for HiS 
and Ey is probably not significant, and the values are in good agree¬ 
ment with the narrower, unsaturated Ha profiles. The slightly 
greater half-width for D 3 could be due to non-thermal motions. 

If the broadening were due entirely to non-thermal motions, 
the D 3 and K-line hall-widths should be corrected, by a factor 6563/X, 
which gives D 3 = 0.61 A and K = 1.31 A. Since the Da half-width 
is now less than those for the hydrogen lines, this alternative is un¬ 
likely. One might envision a spicule model in which the helium 
emission arises from different volume elements than the hydrogen 
and Call emission. However, there is good evidence from eclipse 
data that this is not the case (cf. Chapter 7), and all spicules ap¬ 
parently emit both Ha and D 3 (Athay, 1958a) in about the same pro¬ 
portions. Furthermore, the shape of the K-line profile clearly indi¬ 
cates that the broadening is not due solely to a velocity field with a 
Gaussian distribution. 

The mean Ep and D 3 half-widths correspond to a combination 
of thermal and non-thermal broadening characterized, by a kinelie 
temperature of 54,000^ and a random, non-thermal velocity field of 
6.5 km/sec. The mean Ey and D 3 profiles correspond to 45 , 000 ° and 
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8.6 km/sec. It seems, therefore, that the kinetic temperature 
within spicules is of the order of 50,000°. Before accepting this 
conclusion, however, we must explain the anomalous broadening of 
the I to:- and K-line profiles. 

The Gaussian form of the narrower Ha profiles together with 
the systematic tendency of the wider profiles to show the eflects of 
saturation suggests that the optical thickness in the Ha line is non- 
negligible in most spicules. If the source function is assumed to be 
constant throughout the spicule, the observed profiles can be fitted 
in almost all cases with equivalent Gaussian profiles broadened by 
self-absorption. The values of r at the line center range from 0 to 2, 
and the half-widths of the Gaussian profiles range from 1.15 to 1.25 A. 
Since, these half-widths are somewhat greater than the mean half¬ 
widths observed lor H/3 and H 7 after they are corrected to the wave¬ 
length of Ha, we have probably underestimated ro- Similar correc¬ 
tions and comparisons of the profiles of the early Balmer lines in 
prominences (Jefferies and Orrall, 1958) and in the lower chromo¬ 
sphere (Athay and Smith, 1956) lead to the same discrepancies be¬ 
tween Ha and the later lines. Thus, the mean optical thickness in 
the ('.enter of Ha in spicules is probably somewhat greater than unity, 
and the broadening is undoubtedly due to a combination of Doppler 
broadening and saturation. 

The unexpectedly large half-width of the K line in spicides pre¬ 
sents an interesting problem. Because of the systematic rectangular 
shape of the profile, the broadening cannot be due en tirely to random 
motions with a (Jaiissiaii distribution. Furthermore, it seems im¬ 
probable that, it could lie broadened to such an extent, by self-ab¬ 
sorption. The accepted abundance of calcium relative to hydrogen 
in the sun is about 2.5 X 10-“ ^ The hydrogen density in spicules is 
about 10^^ (cf. Chapter 7), and the diameter is of the order 10® cm or 
less. Thercfor(^ thc^ number of‘('.alcium atoms in a s(|uare-cm column 
running along a spicule diameter is about 2.5 X 10’^^ The absorp- 
lion coeffidcml al. tlu^ centtir ofthe K line is 2.9 X 10“^- (Tc X 
and if all (‘.alcriurn is singly ionized the optical thi(;kness at the cen ter 
of the line would be about 70. This could produce the observed 
broadening. However, since the ionization potential of Call is only 
11.87 volts it seems unlikely that. Call would be the most abundant 
(•.aleiiim ion for 7\. ~ 50,000°. Although detailed calculations have 
not been carried out, we would expect the opacity in the K line to 
be mucih less than 70, and probably less than imity. 
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If we were to adopt a spicule model in which the broadening of 
the K line were due to high opacity, we would be forced to adopt, at 
the same time, a random “turbulence” with a most probable velocity 
of at least 25 km/sec in order to explain the widths of the Hjd and H 7 
lines. Since this would produce too much broadening for the D 3 
line, we would be forced to attribute the D 3 emission to entirely dif¬ 
ferent volume elements where the “turbulence” was very much 
smaller, but where Te was much higher in order to accomplish the 
separation of hydrogen and helium emissions. 

Such a picture is implausible from several standpoints. In the 
first place, the observational data suggest, as we noted earlier, that 
the hydrogen and helium emissions come from the same regions. 
Also, we should expect to observe the lines of such ions as Sri I and 
Till, which have not been observed even though spectra have been 
taken. 

The best criteria as to whether the hydrogen and helium emis¬ 
sions arise in the same volume elements are the relative line intensities. 
The theoretical intensi ty ratio of Ha to D 3 for an op tically thin gas is 
given by 

Ha/Ds = (hv2Z^Z2fT'^T^Z (3”^) 

where iiz is the population of the upper level of the transition and A 
is the transition probability. Since the optical thickness is not 
large in either of these lines, this equation should hold quite accura tely 
for spicules. The Uz ratios may be computed from the Boltzmann- 
Saha equation modified by a bk factor to account for departures from 
thermodynamic equilibrium. If we use a subscript i to designate the 
ions of hydrogen and helium, we have 

Tik = (3-8) 

For hydrogen and helium, the ionization energies, Xk, are the same for 
^ > 3, and the constants m, Ui, and Akj are well known. Thus from 
Eqs. (3-8) and (3-7) we find 

Ha/Da = 1.3 (np/nii)[63(H)/633,(He)] (3-9) 

The h'lS have been calculated for a range of chromospheric models 
(cf. Chapters 4 and 7). The calculated values give 63 (H)/ 633 ^(He) ~ 
2 . The ratio of proton density to Hell density rin has a minimum 
value that is constant throughout the range of temperature where 
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helium is predominantly singly ionized, since hydrogen will also 
be predominantly ionized. Under these conditions, rip/nu is given 
by the relative abundance of hydrogen to helium, which, for the sun, 
is about 10 . Thus, the theoretical ratio of Ha/D;jhasa minimum 
value of about 20 . A region that emits in Ds must, therefore, emit 
in Ho; with at least 20 times the intensity of the D;i emssion. If there 
is a separate region that emits in Ha, but not in Da, and contributes 
more than half to the total Ha emission, the observed Ha/Dg ratio 
must exceed 40. In the upper chromosphere and in idividual 
spicules the observed ratio is about 15, which strongly suggests that 
Ha and D 3 arise in the same volume elements. 

There are several good reasons, therefore, for assuming that 
hydrogen and helium emissions originate in the same volume ele¬ 
ments within the spicule, and no apparent reasons for assuming the 
opposite other than the anomalous width of the K line. 

If we dismiss self-absorption as the broadening mechanism for 
the K line, we must, of course, attribute the broadening to a velocity 
field. Clearly, the velocity field cannot be thermal, and, in view of 
the arguments above we must suppose that the hydrogen and helium 
do not share in the same velocity field with Call. 

Leighl.on (1959) suggests a similar picture for the relative 
velocity fields ol‘ Call and neutral at oms in the chromospheric regions 
where the emission features in the K line are formed . This sugges¬ 
tion follows an earlier suggestion by Piddington (1956) that under 
certain conditions perturbations in the magnetic fields in the solar 
atmosphere may causes the ions to move systematically with respect 
to the neutral atoms. Leighton calls upon the increased kinetic 
energy of the Call ions to explain the emission feat-ures via atom- 
atom collisions. While this explanation of the If 2 emission features 
seems both unlikely and unnecessary (cf. Jefl'eries and Thomas, 
1959), the suggestion o(‘ a possible differential motion of Call with 
respect to the neutral atoms merits further attention as a broadening 
mechanism in the tines of ionized elements. 

If we suppose that the spicules either follow magnetic lines of 
force in their upward motion or carry their own internal magnetic 
fields, it seems likely that the magnetic field will be perturbed and at 
least possible that these perturbations could produce systematic 
motions of the ions with respect to the neutral particles. Pidding- 
ton’s (1956) calculations suggest that if the magnetic field is of the 
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order of 10 gauss and the ion density is of the same order as the neutral 
atom density the neutral atoms will not be foi'ced to move with the 
ions. In spicules the neutral atom density is probably a few orders 
of magnitude less than the ion density, which would tend to force 
the neutral atoms to move with the ions. However, if the perturba¬ 
tions in the field have a short period or if their amplitude is less than 
a mean free path for a neutral atom-ion collision (about 1 km), the 
same result may be obtained with a smaller ratio of neutral atom to 
ion density. 

An alternative and perhaps more probable mechanism for giving 
the ions a velocity component not shared by neutral atoms is the 
forced gyrations of the ions about the lines of force in a magnetic 
field oriented at some angle to the spicule motion. A proton with a 
velocity of 30 km sec~^ has a radius of gyration of 30 cm in a mag¬ 
netic field of 10 gauss. It is reasonable to expect, therefore, that the 
gyrations of the ions will be on a much smaller scale than the spicule 
diameter so that the spicule will not tend to rotate as a whole and the 
neutral atoms will not be forced to rotate with the ions even though 
collisions may be frequent. The mean free path of a Call ion in a 
spicule is of the order of 1 km, and the collision frequency of the order 
10 sec“k Thus, a Call ion could gyrate in a field as small as 1 gauss. 
On the other hand, the average hydrogen atom that emits Hof must 
first have a recombination to the ground state followed by a double 
absorption of Lyman-a and Balmer-a photons. This process re¬ 
quires about 15 sec, during which time the atom undergoes several 
encounters with protons. Similarly a Hel atom requires about 0.1 
sec before emitting a D 3 quantum and undergoes about 10 collisions 
with protons during this time. Thus, such a mechanism might ex¬ 
plain the anomalous broadening of the Call profile without affecting 
the hydrogen and Hel profiles. It also offers attractive possibilities 
as an energy mechanism for heating the spicule. 

Admittedly, such a suggestion is highly speculative. On the 
other hand, the alternative suggestion of a velocity field that is 
shared by hydrogen and Call, but not by helium seems even more 
speculative and somewhat less probable. Also, it seems evident that 
spicules are closely related to magnetic field phenomena. The syste¬ 
matic orientations of spicules over regions of the sun with diameters 
of the order 150,000 km (Lippincott, 1957), and the tendency of polar 
spicules to align themselves with coronal features (van de Hulst, 
1953), suggest such an association. 
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The close association between magnetic fields and Call 
(Leighton, 1959) and Ha (Howard, 1959) plages further illustrates 
the role of magnetic fields in chromospheric phenomena. However, 
one should not immediately jump to the conclusion that the spec¬ 
troscopic features of the chromosphere are to be explained through 
the interaction of charged particles and magnetic fields independently 
of the thermodynamic properties of the chromosphere. Thus, even 
though there is considerable evidence of the role of magnetic fields in 
chromospheric phenomena, our suggestion that the broadening of 
the K line in spicules results from a direct coupling of Call with 
magnetic fields is indeed speculative. 



CHAPTER 4 


The Spectroscopic State of a Gas in a 
Statistically Steady State 


R. N. Thomas 


I. The Equations of Statistically Steady State 

A, Some Comments on Formalism 

For convenience, we develop all relations between occupation 
numbers and thermodynamic parameters in such a form that their 
similarity with, and departure from, the corresponding relations of 
thermodynamic equilibrium are emphasized. We write the expres¬ 
sion for the rate of change of the occupation number Uk of the ^jth 
energy level of a particular ion in the symbolic form 

dnk/dt = {(?ioi;k,j) — 6i(a;kJ)] (4-1) 

where (9{a;k,j) denotes a process of type a which carries an atom 
from energy level k to energy level j ; and (R denotes the inverse pro¬ 
cess. As customary, the symbol S denotes either a sum or an inte¬ 
gral, depending upon whether the sum ranges over a discrete or a 
continuous set. The atomic transition processes are radiative excita¬ 
tion and ionization, and collisional excitation and ionization by 
atoms and by electrons. 

The various assumptions on the configuration of the ensemble 
are represented by special cases of Eq. (4-1). Thermodynamic 
equilibrium is defined as the detailed balancing of each process by its 
inverse, so each brace on the right side of Eq. (4-1) vanishes indi¬ 
vidually. The most generad alternative which keeps the left side of 
the equation zero is for the double summation on the right side to 
vanish as a whole. This is the case of the statistically steady state. 
Intermediate cases consist of the assumption that one or the other 
of the single sums vanishes. If, for.eachj, the sum over a vanishes, 
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we assume a complete coupling between the states k and j. It is 
hard to see how such a situation can exist; but the problem has, on 
occasion, been discussed, although usually by neglecting all states 
save k and one other. A more common assumption requires that 
the sum over j vanish lor each a. Again, the most frequent form 
of this assumption in the astronomical literature is that in which all 
processes save one or two are neglected. Usually the processes re¬ 
tained are radiative excitation and ionization. That is, one dis¬ 
cusses what he calls the statistically steady state of an atmosphere 
where the density is so low that collisional processes may be neglected 
and only radiative processes assume significance. In practice, this 
assumption frequently is abused in that its results are applied under 
conditions where a neglect of collisional processes is hard to justify. 

Each of the assumptions above leads to a set of algebraic equa¬ 
tions whose simultaneous solution gives the occupation numbers of 
the energy levels. Among the alternative assumptions, only that 
of a statistically steady state avoids some degree of degeneracy; for 
in this state we have one equation for the occupation number of each 
energy level, each equation involving the occupation numbers of the 
other energy levels. In the other cases, one has several equations 
for each energy level, all reducing to the same result. If a steady 
state does not exist, then the set of equations (4-1) describes the 
time history of the occupation numbers, and a complete set of oc¬ 
cupation numbers at some epoch is required to solve the problem. 
The same set of atomic parameters, no more and no less, is required 
to describe the various interaction processes in the time-dependent 
and steady-state cases. Only for thermodynamic equilibrium are 
the distribution fimctions independent of the de tails of the interaction 
processes. Hereafter, unless otherwise specified, we discuss the as¬ 
sumption of statistically steady state. Thus, we set the left side of 
Eq. (4-1) equal to zero. 

To develop the statistically steady state in such a way as to 
exhibit its relation to the thermodynamic equilibrium state, we re¬ 
write Eq. (4-1) as 

0 = - fCR(a;fe,./)/(P(a;fej')]} (4-2) 

Under thermodynamic equilibrium, the condition of de tailed balanc¬ 
ing is both necessary and sufficient to determine the distribution 
functions, and these must not depend upon the details of the atomic 
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interaction processes. Then, since the condition of detailed balancing 
is given by the vanishing of each term in the double sum in Eq. (4-2), 
and (?{a;k,j) does not vanish in thermodynamic equilibrium, the 
braces { } must vanish and contain no details of the atomic interaction 
processes. In the statistically steady state, the braces { } do not 
vanish, and may contain explicit or implicit dependence upon the 
parameters describing the atomic interactions. Since these atomic 
interaction parameters depend only upon the interaction processes 
and not the state of the ensemble as a whole, the change in { } from 
the steady-state value to the thermodynamic equilibrium value 
cannot come about through a change in value of the atomic inter¬ 
action parameters. The change must, therefore, be associated 
directly with the change in occupation numbers of the energy levels, 
with the onset of the degeneracy mentioned earlier, in such a way 
that any explicit or implicit dependence of the { } upon atomic inter¬ 
action parameters vanishes. It would seem advisable, therefore, to 
introduce a set of parameters, isomorphic to the occupation numbers, 
whose behavior exhibits explicitly this dependence of the { } on the 
occupation numbers. 

For this purpose, we follow the procedure originally devised in a 
form appropriate to a gas at very low density by Menzel and co¬ 
workers (1937 et seq.) in discussing the planetary nebulae, and de¬ 
veloped more completely by Thomas (1948 et seq.) in discussing solar 
and stellar atmospheres. That is, we express the occupation number 
of the kth energy level in terms of its value in a thermodynamic 
equilibrium configuration characterized by the same values of Jie, 
Te, and the number rii of ions of one stage higher ionization than 
the state containing rik. We emphasize that rii is the actual concen¬ 
tration present; not that which would be present in thermodynamic; 
equilibrium at rie, Te, and a given relative abundance of atoms. 

rik = [ihy2irmehTey‘^ neni{m/2Ui) (4-3) 

The quantity in brackets is the Boltzmann-Saha expression for the 
occupation number in thermodynamic equilihrium, k is the Boltimann 
constant, Ui is the partition function of this ion; and m is the sta¬ 
tistical weight of state k. The quantity bk is a pure number, repre¬ 
senting the departure of n* from its value given by the thermody¬ 
namic equilibrium relations, thus of arbitrary numerical range. 

This introduction of bk provides a proper exhibition of the de- 
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generacy of the thermodynamic equilibrium state; for Eq. (4-3) 
with bk 7^ 1 gives the general distribution function for the occupation 
ivuinbers and replaces the set of equations (4-2). Moreover, the 
braces { } in Eq. (4-2) now depend explicitly upon the non-equilibrium 
parameters and their vanishing accompanies 6/^ = 1. Thus, using 
the b/c as the parameters describing the population of the energy 
level, rather than the occupation numbers themselves, we have 
always before us a direct comparison of the occupation numbers 
to those obtained in thermodynamic equilibrium, and a direct 
measure of the degree to which the various terms in the equations 
contribute to the departure from thermodynamic equilibrium. We 
proceed now to set up the equations explicitly in terms of the bk, 
fi'om the standpoint of the detailed processes involved. 

B. Consideralion of the Detailed Processes Entering the Equations 

We consider the individual terms entering Eq. (4-2), which 
involve radiative and collisional transitions between level k and 
level j: 

1. Radiative Processes. In a state of thermodynamic equi¬ 
librium, the transition rates due to radiative processes between level 
k and lev el J of lower energy are: 

Spontaneous transitions Irom k to j: 

AkjUk (4-4a) 

Induced emissions from k to./: 

BkjnkBXTe) (4-4b) 

Absoiplions fi'om j to k: 

BjknjBm (^-4c) 

Bp[Tf} is I he Planck fimcvtion and Akj, Bkj, Bjk are the Einstein co- 

efikdenls defined in terms of the mean radiation intensity rather than 
energy densi ty. We write the condition of detailed balancing 

+ BkjB,ire)]nk - BjkBmrij = 0 (4-5) 

Use 15q. (4-3) wilh bk = 1, and introduce the expression f‘or the 
Planck fimction 

J 5 ,( 7 ;) = - 1]“1 


(4-6) 



82 


PHYSICS OF THE SOLAR CHROMOSPHERE 


to obtain the usual relation between the A’s and jB’s: 

~ ^jk^j (d-Ta) 

Ajcj = Bi,^{2hv\/c^) (4-7b) 

Consider now the statistically steady state. Introduce two 
functions 4>v and which are, respectively, the profiles of the ab¬ 
sorption and induced emission processes, and which are normalized 
to unity, viz., 

j (l>y dv — \ = j \pp dv (4-8) 

Also introduce the specific intensity of the radiation field at the 
point considered, and denote by ly the value of h averaged over 
solid angle. Then in place of the transition rates given by the ex¬ 
pressions (4-4) we have the following for this non-equilibrium state: 


Spontaneous: 

Akjrik 

(4-9a) 

Induced: 

Bkj^k J' J-v^p dv 

(4-9b) 

Absorp tion: 

^ -^v^p dv 

(4-9c) 


In practical application, the profile yj/p is identical with the 
profile (l>y, and hereafter we do not distinguish between them. Fur¬ 
ther, we define a quantity Wjk by 


Iv(l>y dv 


(4-10) 


where lyQ is the value of h at the center of the line. Again in thermo¬ 
dynamic equilibrium, Wjk = 1, so it plays a role in the radiation field 
similar to that of the hk in the occupation numbers of the atomic 
energy levels. For convenience, since one often discusses radiation 
intensity in terms of the temperature of an equivalent black body, 
we define the radiation temperature Tr at vo by 

BpoiTr) = /.o (4-11) 

Also to simplify the equations, we introduce 
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Xk 

kTe 

Xfc_ 

ki; 


hvk 

kTe 

hvk 

kfr 



A'y 

= u, 



^Jk 


jk 


(4-12) 


where xk is the ionization energy from level k. Then, using Eq. 
(4-3), (4-9), and (4-10) we write the typical radiative term, for transi¬ 
tions between discrete levels, in the form 

(P{ 1 ((R/6>)} = 1 ~ - l]/(e^^^^' - 1)} (4-13) 

From Eq. (4-13) for the discrete states, we obtain immediately 
the expression for the free-bound radiative transitions, according 
to the purely formal process of replacing the upper discrete level by 
a continuous range of energy levels. Following Menzel and Pekeris 
(1935), we specify these energy levels of the free electron by simple 
extension of the expression for the energy levels of a hydrogenic con¬ 
figuration. That is, we in troduce the variable /c, having a con tinuous 
range of values, by: 

hv, = IiRZ^/k^ = mevy2 (4-14) 

where R is the Rydberg constant and Z is llie charge on the ion. 
These relations follow from the expression for the bound levels in 
the hydrogenic configuration, expressed in terms of the principal 
quantum number u, by the substitution n—yk. The total energy 
then changes from negative to positive, corresponding to the change 
from bound to free levels. Since the dialogue of the spontaneous 
transition from the upper level is an electron capture from the con¬ 
tinuous range of energy levels, a two-body process, we replace rik in 
equation (4-4a) by the product of rii and Uck, the number of electrons 
per unit range in k. We also replace Akj by which we interpret 
as the transition probability, per ion, for Uck to be captured on level j. 
Thus, the radiative term linking discrete and continuum levels in 
Eq. (4-2), the analogue of the expression (4-13), is 

r I - - l]/(e^>“ - 1)} d, (4-15) 

J pj 

For the continuum levels, the analogue of the modified Boltz- 
mann-Saha equation (4-3) is the Maxwell-Boltzmann equation 
written in the proper form, viz,, 
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riificK dx 


wliere 

(4-17) 

t roixi the manner in which we have defined Wj/c l>y l^q. ( Lifi) 
and I rom oiar definition of jIck, we see that, a value 14'^«:./ ^ I fias pr’ac- 
lical utility only in the event that we wish to define once and lor 
all in a given free-bound continuum, and to allow t-he variation ol 
W with K to preserve a correct representation of We shall, in¬ 

deed, I olio w 1:h.is approach. 

In aoLrxally introducing the terms (4-13) and (d-l 5) into h](|. 
(4-2), and ent-ering into numerical computations, it is usually rnor(‘ 
convenient to use the oscillator strength rather than the transilion 
probabili ly. The relation 

Akj = (coi/coA;)(87rVj^\.y/mc3Yi/c (hlB) 

is valid for tx'ansitions from both discrete and, as Mex i>5<4 and Ihduuis 
demonstrated, continuum levels. It is also often c'oii venicnl (o 
write the expression for/y/. in the form 

u = (2'i?V37rV3)j-'^“V-3aiy~V/yA:^^^^ (4-18a) 

where gj/c has been computed by Menzel and Pekeris ( P>35) lV)r l)o{h 
discrete axxd continuous transitions. It is also con vexvienl. to I’c- 
place the ixategral over Kin the expression (4-15) by one over p, using 
the relation 


[-(: 


rrie 


\27rk3V 


\ 3/2 

1 UeriiV^ exp 

]^2 \ 3/2 

- neUi 

2TmekTe/ 


m, 
2k T 


^eUi 


I)*] b. 

[iK“] 


(■I-16) 


die 


dK = dvl2RZ^ ( 4 - 19 ) 

2. Iixolastic Collisional Processes. It seems quite valid to 
neglect collisional excitation and ionization by atoms x*elativ(i to dial 
by electrons ixi the situations of interest to our inves Liga tions, for w<‘ 
are interested in thermal collisions, with energies coi'respojuling to 
less than nbont lO^'^K, or a few hundred volts mean energy. In¬ 
deed, ovex* most of the chromosphere we shall be concenied witli 
temperatux'es below lO^'^K, and thus mean energies less than 10 ev. 
Since, for oomparable excitation and ionization, an incident elect ron 
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and atom must have roughly the same velocity—not energy—the 
influences of inelastic collisions by atoms can usually be ignored. 

Define Trao^Qjk as the inelastic collision cross section for excita¬ 
tion from level j to k, where ao is the Bohr radius. Then the rate of 
collisional excitation is 

Cjk = 47 r(m«/ 27 rkT'e)^''“n€nj 7 rao^ f dv 

*' VQ 

= nftjkijle.Te) (4-20) 

Similarly, the rate of collisional de-excitation is 

Ckj = nAi(ne,Te) (4-21) 

If ri'/c and n'j denote the occupation numbers in a state of thermody¬ 
namic equilibrium at the same values of iie, then detailed balanc¬ 
ing requires 

7i\Q.k3 = (4-22) 

By combining Eq. (4-22) with Eq. (4-3), we find, for the collisional 
term involving discrete levels in Eq. (4-2), 

(P( 1 - {(K/(9 )} = - {hk/b,) } (4-23) 

By the same arguments, but considering individual levels in 
the conlinuum, we obtain, for the net collisional ionization rale, 

f 00 

47r(me/27rkTe)**/2n«nj7ra()^ / Q 3 K{vJ,t<)[l — dv 

j»() 

(4-24) 

These results permit us to write each term in the set of equations 
(4-2), but the terms involve the unspecified collision cross sections 
and oscillator strengths. We summarize, then, the available data 
on the atomic parameters. 

C. Comideraiions of the Cross Sections Entering the Detailed Processes 

1. Radiative Processes. The computations of Menzel and 
Pekeris (1935) provide reliable / values for hydrogen. These same 
/ values hold for Hell. 

/ values for Hel have been computed by a number of authors 
(cf. Goldberg, 1939; Hylleraas, 1937; Trefflz, Schluter, Dettmar, 
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and Jorgens, 1957). Although the numerical values given by the 
different authors vary, the diferences are generally less than 20 per¬ 
cent. Thus, these values seem to be generally reliable. 

For neutrd and ionized atoms other than these, only a limited 
number of / values are available, and these are subject to consider¬ 
able uncertainty, especially in absolute value. Allen (1955) pre¬ 
sents a compendium of those values which have appeared in the 
literature. A recent survey article by Garstang (1955) provides a 
summary of computed values. An article by Allen and Asaad 
(1955) provides a rather pessimistic view of the reliability of / values 
for the iron group {Ti to Ni) of complex atoms in terms of the agree¬ 
ment between experimental and theoretical values. However, be¬ 
cause these theoretical values result from applying theoretical meth¬ 
ods developed by Bates and Damgaard (1949) to situations for which 
they were not intended, the situation is possibly better than the 
article implies. Rohrlich has recently proposed a method for an 
accurate evaluation of / values for configurations involving s and p 
electrons, which may also give reasonably accurate values for higher 
electron systems. In any event, the set of reliable / values for, say, 
the metals is, at present, not sufficiently extensive to allow a syste¬ 
matic attack on the data relating to the metallic chromosphere. 

In Chapter 9, we shall see that the fk values for the individual 
Stark components of hydrogen should enter a completely satisfac¬ 
tory discussion of chromospheric emission in the hydrogen lines. 
Machine computations of these/* values for the first 20 members of the 
Lyman, Balmer, Paschen, and Brackett series of hydrogen are in 
progress by Underhill and Waddell, and will soon be available. 
These fk values are not particularly critical; however, in the solu¬ 
tion of the equations of statistical equilibrium, they are of interest 
chiefly in the discussion of line profiles. 

2. Collisional Processes. The problem of thermal collisional 
cross sections, even for electron-atom collisions involving hydrogen 
and helium is, indeed, a serious one. In recent years there has been 
a gratifying upsurge of interest in the problem, but, unfortunately, 
little in the way of detailed results as yet. The classical approxima¬ 
tion procedures such as Born first-order approximation are satis¬ 
factory only when the energy of the electron considerably exceeds 
that of the particular transition. As we have already noted, we are 
especially interested in those chromospheric regions where Te rises 
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from the photospheric value of 4000®—6000® to 20,000°—50,000°, 
and never interested where exceeds ~ 10®°K. Thus, particularly 
for transitions involving the lower states of H, He, and the ionized 
metals, one must have serious concern over a simple use of the Born 
approximation in evaluating cross sections. 

In our first work on hydrogen (Thomas, 1948) we attempted to 
correct somewhat for the overestimate of cross sections that the 
Born approximation gives at these low energies, by arbitrarily adopt¬ 
ing a somewhat lower value for the cross section Q 12 for the transition 
(rom the ground level to the first excited level, and then using the 
Born first-order approximation to fix relative cross sections for other 
transitions. For the relative cross sections in the jk transition, we 
took Q proportional to the electric dipole moment Q « 

(k + value adopted for the lowest trauvsition repre¬ 

sented an attempt to improve upon the Born approximation by 
using calculations by Massey and Mohr (1931), which introduced 
exchange, to estimate the correction. The Born value gives Qri = 4.1 
at the excitation energy of the 1-2 transition and the M'assay and 
Mohr value gives about 2 at this same energy (dropping to 1 between 
20 and 30 ev). Judging by a comparison of calculated ionization 
cross sections to observations on Ho molecules, where the theoretical 
cross sections still seem high by about 70 percent, we decreased the 
excitation cross sections to Qu = I- Because of the uncertainty in 
the precise value of Q, the slow change in theoretical value with 
energy, and the exponential decrease of thermal electrons having 
energies higher than the excitation energy, we have assumed that 
Q is independent of energy. In our initial computations (Thomas, 
1948) on ionization, we actually introduced an energy dependence 
into the cross section, which carried along in later computations 
(Matsushima, 1952), but it is questionable whether a single average 
value would not be equally representative of our state of knowledge. 

In treating the same problem, Giovanelli (1948) initially as¬ 
sumed Q to vary inversely as the square root of the electron energy. 
Relative values of Q were taken proportional to the op tical (absorp¬ 
tion) transition probability. Later computations by Jefferies (1953) 
and Jefleries and Giovanelli (1954) used the energy dependence given 
by calculations of Bates, Leech, Fundaminsky, and Massey (1950) 
based on the Born approximation. The collision rates computed 
from these results lie within a factor 2 or 3 of the rates obtained by 
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choosing constant Q and relative values proportional to the optical 
(absorption) transition probability. 

Recent work (Fite, 1958) leads to values of the integrated 
cross section which are lower, by about a factor of 5 to 10 for both 
Qn and the ionization cross sections relative to the values we used. 
The chief effect seems to come from the more precise determinations 
of the behavior of the cross sections near the threshold energy. It 
has not seemed worthwhile to re-compute our solutions of the equa¬ 
tions of statistical equilibrium with these new values, because of the 
uncertainty in the cross sections not yet experimentally investigated. 
Thus, we present explicit results on occupation numbers only as il¬ 
lustration of the direction of the departure from LTE. This result 
should be borne in mind in any large-scale program for computing 
occupation numbers. Since, as we shall show, the occupation number 
of the ground state is roughly inversely proportional to the collision 
cross section, these new values of cross sections mean that the values 
we tabulate underestimate the occupation numbers. 

Our own computations ignore the term structure of the quantum 
states specified by the principal quantum number; we have assumed 
that collisions are sufficiently frequent to establish a Boltzman dis¬ 
tribution over the different terms of a given level. Giovanelli has 
treated the lowest three levels, including the term structure, plus the 
continuum. The inclusion of the term structure does not seem to 
make too much difference in the final solution, however, so the term 
structure is no longer included in a later paper (Jefferies and Gio¬ 
vanelli, 1954). Since we have good photometric observations out 
to Hsi in the Balmer series, and can actually detect lines to H35, we 
are very much interested in the bk for the large k. Thus, we do not 
wish to consider only the lowest few quantum levels in our solution 
of the equations for the statistically steady state, and so we require 
cross sections for these higher levels. 

Thus, we face two distinct problems in our discussion of col¬ 
lision cross sections. First, we consider the accuracy with which we 
can specify the rate of collisional excitation from the lowest levels, 
which in essence depends upon the cross sections for excitation to 
the next higher one or two levels only. Judging from the variety of 
assumptions used by our group, by Giovanelli and by Giovanelli and 
Jefferies, the resultant occupation numbers do not depend drastically 
upon the particular assumption. Second, we consider the collision 
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rates involving transitions between the higher levels, 10 < ^ < 30. 
For the collisional interchange between levels k and ^ + A, which 
become large terms in the equations of statistical equilibrium, we 
have little guide other than the Born approximation coupled with a 
realization that the exchange terms must be very large. Thus, we can 
only point to this second problem— Q(k, ^ + A) as a function of k 
and A —as probably the outstanding need for further knowledge in 
the inelastic collision rates for hydrogen. S. N. Milford and a group 
at St. John’s University are investigating this problem. 

Data on the collision cross sections for helium are given by Bates 
et al. (1950), Massey and Burhop (1952), and by Massey and Moisei- 
wiLsch (1954). Again, these data refer only to collisional excitation 
from the ground state, and not between excited states. Jefferies 
(1955) proceeds to introduce cross sections between several of the 
higher states by comparison with corresponding data from hydrogen. 
Again, we emphasize the necessity to develop methods to obtain 
cross sections between these upper states. 

The information for various collisional cross sections for atoms 
other than hydrogen and helium is sketchy and sparse. Summary 
articles by Massey (1955,1956) and Seaton (1958) may be consulted. 
In brief, essentially no systematic set of data is available by which 
any group of metallic lines may be investigated from the standpoint 
of a solution of (he equations for statistical equilibrium. 

3. Summary. In view of these limitations on the cross sec¬ 
tions presently available, the main thing one may hope to do in the 
way of investigating the spectroscopically steady state in a configura¬ 
tion departing from LTE is to see how far he can go in some wholly 
algebraic computations and in some illustrative computations for 
hydrogen and helium. The latter approach we illustrate in Section 
4-II, the former in Section 4-III. 

Because of the above uncertainty, we adopt constant mean 
cross sections in calculating collisional rates, unless otherwise spec¬ 
ified. For constant Q, Eq. (4-20) and (4-23) give for the net rate 
of collisional exci tation: 

ACjk = 2V7ri2kTe/meyf^ - (6^/6y)](X,-, + (4-25) 

We also note that the electron velocity distribution is essentially 
Maxwellian under all conditions. (By essentially we mean that we 
have not yet been able to find a mechanism which permits, in the 
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statistically steady state, a non-trivial departure from the Maxwellian 
distribution.) Thus, 5^ = 1. Then Eq. (4-24), with constant Qj,, 
gives 

2Vr a<?i2hTJmeVi^ - {l/bj)]{Xj + l)e-^> (4-26) 

for the net rate of collisional ionization. 


D. Explicit Form for the Equations of Statistical Equilibrium 

■ From Eqs (4-2), (4-3), (4-13), (4-17), (4-25), and (4-26) we 
obtain the set of algebraic equations characterizing the statistically 
steady state: 

b, I + 1) 


+ Qkn ^1 — {Xk + 1) E 


X 1 - Wjk 


w - 111 

- —ey—- ( 


= E Qik (l - (hiC^^Xjk + l)bj 

+ E b,o^kfkiVk^e^> \ 1 - Wkj ^ 


— 1 




X fi - IV. 


_ 1 J (4„27) 


where 


one sets 


Cl = (27rk/me)i/2au2 (m«cV47r2e2) = 0.74 X 10'^ 


bi = lim 6^ = 1 

k~^ 00 


and correspondingly, 


JCi — lim Xk — 0 
&—> 00 
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Aside from the uncertainties introduced by our incomplete 
knowledge of the atomic cross sections, there are two major difficulties 
in the solution of the set of equations (4-27): first, the specification 
of the local radiation field thi'ough values for Wju and T,.; second, the 
fact that the set of equations is, formally, an infinite set. 

The second difficulty is the less serious. In the first place, be¬ 
cause of the excluded volume principle, we have in practice only a 
finite set of discrete energy levels. For example, in the chromosphere 
we observe only out to about H 36 in the hydrogen Balmer series, and 
slightly higher in the Paschen. In the second place, the asymptotic 
condition that 1 reduces greatly the problem of the solution. 

One simply proceeds by iteration, recognizing that after a few itera¬ 
tions, the values of bk for the lower k are reasonably well settled. 
As we have already mentioned, we are greatly interested in the bk for 
k > 10 , so we hope that some kind of asymptotic expressions may 
ultimately be found; for this we require a knowledge of Q(^, k + A) 
as A 0. 

The other difficulty, the specification of the local radiation 
field, presents a serious problem which, in general, one can solve only 
by attacking the radiation transfer problem in all the lines and con- 
tinua covered by the discussion. Since we require a knowledge of 
the occupation numbers of the energy levels in order to specify the 
source-function entering the transfer problem, we must solve equa¬ 
tions (4-27) and the transfer equations simultaneously. Such a com¬ 
prehensive treatment, including all lines, has not yet been attempted. 
Because of the physical nature of the situations where interest in the 
statistically steady state arises, one can sometimes gain consider¬ 
able insight by treatments of less generality. In particular, our 
interest lies in such gaseous configurations as the chromosphere, 
where the atmosphere has high optical opacity only in limited spectral 
regions. Over most of the visible spectrum, particularly in the 
con tinuum, the atmosphere has little or no influence on the radiation 
field, and we can consider the intensity to be well specified. In the 
central regions of some lines, however, the local opacity of the at¬ 
mosphere is so high that the radiative intensity is essentially fixed by 
local conditions alone. In these two cases, where we can consider 
the local radiative intensity as either fixed independently of condi¬ 
tions in the chromosphere or specified essentially by local conditions 
alone, we can obtain solutions of the equations (4-27) without further 
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approximation. In intermediate cases, we require accompanying 
solutions of the transfer equation for one or several lines and continua. 
Only fairly restricted treatments of special cases have as yet been 
carried out. We proceed to discuss these solutions. 

II. Solutions of the Equations of Statistical Equilibrium 

A. Computations for Hydrogen as Illustrating the Solution 

1. Thin-Atmosphere Solution: radiation field specified a 
priori. A thin atmosphere is defined to be a gas mass whose con¬ 
tribution to the local radiation field is negligible; the parameters Tr 
and Wjk in Eq. (4-27) are fixed by external conditions which do not 
depend upon the state of the gas mass considered. If the chro¬ 
mosphere satisfied the thin-atmosphere criterion, the radiation field 
in it would be fixed by the photosphere. A necessary corollary would 
be the absence of any chromospheric effect upon the Fraunhofer disk 
spectrum. In terms of the classical, and, rmfortunately, often still 
current, notion of the chromosphere, it would, indeed, satisfy the 
thin-atmosphere criterion throughout the ordinary optical spectrum. 
From our standpoint, we view the solution under this approximation 
simply as representing a limiting case. 

A given point in the chromosphere is exposed to photospheric 
radiation from essentially one hemisphere. The effect of averaging 
over the solid angle in the chromosphere is approximately equivalent 
to averaging over the solar disk as viewed from the earth. For the 
majority of the visible radiation, the energy distribution in the inte¬ 
grated disk spectrum is approximated reasonably well by a 6000° 
black body. In the violet and ultraviolet, and in the strong Fraun¬ 
hofer lines, the observed radiation intensity falls significantly below 
a 6000° black body. Thus as a first approximation, we represent 
the photospheric radiation field by setting Tr = 6000° and allowing 
Wjh to vary between 0 and 1. We shall see when we consider a thick 
atmosphere that this range in Wjk does not cover the complete range 
of possibilities. The obvious exception is a situation where the local 
opacity in the transition considered is so high that hj bk and Tr I\. 
This approach with Tr = 6000° and 0 < Wjk < 1 is a good one for 
the classical notion of a transparent chromosphere; for under it the 
net radiative transitions 

1 - Wjk[{bj/bk) - 1 ) 
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are easy to evaluate. The solution of equations (4-27) by iteration is 
clearest and most straightforward when formulated in terms of these 
net rates. We shall see that the approach to the thick atmosphere 
terms can also be expressed in terms of the net rates; indeed, that 
the expression is the most natural way to incorporate the transfer 
problem into the equation of statistical equilibrium. Thus, we adopt 
this approach in terms of net rates from the start. 

The set of equations (4-27) can be solved numerically for bk if 
Tr, Wjk, Te, and Ue are specified. Table 4-1 contains values of bk 
[oxl <k< 10, Tr = 6000^ Te = 35,000°, n, = 2 X and Wjk 
= 1 and 0. 

For the calculations in Table 4-lA, we assumed that Qik varied 
as 


^ ^ k^k -1)^-^ . 

M ei2 , 

C>12 = 1 

(4-28) 

and thal the ionization ci'oss section is: 



Qu = {E - 13.52)/36.5, 

E < 50 ev 

(4-29) 


For the calculations in Table 4-lB, we included collisional excitations 
from all levels, using the values 


Qkj = Qn{Bkj/Bi2); k <j\ Qv 2 = 1 (4-30) 

Qki = Qu{Bki/Bu) (4-31) 

and 

Qu = 0.096 (4-32) 


Table bk for No Chromospheric Radiation; rie = Te = 35,000°; 

Tr = 6000°; Wik = W 


w 

bi 

Ih 6,1 64 65 6 c 67 

bs 

60 

61.0 

1 

A. 

2 .1 X 10« 

(hlliaional excUatiom from ground level only^^' 

11 4.7 3.4 2.9 2.6 2.4 2.3 

2.2 

2.1 

0 

2.3 X t0« 

12 5.3 3.9 3.3 3.0 2.8 

'2.6 

2.5 

2.4 

1 

1.6 X 10« 

B. Collisional excitations from all levels^^ 

9.1 3.8 2.8 2.3 2.0 1.8 

1.5 

1.4 

1.2 

0 

1.9 X 10« 

10 4.4 3.2 2.7 2.4 2.2 

1.9 

1.6 

1.4 


‘‘Thomas (194 8). M ats iishim a (1952). 
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The differences between the two sets of solutions in Table 4-1 are 
hardly negligible, but they are not as large as a factor of two. (See 
further note on this point in Appendix II.) 

Table 4-1 was computed at a time when our attention was 
focused on a region of the chromosphere, located roughly 500 to 2000 
km above the solar limb, and characterized, we believed, by Ue ^ 
2 X 10^^ and Te ^ 35,000^. The validity of these computations rests 
primarily on the validity of the assumption of no chromospheric 
contributions to the radiation field present. To test this assump¬ 
tion, we compute rii for Te = 35,000°, n, = 2 X 10^^ and the h 
values given in Table 4-1. We obtain Ui ^ 101 The absorption co¬ 
efficient at the center of Ly-a is 0.55 X lO-^HT, X 10 -^)-i/ 2 . so in less 
than 1 km of chromospheric material, we reach optical depth unity 
at the center of Ly-a. For values of Te below 35,000°, the opacity 
in Ly-a increases. Thus, solutions for hk based on no chromospheric 
contribution to the radiation field in any part of the spectrum can¬ 
not be of interest in those chromospheric regions where rie is as great 
as 10^^ In consequence, we must turn to an alternative solution that 
considers a chromosphere which is opaque to the early Lyman lines. 

While discussing the present approximation, we should, how¬ 
ever, pay particular attention to Giovanelli’s (1948b) computations 
based on the same assumption of negligible chromospheric radiation. 
Giovanelli treated only levels having principal quantum number 
1, 2, 3 and the continuum, but he also included the term structure. 
He used the assumption expressed by Eq. (4-30) to fix the relative 
collision cross sections, but used an absolute cross section Q 12 that 
differed slightly from the one we used, in that an energy dependence 
is introduced. The collisional excitation from a term of state j to 
a term of state k is assumed to be proportional to the statistical 
weight of the term. Collisional excitation between terms of a given 
principal state is neglected. This neglect assumes major signifi¬ 
cance only for the (assumed) metastable 25 term, where a very sub¬ 
stantial overpopulation occurs. In later computations, both the 
neglect of collisional interchange between terms of a given principal 
state and the breaking down of a principal state into terms are re¬ 
placed (Jefferies, 1953; Jefferies and Giovanelli, 1955) by the assump¬ 
tion of sufficient collisional interaction between terms of a given prin¬ 
cipal state to bring about equipartition between the terms. Thus, 
only the principal states are considered. 
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Giovanelli tabulated (1948b) occupation numbers for the range 
of values; Tr - 5000°; W, = 1, 0.5, 0; n, = lO^^ 10^ lO^i, lO^^, 10^ 
108; T, = 7500°, 1 X 10^ 1.5 X 10^ 2.5 X 10^ 5 X 10^ 1 X 101 
The general characteristics of the results of these computations are 
the same as those of Table 4-1; viz., for Te > Tr the total occupation 
numbers of the states exceed their value for thermodynamic equilib¬ 
rium at the same 7\. and /?,«, that is, 6 ^ > 1 . Moreover, hk is greater 
for the lower principal quantum numbers. 

For a more detailed comparison of Giovanelli’s results with 
ours, we combine the occupation numbers for the terms of a given 
state, convert his occupation numbers to bk, and tabulate his results 
for Tie = 10^' and Te = 2.5 X 10^ in Table 4-2. 


Table 4-2. Computations by Giovanelli (1948) 


w 

hi 

Ih 

Ih 

1 

2.3 X 10^^* 

0.50 X 10« 

6.6 

0 .5 

1.9 X 105 

0.90 X W 

6.3 

0 

0.65 X 105 

3.2 X 103 

3.5 


The major difference between our values and his lies in bi and 62 
which are, respectively, smaller and greater than our values. This 
result is a direct consequence of ignoring collisional interchange be¬ 
tween 2s and 2p terms; for the 2s term has no '‘downward exit” and 
increases in population at the expense of the ground level. Thus, 
since this collisional interchange between terms cannot be ignored, 
bi is too low and 62 is too high. However, we shall see in the next 
section that including the chromospheric radiation acts to decrease 
bi and increase bo in the direction of the results in Table 4-3 over those 
in Tables 4-1 and 4-2, We turn then to this next approximation. 

2 . Thick-Atmosphere Solution: radiation field specified 
locally. A locally opaque atmosphere is defined to be a gas mass in 
which the radiation field at a point within the gas mass is fixed only 
by the local value of the source-function. That is, the change of the 
source-function is negligible through a sphere, surrounding the point, 
whose radius corresponds to an optical thickness This cri¬ 

terion must, of course, be checked for every wavelength. The case 
where it is satisfied at each wavelength reduces to LTI?. Thus, we 
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are interested in those cases where the atmosphere is locally thick 
at a limited number of frequencies. 

We introduce j, as the normalized profile of the emission func¬ 
tion; then, using equations (4-9) we write the equation of radiative 
transfer in the form 

4 t (/ x // zj /) (dip/dx) 

— BjkTljlp\\ (^^kj/ “4“ -^kj^lcjv (4-33) 

with 

JJp dv(dco/4!Tr) = 1 (4-34) 


We assume that if we treat only strong lines we can ignore the con¬ 
tribution of the continuous absorption coefficient to the opacity in 
the line. Then, defining 


Eq. (4-33) becomes, using Eq. (4-7), 

fx(dlp/drp) = Ip — Sy 

where the source-function is 


^ / 0)j Tlk _ ^ ^ 

\d)k rij J iPp 


or, introducing from Eq. (4-3), 


\bj / (fp 


{nk/nj)](l>p dx 

(4-35) 


(4-36) 

II 

(4-37) 

(Pp 


(4-38) 


We obtain the radiation intensity at some point in the atmosphere 
by integrating Eq. (4-36) over depth and direction, viz., 

= j (da)/4T) j (4-39) 

We have already remarked that Atp = 1 at the center of Ly-a 
corresponds to only a kilometer or so for the case rie ~ 10 Te = 
3.5 X 10^ and the approximation which ignores any perturbation by 
the chromosphere on the radiation field. Thus, we may treat the 
extreme case of a chromospheric perturbation on the Lyman radia- 
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tion field by assuming S, for the Lyman lines to have negligible varia¬ 
tion over a distance in which exp [- (r„ — t^,)/n] drops from unity to 
essentially zero. In this case becomes just Then, 

from Eq. (4-38), (4-10), (4-34), and (4-11) we see that the radiative 
transitions in the Lyman lines, as expressed by Eq. (4-13), vanish in 
the equations of statistical equilibrium (4-27). That is, we have 
detailed balancing in the Lyman lines, but not necessarily in any 
other region of the spectrum. 

Table 4-3 contains solutions of 6 * for the case Ue = 2 X lO^ 
and Te = 3.5 X 10'‘°K in the situation where we assume a oliromo- 

Table 4- ?. bk for Detailed Balancing in the Lyman Lines 


bi 62 63 bi 65 be 67 bs biQ 


Colllsional excitations from ground level only^ 

= 1, 4.6 X 10^ 1.0X103 52 18 11 7.8 6.5 5.6 5.1 4.8 

k > I 

W = 0, 3.4 X 10« 5.5X10® 150 30 14 9.4 7.3 6.1 5.3 4.8 

k > 2, 

W>2k = 0.0049 

Collisional excitations from all levels^ 

W = 1, 4.2X10^ 1.2X103 57 19 11 8.1 6.5 5.6 ^.9 4.4 

k > 1 

1^2^.== 0, 2.4X10® 2.4X10® 72 27 16 11 8.6 6.8 5.5 4.6 

W = 1, 

k > 2 


“ Thomas (1949); induced emissions have been improperly treatoci in this 
paper, so solution is not conceptually satisfactory although actual ULixmerical 
change is probably small. 

Matsushima (1952). 


sphere that is locally opaque in the Lyman lines. Again, l,he two 
sets of bk correspond to neglecting and including collisional oxcita- 
tioii from levels other than the ground state. 

The major differences between the results in Tables 4-1 and 
4-3 lie in the increase of 62 , and to a very much lesser extent the 
bic for k> 2, at the expense of 61 . The reason for such changes is ap¬ 
parent when we compare Eq. (4-27) with and without the ratdiative 
terms connecting levels 1 and k. In the equation for the groundL state, 
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the coefficient of 6 i on the left side of the equation remains constant 
while the right side of the equation decreases because the second 
term vanishes. By contrast, for k > 2, the coefficient of bk on the 
left side of the equation decreases while the right side remains the 
same. The effect is the greatest for the first excited level, fe == 2 , 
because only the Lyman radiative term occurs in the coefficient on 
the left side of the equation. 

Because of the small size of the term for 2-k collisional excita¬ 
tion relative to that for photoexcitation, the value of W 23 for the 
2-3 transition becomes very important. The results in Table 4-3 
demonstrate this effect. Thus, the height in the atmosphere where 
Ha is formed becomes a critical question. Using the values for 62 
in Table 4-3, we compute n 2 a 2 z = Ar 23 at the line center to be ^ 10 *“L 
Hence, optical depth unity corresponds to a chromospheric column, 
having Ue = 2 X 10^^ and = 3.5 X 10^ which is 100 km in 
length. On this basis, we concluded early in our investigations 
(Thomas, 1949) that the chromosphere must be opaque in at least 
the central part of Ha and the centers of the early Balmer lines, al¬ 
though not necessarily ‘locally opaque” as in the case of the Lyman 
lines. Note that this conclusion is essentially independent of the 
particular value of Te used in the computations, because of the pre¬ 
dominance of the W 2 Z term in the equation for 62 . Indeed, the 
quantity exp {X 2 ) is essentially Independent of varying 

strongly with W 28 . For example, a set of calculations we have made 
for the case W 23 = 0 . 1 , negligible optical depth in the Lyman con¬ 
tinuum, and rie == 10 ^° to 10 ^^ (A.thay and Thomas, 1955) gives 

__ 1 X 10 ^ _ 2 X 10^ _ 3.5 X 10^ 

10362 exp (N 2 ) 4 3 5 

In order to fix the correct value of TU 23 to be used in the solution, 
therefore, we require a detailed treatment of the chromospheric 
emission and absorption in the Balmer series. We formulate an ap¬ 
proach to this problem in Section 4-III. In Chapters 6 and 9 we 
apply the approach to the analysis of chromospheric absorption. 
Here, in Table 4-3, we only exhibit results corresponding to the range 
in values for TU 23 . 

If we examine the equation of statistical equilibrium for the 
ground level in the case of local opacity in the Lyman lines, we find 
a situation somewhat analogous to that found for the first excited 
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level. The value of bi is extremely sensitive to the radiation field 
in the Lyman continuum. The situation is noU however, that which 
one usually finds in the literature; viz, one usually sees the state¬ 
ment that the Saha (LTE) ionization equation is applicable when¬ 
ever the opacity in the Lyman continuum is high (van de Hulst, 
1953; Bohm-Vitense, 1955; Kononovitch and Shklovsky, 1957). 
The question, of course, is “how high”; the usual statements seem 
to imply minimal values somewhere in the range 2 to 10 for at 
the head of the Lyman continuum. By considering the simplified 
case where we represent the hydrogen atom by its three lowest dis¬ 
crete levels plus a continuum, we can demonstrate the incorrect nature 
of this “usual” statement. 

We restrict our attention to atmospheric regions satisfying the 
condition of local opacity in the Lyman lines (a necessary condition 
for large Lyman continuous opacity), and to values of T not so high 
as to invalidate the approximation 

r er-^^dZ/Z k = I - i (4-40) 

Then, equations (4-27) may be written as follows, for an atom with 
three discrete levels plus a continuum: 

= Fii - hiFrx (4-4a,a) 

(l - 0 a, + b, (l - Jj) C., + b,(l- t) (7, 

- he-'^^Kv,{lla} ==Fn - boF,., (4-41b) 

-|- { = jFjji — (4-4'lc) 

where 


}(. = 2^^ = 2.11 X 10»V-'; = 532/23i'2r = 1.06 X lO^" 

Fn = KjXj-'; Fj, = K.Xr^ (X,-eF-)W,-/(YjF'0 
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1 + 0.34(10-*T<,) ’ 

Cl = 1.0 X 10® neTe^'^iXt + 2) 
Cy, = Ci2 't 

Ai 2 “+■ i 

Cj = JC^ I | ; {H« } = 1 1 - j dv/s^'^ 

and we use Fite’s most recent values for the cross section, Qn. S^z 
is the source function for Ha. * 

If the Saha equation is to be valid, the solutions to these equa¬ 
tions must be 61 = 62 = 63 . Just as we have discussed for the lines, 
we may under conditions of sufficiently high opacity in the continuum 
have detailed balance there. Thus, for sufficiently high Lyman con¬ 
tinuous opacity, we have detailed balance in it; the right side of Eq. 
(4-41a) vanishes, and the left side is indeed satisfied by 61 = 62 = bz. 
However, with this solution the left sides of Eqs. (4-41b) and (4-41c) 
also vanish, requiring the right sides to be zero and thus also detailed 
balance in the Balmer and Paschen continua. tiowever, a sufficient 
condition for detailed balance in these continua is not simply de¬ 
tailed balance in the Lyman continuum; so we must conclude that 
= 62 = bz is not, after all, a solution to all three equations. This 
illustrates the gist of the reason that so many of the pseudo-argu¬ 
ments on departures from LTE lack validity; they rest on a consid¬ 
eration of only a part of the equations of statistical equilibrium, fail¬ 
ing to keep always in sharp focus that LTE implies detailed balance 
in each transition, not just the particular one considered. Under 
conditions of high enough Te and Ue, one might expect to drive an 
arbitrary system to LTE. If, however, the optical opacity is not 
high everywhere in the spectrum, one must consider the departure 
from LTE induced by the radiative leaks. 

The case of the atom having two discrete levels plus a con¬ 
tinuum provides a particularly straightforward illustration of the 

* We prove in Section 4-III that Szz is frequency-independent over the line, 
and thus can be written as 

S 2 Z = 2W/c2[(62/63)e^23 - 1]-1 

leading to the above expression for {Ha} from Eq. (4-13). 
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physical points involved in looking for a solution other than bj = 
bjc = 1. Consider the situation of high local opacity in the Lyman 
continuum, but negligible opacity in the overlying atmosphere to 
the Balmer continuum. Thus, the Balmer continuous radiation field 
is treated as known; the Lyman, as unknown. With F^k > Cn ^ Ci, 
Eqs. (4-41a) and (4-41b) give the following for this two-level atom: 

h^/bi ^ 1 03, 0<co<3Cl 

62 ^ F 21 /F 22 + very small (4-42) 


F 12 ~ Fii/bi 

That is, physically: ( 1 ) because of detailed balance in the Lyman 
continuum, the local values of bi and 62 are essentially equal, but 
they are not necessarily both equal to one, their values being de¬ 
termined by the local value of Te plus the (constant) Balmer con¬ 
tinuous radiation field; ( 2 ) the radiation field in the Lyman region 
‘‘adjusts” to the local Te through these 61,62 values—Ly-a has essen¬ 
tially the LTE value while the Lyman continuum has the 

LTE value divided by 61 . 

Each additional discrete level added to the atom modifies the 
result slightly, chiefly in the value of 6 * for the highest level. Thus, 
turning to the atom with three discrete levels, and introducing the 
quantities 

A = he^'^K4Ha}/F2u M = N = C 23 /C 12 , 

P = F 12 /C 12 , U = F2^/C^2 = F^^/2C^2, R = F 22 /C 12 


we solve Eqs: (4-41a) and (4-41b) simultaneously to obtain 


2U ”|- ^ "H (1^[1 H* a] iV) (/? “b 1 “1~ PF) ^ 
P + M + (R + N) {R 4 - 1 + iV)-i 


~2t/ 


1 + (1 + A)/2R 
' P + 


(4-43) 


, _(P + 1 + M){U[1 + A] + N) + 2U + M 
' (P + M) (R + 1 + N) + R+'N 


2V (P + 1 + M ) (1 + A)/2 + 1 
R {P + l + M) + (P'TM)/R ^ 


noting 17, i? » 1 . As in the preceding paragraph, we are interested 
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in atmospheric regions where the Balmer continuous opacity is small; 
we consider, however, the whole range of Lyman continuous opacity, 
subject to this restriction on the Balmer opacity. 

We recognize three regions of behavior of bu in order of de¬ 
creasing Lyman opacity of the overlying atmosphere—thus, in order 
of increasing atmospheric height of the region considered. 

a. Region 1. High local opacity in the Lyman continuum: de¬ 
tailed balance valid. This condition of detailed balance in the Lyman 
continuum is equivalent to the relation 

6 i = = 2 U/P 

which, substituted in Eq. (4-43), gives 

6i = {U/R)il + A)/(l + M) 

= W2i-^Y2e^^^(l + A)/(l + (4-45) 

62 = 61 ( 1 - 1 - M) (4-46) 

With the exception of the term in A, the results are those already ob¬ 
tained above for the two-level atom. A^c 63{Ha}; {Ha} varies be¬ 
tween limits of zero—under conditions of detailed balance in Ha— 
and some value less than unity, which we comment on in the last 
section of this chapter. In Section 4-III we develop a method for 
computing S 2 z(Ta), where r« is the optical depth at the center of 
Ha, and show that apart from the radiation field in the Balmer 
continum—whose value is constant by the conditions of the prob¬ 
lem— S 2 Z does indeed depend only upon ra- Thus, adding more levels 
to the atom will not change the value of {Ha}; such a change will 
come about only through the change in the value of 63 , echoing our 
general statement made above. 

61 , 62 show no direct dependence upon the local value of ric in 
this region 1 . Since, however, depends upon Ue at all heights 
above that considered, there is an indirect, second-order, dependence 
of the solution upon 

Region 2. Intermediate Lyman continuous opacity; too small 
for detailed balance, too large for /(LyC) to be independent of r(LyC). 
In this region, a solution of the transfer problem in the Lyman con¬ 
tinuum is critical. We use Eqs. (4-43) and ( 4 - 44 ); the value of P 
comes from the solution of the transfer problem; we can say nothing 
further at this point on the character of the solution. We discuss 
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a detailed solution in Chapter 6 , where we analyze observations of 
the optical continuum to infer rie, Te, and bi. 

c. Region 3. Negligible Lyman continuous opacity. As the 
height of the region considered increases, ILyc approaches its emergent 
value. If Te increases outward in the atmosphere sufficiently rapidly, 
P ultimately becomes very small relative to 1 . That is, collisional 
excitation from the first to the second level predominates over photo¬ 
ionization as the depopulating influence on the first level. If the 
condition P < 1 occurs at low enough heights that the condition of 
local opacity in the Lyman lines is still valid, then Eq. (4-43) be¬ 
comes 

bi 2U[l + (1 + A)/2R]/(1 + M)r-^2U 

= K^/X,C ^2 = f(Te)/ne (4-47) 

The essential point here is 6 i ^ The corresponding expression 

for 62 is independent of except through the indirect effect of the 
dependence of the quantity A upon r®. Thus, in this third region, 
the increase of 61 with height in the atmosphere becomes much more 
rapid than that of 62 . 

Figures 4-1 and 4-2 illustrate these algebraic results. In these 
computations, we have made use of developments in the following 
sections of this chapter; so we do not go here into the details under¬ 
lying the computations. We wish only to illustrate by Figs. 4-1 
and 4-2 the error introduced by accepting as valid the '‘usual” 
statements on the regions of applicability of the Saha equation. 

Finally, we note that the algebraic results derived above il¬ 
lustrate our earlier remarks on the quantities upon which 62 and ^2 
depend. From Eq. (4-44) we have 

62 = (2[//P)(P, P, A) = Y\e^^il + A]/(X 2 C-^^W 2 ) (4-48) 

a slow-varying function of P and R. Thus, since X 2 7Vh we see 
that [IhTe"^ exp (X 2 )] depends only slightly on through the fac¬ 
tor but strongly depends upon the Balmer Ha radiation field 
through the dependence A(Ta). 

3. Cases Intermediate to Those of Thin and Thick 
Atmospheres. When the gas mass considered is neither so diffuse 
as to make negligible contribution to the radiation field present, nor 
so concentrated that only the locally produced radiation field is of 
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Fig. 4-1. Computation of Pottasch and Thomas (1959) showing bi and 
in a bounded atmosphere having constant T<. and rie, (From S. R. Pottasch and 
R. N. Thomas, 1959, Asirophys. J., 130, 941.) 


importance, there is no recourse but to consider simultaneously the 
solution of the radiative transfer equation and the equations of 

statistical equilibrium. Because, however, it is the term Iv(Pv dv 

which enters the equations of statistical equilibrium, and because 
the hk enter the value of only as ratios through Sp, the situation is 
somewhat more amendable than, for example, in the discussion of 
line profiles. 

For example, if we suppose that the absorption coefficient has 

a purely Doppler profile, then we see that the value of j I(pp dv is 

fixed by the central few Doppler widths of the line alone, unless 
Ip increases exponentially outward from the line center, for a Doppler- 
ify varies as exp [—(Av/AvdY]- Thus, apart from the variation of 
Ip with P, the integrand has dropped to about 10“2 its central value 
at two Doppler widths from the line center, and 10“^ its central value 
at three Doppler widths. For a non-exponentially increasing line 
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Fig. 4-2. Computation of Pottasch and Thomas (1959) showing 6i(Te) in 
part of an atmosphere satisfying the criterion of region 1. (From S. R. Pottasch 
and R. N. Thomas, 1959, Astrophys. J., 130, 941.) 


profile, we make an error of only a few per cent in j Icp^ dv by ig¬ 
noring that part of the line beyond two Doppler widths from the 
center. In consequence, we need concern ourselves only with some 
small central region of the line, the size of the region being fixed by 
the accuracy with which we need the value of the radiative term. 

As a consequence of this result, we must proceed to answer 
two questions: (1) What is the form of the absorption coefficient, 
in the particular gas mass investigated? That is, given the actual 
absorption coefficient, not just an assumed Doppler profile, what 

portion of the line need we consider to specify j h^pp dv to a given 

accuracy? (2) What can we say about the profile of Ip over the central 
region specified by the answer to the first question? 

A second poin t of simplification arises because we need not 
know each of the bk individually in order to solve the transfer equa¬ 
tion. We need only the bi/bu ratio for the transition giving the 
radiation considered, where U and L refer to upper and lower levels 
of the transition. This ratio suffices to determine the factor Bp{Tex) 
in Eq. (4-38). Moreover, the result of the preceding two para- 
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graphs makes easier the determination of the second factor in Eq. 
(4-38), the mlio ju/cfy, for we need investigate this factor only over a 
small core of the line, not in the wings. 

In Section III we proceed to investigate the points just enu¬ 
merated, which must form the basis for a systematic study of the 
solutions of the equations of statistical equilibrium. This investiga¬ 
tion has thus far proceeded to rudimentary stages only, and has re¬ 
sulted in no such sets of values of bk as those coming from the thin- 
and thick-atmosphere limiting cases. Indeed, only fairly qualitative 
results have thus far been forthcoming. We shall show, however, 
that these results do provide a sufficient basis for guiding the direc¬ 
tion of our analysis of certain of the eclipse data, and for allowing 
us to interpret the results of this analysis and of the analysis of some 
data on the Fraunhofer lines in terms of chromospheric mass distri¬ 
bution and structure. We follow the general pattern of the develop¬ 
ment by Thomas (1957) and Jefferies and Thomas (1958, 1959). 


III. The Problem of Specifying J lyiPv in an Arbi trary Gas 
Mass and Results on the Associated Source Function 


A, The Profile of the Absorption Coefficient in the Chromosphere 

The chromosphere has two primary characteristics: its opacity 
in the ordinary optical continuum is negligible, and Te increases out¬ 
ward. Thus, we have a low density, relatively high temperature 
atmosphere. As we shall see in Chapter 6, an analysis of data from 
the continuum gives ^ 5 X 10^^ and Te ~ 6000^ at a chromospheric 
height of 500 km. Thereafter Ue decreases and Te increases upward, 
so that these values of Ue and Te form upper and lower limits, re¬ 
spectively, for the chromosphere above this height. We shall use 
these values as limits in the following discussion. 

For hydrogen, the major sources of line broadening are Stark 
and Doppler. Following the treatment by Underhill (1950), we 
have for the atomic absorption coefficient 


dv = 


nieC 


L 


n'Vi/2 Avjd 




W(fi) dp 


+/( 


^ _p 
A^d y, 

H{a,Av/i^vD)\ 


irl/2 


Avd 


dv (4-49) 
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where 


Y = 2.24 X 10-^ Xr^X-^Fo-^lO-^TeY'^; 


AX, = 


3h\^F ^ . 

Sir^meec ’ 


F = Fo/3 = Fo X 1.25 X 10-»np2«; 

f” W{^) d/3 = 1; 

J —00 


(4-50) 


(3 = y ^ = n{ni - rii) - n'(n -'2 - n'l); 

Avd 

/, = (Sx^mer/S/j) 1 Xa 1^ 

Xa is the matrix element of the dipole moment of the transition for 
the particular Stark components: the subscript q refers to the Stark 
component displaced from the central component by AX,; n, n' are 
the principal quantum numbers of the upper and lower levels of the 
transition; and Ui, rii, nWi are four of the usual six quantum num¬ 
bers characterizing the problem in parabolic coordinates; and W(/3) 
is the Holtzmark distribution function. The function H{a,v) is the 
usual relation between natural and Doppler broadening, cf Harris 
tables (1948). 

For sufficiently large y, H(a, [{Av/Avd) — (i8/y)]) does not vary 
appreciably in the interval where W{p) makes its major contribution 
to the integral. For example, at /3 = 3, the integral over W{l3) alone 
has reached 75 percent of its total value; at |3 = 2, 55 percent. Thus, 
if Ii(a, [{Av/Avd) - i^/y)]) does not change appreciably from 
H(a, Av/Avd) by the time /3 ~ 3, we may neglect the Stark effect 
without introducing more than 25 percent error in the particular 
^th component; and 50 percent error for /3 ~ 2. We note that for 
small a, H(a,u) is essentially exp ( — «“); and for the early lines of the 
hydrogen Paschen and Balmer series with transition probability 
10* to 10^ a is small enough that H{a,v) is indeed essentially Gaussian 
out to ^ 3 Doppler widths. Thus, the total change in a, over the 
Doppler core is or 10^ for these hydrogen lines. As we cross the 
Doppler core for a line formed in a thick atmosphere, we traverse an 
atmospheric region where to, the optical depth at the line center, 
varies by ~ lO"*. Underestimate of a by a factor of 2, although seri- 
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ous for fixing a precise value of ro and a particular location in the 
atmosphere, is not so serious in the attempt to fix an over-all pattern 
to the place of origin of the lines. 

For the solar chromosphere, and for most other extended at¬ 
mospheres, Up < 10^^ so Fo < 0.12. Also Xq varies from 0 to 
n(n — 1) + n'. Thus 

y > 1.9.102(10-^r.)i'2{[ra(n - 1) + n'] X(microns) 

For Te > 10^ y > 3 for Lyman lines earlier than Ly-8 and for Balmer 
lines earlier than H/3. For later Balmer lines, y > 3 for those com¬ 
ponents for which ^ < 16. Such components comprise an appre¬ 
ciable portion of the absorption coefficient; for example, 65 percent 
at H 7 . Furthermore, when Up < IQii, need only be less than 
50, and all Stark components of Balmer lines out to He produce 
negligible departure from the Doppler profile. Thus, so long as we 
restrict our attention to Ha to He and the corresponding early Lyman 
lines, we may ignore broadening, other than Doppler, over a core 
some three Doppler widths in extent. 

For the higher Balmer lines we must evaluate the profile of the 
absorption coefficient in detail. However, we have seen that the 
solution of the equations of statistical equilibrium is much less sensi¬ 
tive to J T(p^ dv for the higher hydrogen lines than for the lower. 

Only when we discuss self-absorption in considering line profiles and 
total emission in individual lines does the question of the profile of 
the absorption coefficient for the later lines become important. 

For the metallic lines, the damping coefficient is the sum of 
natural and collisional broadening; Van der Waals’ encounters with 
neutral hydrogen atoms provide the collisional damping. From 
Aller (1953) we obtain 


' 27rnH 


/SkTeV-^ / 

VirmH/ \ 


0.8 X 10-= 


aoV 


(4-51) 


where we neglect the reciprocal mass of the metal relative to that of 
hydrogen in computing the mean relative speed, nn is the number 
of neutral hydrogen atoms and Rk^ is the mean-square radius corre¬ 
sponding to the upper level of the transition. We take Rk^/ao^ = 100, 
noting that we must be in error by lO^-® before we introduce an order 
of magnitude error in T. We then obtain Lou 3 X 10-« 
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For nn < 10^® to 10^®, which is representative of 
the upper photosphere, Peon < r„at for lines with transition prob¬ 
abilities of order 10^ to lO"^, and in this case 

r 

a = T--- 

47r Avj) 

(4-52) 

= 0.64 X 10-H10-«r)(10-^T„)-i«( —y''x(microns) 

\mii/ 

Harris’ tables show the Doppler core to be three Doppler widths 
in extent Ibr a = 0.64 X 10“^, 2.7 Doppler widths for a = 0.64 X 
and 3.5 Doppler widths for a = 0.64 X 10"'^. Thus we may safely 
assume that for lines with transition probabilities of 10® to 10^ the 
absorption coefficient over a region three Doppler widths from the 
line center has a Doppler profile in the chromosphere and upper 
photosphere. 

JS. The Value of jv/<-Pv 

To evaluate the ratio jvhv we must consider the details of the 
emission processes. In a broad sense, the processes are of two kinds. 
The first kind is coherent scattering, viz, absorption followed im¬ 
mediately by remission at the same frequency in the frame of refer¬ 
ence of the atom. The second is any other process—collisional excita¬ 
tion followed by radiative emission, absorption in the j to k transition 
and re-emission in the k to s transition, etc. In this second variety 
of proc'csses, there is essentially no correlation between the excita¬ 
tion piocii^ss and the emission process. If the correlation is, indeed, 
zero, and if we ignore all sources of line broadening save Doppler, 
the profile of Jp is the same as that of (pp —Doppler—and Jp/pp is 
unity. What correlation exists is very much less than for the case 
of cohei'ent scattering, and we now proceed to show that even for 
coherent scattering jp/(pp is efiectively unity. Once we have shown 
this, we are quite sure that for both types of emission processes men¬ 
tioned, we may safely take = 1. 

C()nsider now the case of coherent scattering in the reference 
frame of the atom. Since only Doppler broadening is of importance, 
the frequency dependence of the emission in a given direction is 
fixed uniquely by the velocity distribution function of the atoms in 
that direction. We consider only a thermal velocity field. If, then, 
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all atoms in a given volume element absorbed simultaneously, and 
emitted simultaneously, both jv and (pv would have a frequency de¬ 
pendence corresponding to a Maxwellian velocity distribution, and 
their ratio would be unity. If, as is the actual case, only a fraction 
absorb simultaneously, then the velocity distribution function for 
this fraction of atoms is not, in general, the same along the direction 
of the incoming radiation, which they absorb, and along an arbitrary 
direction in which the radiation is scattered. The difference repre¬ 
sents the frequency dependence of jv/ipv —taking into account that 
radiation is incident from all directions. This problem was studied 
by Henyey (1940); we use a different approach which permits a some¬ 
what more direct solution. 

In the reference frame of the atom, emission and absorption 
occur at frequency ro. Consider incident radiation—frequency in 
the stationary coordinate system—of intensity hi, scattered through 
an angle d, thus contributing to the source function in that direc¬ 
tion. Choose the Z axis of a rectangular coordinate system along 
the direction of the scattered radiation. In the plane defined by 
[hv ^jv], 6 is the polar angle of 1,^. Take w as the Z component of 
velocity, and q and V, respectively, as velocity components along the 
radial and tangential directions in the X,Y plane, with the radial 
direction defined by the intersection of the AjJ and [X, Y] 
planes. Then we have the relations between ro, vi, and v —where v 
is the frequency of the scattered radiation: 

V = vo[l “ w/c] (4-511) 

VQ = Vi[l -f {w/c) cos e -h (q/c) sin d] (4-54) 

Thus the distribution in v is fixed by the distribution in w, and we 
ask the relation of the distribution over w for the absorbing atoms 
to the distribution over w in the general ensemble, which is Max¬ 
wellian. Thus we wish to hold v, or w, and the z-axis fixed and inte¬ 
grate over all scattering processes producing v in the given direction. 
That is, we integrate over vi and d; or, since the distribution function 
is given in terms of g, over q and d. If ^(6) is the function giving 
the angular dependence of the scattering and is the atomic ab¬ 
sorption coefficient at the center of the line, we have 
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fy (scat) 


d!co 

^^ 1/2 


= j ^ doi exp^ - 

X dw dq dV (4-55) 

with 

= (Te^/mcC) fiuO^o/o-TT^''^) (4-56) 

and 

j^riL = jyAuLhvUu (4-57) 


for pure scattering. Transforming variables dw-^dv and dq—^dvi and 
introducing the relations 


1 

^2 “ __ 


VO ” Vi Vo — V 


cos I 


csc^ 


VO VO 

= (a? ~ y cos sy^ esc- 6, 

X = Avi/Avd, y = Av/Avd, Av/) = ervo/c 
we obtain, for Eq. (4-55) 

fy (scat) dp = dvj V j dV exp 

xij [-(x — y cos (9)2 csc2 d] 


(4-58) 


(4-59) 


The first bracke t on the righ t of liq. (4-59) is the absorp tion coefficien t 
ayi the remainder, therefore, represents the correction factor by 
which the profile of the emission coefficient departs from that of 
ay or (py. If shows negligible variation with vi over the line, then, 
and only then, does the profile of y', oroffollow trivially that of 
ay. We may demonstrate the situation by computing several simple 
cases: 


(i) ly^ = and 4>((9) = l/dvr 

The substitution 2 : = [^c — y cos d] esc 6 leads to the result 

j'y dp = Idp) 


(4-60) 
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SO that 


j v/ OLv /yjj 

(ii) exp[—(A j'i/Avd) 2] and ‘F = l/47r 

The substitutions 


z = xV (1 + csc^ 0) 


cos 0 csc^ 0 

(1 + csc2 (9)1^ ’ 

^ = cos 0; 


lead to the result 


= J.0 r & (4-61) 

The coefficient of /^o shows a variation of a factor of 4 over the range 
y = 0~>3, by contrast with the range of 10^ shown by Ip itself. Thus 
the approximation of a frequency-independent source function is 
far better than that of coherent scattering, where Sp would follow 
the V variation of Ip, 

(iii) Ip^ = /,o exp[—(Avi/A)2] and = l/47r 

Set 


r = Avd/A, 2 : = x\/(r^ + csc^ 0) ~ y cos d csc^ 6/^/ (r^ + csc^ 6) 
p = cos 6>, = I + r- 2 , 52 = p 2/(^2 _ p 2 ) 

Then 


/•(f 2-1)- 1/2 

fp/ap = Ip,r-^ / e-^^V(l + 6'^) ds 

Jo 


(4-62) 


(iv) Jv as in case (iii); 4> = (37r/16) (1 -f- cos^ 6) 

Use the same substitutions as in case (iii). Then 


U 

a. 


= 


4r 


_l/2 


3 I + (I + g- 

Jq 


1 + s' 1 + s' 


ds 


(4-63) 


In each of these cases the coefficient of Ip^ shows a very much smaller 
range than Ip itself, except for the case of h essentially constant 
(large r). Table 4-4 exhibits the numerical results in the four cases; 
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we combine cases (ii) and (iii) by setting A = Avd- The “pure ab¬ 
sorption” or “completely non-coherent” approximations are not 
strictly accurate to describe the variation of the source-function 
jv/ap over the line profile, for there is a variation by about a factor of 
4 over the first three Doppler widths. On the other hand, the ap¬ 
proximation is better than the “pure scattering” assumption by more 
than three orders of magnitude. 

We have, thus far, neglected the angular dependence of jp/ay 
by ignoring an angular dependence of h. If we introduce this in an 
approximate way by setting 

Ip = Ipq[1 + a cos exp [ — (Av/AY] (4-64) 

where ^ is the angle with the outgoing radius, we see immediately 
that there is no difference in jp/ap for radial in-going and out-going 
beams. For, cos = zb cos d in the case of the radial beams; the 
integral in each of cases (i) to (iv) is an even function of cos 6 = p; 

Table Dependence of/Cy) = fv[oivhQ\~^ upon v for A = Avd 


Tabular values of log [J(y— 0)//(j)] 



0 

0.5 

1.0 

2.0 

3.0 

(i) 

0 

0 

0 

0 

0 

(ii) 

0 

0.03 

0.10 

0.29 

0.45 

Gv) 

0 

0.04 

0.13 

0.36 

0.54 


thus the angularly dependent, linear term in cos 6 drops out in the 
integration over 6. Therefore, we neglect the angular dependence of 
jp/ap in this discussion. 

C. The Delerminalion of lp{rp), lp{0), and Sp(tp) 

From the preceding section, we see that, up to a maximum 
possible error of a factor 4 at three Doppler widths from the line 
center, we may take jp/ap equal to unity. Thus from Eq. (4-42), Sp 
does not vary with v over that part of the line which contributes 
significantly to terms entering the equations oJ‘ statistical equilib¬ 
rium. In consequence, from Eq. (4-44), the variation of Ip[tp] and 
of Ip [0] with y comes only irom the variation of with Thus 
to solve the equations of statistical equilibrium at a given point in 
the atmosphere, we need to know the values of Te and Ue at this point 
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and the value of a single numerical quantity, for each transition 
entering the equations, at each point in a certain neighborhood of the 
given point. The size of the neighborhood is fixed by our concern 
with only the central two or three Doppler widths of the line, or a 
range in r,o of a factor to i.e., 50 to 10^, about the point in 
question. Likewise, to compute the emergent intensity Ip [0] in 
this central Doppler core, we require Sp^ for 1 < < 50 to 101 

Using the relation [Tex], we can refer to this quantity to 

be specified at each point, for each transition, in terms of Tex- 

Clearly, we cannot a priori investigate model atmospheres in 
which we specify Tex as, for example, we might specify a distribution 
of Te and Ue and seek the energetic flux which will maintain this. 
The Tex must be consistent with the equations of statistical equilib¬ 
rium for whose solution such a specification of Texin, tpq] would 
suffice. The only two cases in which something about Tex can be 
specified a priori are the two extreme cases which we have already 
treated: (1), the locally opaque atmosphere, in which we simply as¬ 
sume a constant (but unspecified) value of Sp^ over the whole range 
of Tp which effectively contributes to Ip at a given point—hence, a 
constant value of h over v; and (2), the thin atmosphere, where the 
only radiation arises externally and suffers no appreciable absorption, 

thus giving a specified constant value of j Ip4>p dv. 

It is thus clear that a precise solution of the equations of sta¬ 
tistical equilibrium at a given point requires, in essence, their solu¬ 
tion over the whole atmosphere in order to obtain a self-consistent 
set of Tex- We can, however, ask whether approximate solutions are 
possible, which will permit Tex to be determined sufficiently well to 
serve as the basis of the next approximation to the solution of equa¬ 
tions at a given point. We should expect the answer to be yes, at 
least to the extent to which we require rigor here; for we are mainly 
trying to see what kind of analytical framework is permitted in our 
discussion of the eclipse data. Thus, we will be satisfied if we can 
obtain the general behavior of the solutions to be expected in that 
kind of an atmosphere which we believe the chromosphere to be. 

We proceed in several stages, in order to make clear the physical 
picture. First, we consider the line originating from the first excited 
state. To make clear the departure of the result from the usual 
statement that the process of line formation lies intermediate to the 




THE SPECTROSCOPIC STATE OF A GAS 


115 


cases of local thermodynamic equilibrium and pure coherent scatter¬ 
ing, we consider an atom having just two discrete energy levels plus 
a continuum. Then we pass to the general case, showing that it 
differs very little from that of the two-level atom in the expression 
for Bp{Tex) for the lowest lying resonance line. We consider a rough 
approximation to the radiation field associated with this expression 
for the source-function in order to exhibit the variation in value of 
the source-function as we pass from a thin atmosphere to a locally 
opaque atmosphere. With these results, we proceed to a less detailed 
computation of Bp(Tex) for the second resonance line and the first 
subordinate line. We treat an atom with three discrete energy 
levels plus a continuum, this model being sufficient to demonstrate 
the difference in behavior between resonance and subordinate lines. 
We cast the approach to the three-level atom in a form which permits 
an immediate generalization to the multi-level atom. We then con¬ 
sider the transfer problem in certain simplified atmospheres, in order 
to demonstrate the run of Spq(tpq). Finally, we summarize the dis¬ 
cussion by emphasizing once again the u tility of an approach in terms 
of net rates. 

1. Detailed Treatment of the Lowest-Lying Resonance 
Line. From Eq. (4-27), we have the equation of statistical equilib¬ 
rium for the ground state of an atom having only two discrete levels 
plus a con tinuum: 

b.CJV'^n, (l - + Xi2) 

+ Qi<(i (1 + ■^i)! 

^ (4-65) 

, . y, fi w {bi/bi)e^^» - l1 

= 1^1 - 


+ 




1 - w. 




dv 


Introduce the quantities 


L 


11 


L 


dv 


L 


21 


Pi vvi~fi2 


1 2RZ^ 

W, 


Jpi V - 1/ 


dv 

mz'^ 


p—^lK 


(4-66) 

(4-67) 
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_ 0-74 X 

„ - e-xY(^£!£!^!_zi) 

Qnl + X^,^ - 1 

+ Lii (^b2~ 

Then Eq. (4-68) gives, after some algebra, 


1 /D -^12 


Lii 




+ 


2hv^ 


1 -|- 6 •+• IJ 


(4-68) 


(4-69) 


1l 7) 

^ ^[1 + {QlK/Qn)(l + -^O/Cl + -^12)^"^'^] Jg ^ 
I + ^ + V 


(4-70) 


for the source function. We note that, had we neglected the con¬ 
tinuum, we would have obtained only the first two terms on the right. 

It is of interest to comment here on the formal resemblance of 
Eq. (4-70) to the Milne treatment (1930) of the two-level atom, and 
the Stromgren treatment (1935) of the two-level plus continuum 
model. In each of these cases the quantity h, rather than J,o, ap¬ 
pears in the first term on the right. The presence of 7p provides the 
basis for the oft-quoted remark that the source-lunction generally 
lies intermediate to the case of pure coherent scattering, Sp = /^, 
and the case of local thermodynamic equilibrium, or pure absorption 
at the electron temperature, Sp = jB„(Te). In fact, of course, two 
assumptions underlie this remark: first, that the left side of Eq. 
(4-70) is indeed the source-function, which requires jp/(pp = 1; and 
second, that Ip can be removed from all the integrals in which it oc¬ 
curs. Milne and Stromgren by-pass this second assumption by 
writing the equations of statistical equilibrium not for the energy 
state as a whole but for an element of the state. Thus, the essen tial 
physical assumption is that the interchange between substates may 
be neglected. The assumption is clearly unjustified for the region 
of the Doppler core, where we are most concerned for the value of 
the source function. In the general case, the assumption must be 
justified in detail; this has not been done. Thus we must conclude 
that Eq. (4-70) is the proper expression, in which case the source- 
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function has no term depending upon coherent scattering. Rather, 
the source-function has three terms competing for the major role, 
none of which varies with frequency across the Doppler core. 

We can see immediately that the second term, that depending 
upon collisional excitation, is much smaller than the other terms if 
BJTe) has a value anywhere near that of Tp^^. For, since we consider 
resonance lines, Qu^ 1, 10 rte < 10^^ 5000 < Te < 10®. 

Thus € < 10~1 This is essentially the result found by Pannekoek 
(1930), and interpreted by him to imply the predominance of co¬ 
herent scattering as the mechanism of line formation. We note, 
of course, the non-validity of this conclusion by the preceding argu¬ 
ments. 

To evaluate the relative importance of the last term in Eq. 
(4-70), we must compute the L’s. For this purpose we consider the 
special case W, = constant, and Fu* ^ 1. == constant im¬ 

plies a Planck distribution of the radiation near the head of the free- 
bound continuum of the ground state. The other condition simply 
assumes a sufficiently great ionization energy relative to kTe and 
kTr, which is hardly a restriction. With these two assumptions, we 
obtain 


32^11 W, 

37r\/3yi2>'l2^ Tli^Yi 


(4-71) 


Ij21 
Tu 

We see that 77 , like e, is considerably less than unity. The last term 
then lies essentially in the ratio exp (— 1 ^ 2 ) to the term in X 2 is 
about 8 ev for Ca‘*' and Sr-*", and about 3 ev lor K, Na, Ca, Al, and 
Mg; thus for Tr about 6000°, the corresponding values of Y 2 are 
about 15 and 6. Thus for Ca+ and Sr+ the term in Lu is about the 
same size as that in €, and considerably smaller than that in 

If Tr lies near Te, the photo-ionizations exceed the collisional 
excitations, and the term in Lu dominates in fixing the central in¬ 
tensity of the lines. This is the essence of the argument on the cen¬ 
tral intensity of resonance lines presented by Stromgren (1935), On 
the other hand, in the chromosphere we expect Te to lie considerably 
above Tr, and we introduce the possibility of a reversal in impor¬ 
tance of terms. Consider the situation. 




.-Xi ' 




+ 




' A'l + Fx 


(4-72) 
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As Te increases over Tr, the relative importance of the photo¬ 
electric term to the collisional decreases as rie exp(yi — X 12 ). Thus, 
we may divide the resonance lines into three groups, with parameters 
X 12 and xi- One group, typified by H and the non-metals, has both 
X 12 and xi large, about 10 and 14 ev, respectively; the resonance 
lines and series head lie in the far ultraviolet. A second group, 
the singly ionized metals typified by Ca+, has small X 12 and large xu 
about 3 and 12 ev respectively, resonance lines in the visible and 
series heads in the far ultraviolet. The third group, the neutral 
metals typified by Na, has both X 12 and xi small, some 3 and 5 ev, 
respectively, resonance lines in the visible, and series heads in the 
ultraviolet. Taking rie = 10^^ as a representative value for the low 
chromosphere, we see that for Tr = 6000°, the collisional term pre- 
dominantes over the photoelectric for Te above 7500° for the H 
group; for Te above 3500° for the Ca"^ group; and we require a drop 
of Tr to about 4000° before Te of 10,000° raises the collisional term 
to dominance in the Na group. While the particular value of rie 
fixes the detailed numerical results, the exponential terms in 7\ and 
Tr play such a dominating role that these results do not change sig¬ 
nificantly as regards which term dominates for a variation by an 
order of magnitude in n^, in either direction. 

These results give us an immediate approach to interpreting 
/p(0) in terms of the distribution of Te and rie. For roughly, /;,(0) 
}yilv(rv = 1). Thus, we may compute Lq from 7^(0), evaluate 
Tr, and see whether eB^^Te) should predominate in the expression 
for the source-function according to the criterion just obtained. 
If eB,{Te) does predominate, we may obtain a good estimate of 
Te from the roughest kind of estimate of rie, because of the exponential 
dependence upon Te. If, on the other hand, the term in 
Lii predominates, we must consider the radiation field in more detail. 
Because of the small size of e already mentioned, the term in Iuq 
usually predominates, and we must solve the detailed transfer prob¬ 
lem to establish the relation between 7^(0) and e, Te. We return to 
this point below. 

We may readily show that replacing the atom having just two 
discrete levels by the actual atom does not change these results. 
Indeed, writing Eq. (4-27) for the actual atom, we obtain just Eq. 
(4-70), provided we make the substitution r)--^r}i and replace the 
numerator of the second term on the right side of the equation by 
€(1 + ^), where 
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Vi 




Qik 1 H~ 

Qu 1 + -^12 


-Xzk 


{bjb2)e^^^ - 1 

eFi2 _ 1 


, y- Aki bk & Xu Fl _ VI7■^ ~ 1 


(4-73) 


= Qit ^ g-Xi ^yOlt ^ e-xu 

<?12 1 + ^12 ^i'Qui + x 


(4-74) 


These quantities are all small in the chromosphere where bk > bkis- 
Thus, our conclusions on the relation between Bp{Tex) and the local 
values of rie, Te, and Ip hold for the general case as well as for the 
atom having just two discrete levels. 

Consider a schematic approach to the relation between 
Sp(==Bp[ Tex ]) and the local value of the radiation field. In particular, 
we wish to exhibit the transition between the cases of a thin atmos¬ 
phere and of a locally opaque atmosphere, which were discussed in 
preceding sections. We have the general relation 

= j da)/4x j dU/p (4-75) 


for the radiation field at the point tp, with the value of Sp given by 
the preceding discussion as 


Sp 


Wl-2/, 


+ 


1 + )7 + € 1+77 + 6 


Bp(Te) + 


2hp^ 


1+77 + 6 


(4-76) 


If we consider points where the atmosphere is locally opaque, then 
by definition Sp is constant in those regions of the integrand of Eq. 
(4-75) where the exp (—r) term is not so small as to provide negligible 
contribution. Thus Eq. (4-75) gives, for local opacity, I{tp) == 
Sp(tp). According to our discussion at the opening of this section, 
Sp is to be taken as frequency-independent over the line profile, at a 
particular point in the atmosphere, in evaluating the integral: 

j Sp(pp dp. Thus, 

I vqWi~2 = f Iv<pv dp = f Sp<pp dv = Sp (4-77) 


Then combining Eqs. (4-77) and 4-76), we obtain for local opacity 


Sp = Bp{T,^) == 


€Bp{Te) 2 hv^ Lii 

77 + 6 C2 77 + 6 


(4-78) 
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On the other hand, consider the case where the atmosphere is 
not locally opaque. Then we may expand Sp{tp) and obtain, from 
Eq. (4-75), 

- a.] (4-79) 


where av depends upon grad and tv. 

LnWi -2 = J (1 - a,)<p, dv = S,(l - Sia) 

and from Eqs. (4-80) and (4-76), 




eBvjTe) ^ 2 hv^ Ln 
Ul2 + ^? + € di 2 + 77 + € 


(4-80) 


(4-81) 


Because e and rji have values ^ 10 “- — 10 “®, d need not be large in 
order to decrease Bv{Tex) very considerably over the value computed 
for the case of local opacity. In essence, the positive value of d 
comes from the asymmetry in opacity of the atmosphere in the in¬ 
ward and outward directions. The gradient of Sv increases or de¬ 
creases the effect, depending upon whether it is positive or negative 
outward. The easiest way to see the result is simply to solve the 
transfer problem for several atmospheres. We do this after con¬ 
sidering the form of Sp for the higher resonance lines. 

2. Simplified Treatment of the Higher Resonance Lines 
and of the Lowest Subordinate Line, Together with an Ap¬ 
proach to Generalization. For this purpose, we consider an 
atom having just three discrete levels plus a continuum. The situa¬ 
tion differs from that covered by equations (4-41) in that we do not 
make the assumption of detailed balance in the resonance lines 
initially, but consider the general case. Then the equations of 
statistical equilibrium for this atom, written in the form of equations 
(4-41), are 

6i(l ~ 62 / 6 x)Ci 2 + 6i(l -bs/h)C^^ + 6 i(l -- 6i"i)Ci 


— 62^21 — bs 8 si — F11 — biFyi' (4-82a) 
— 6 x(l -"b2/bi)Ci2 + 62(1 —b^/b2)C2z 


“1- ^^2(1 — ^2 ^)02 “h b282i — bzd 2 i 2 — F21 — 62F22 (4-82b) 
-6x(l -&3/6 x)Cx3 - 62(1 -h/b2)C2Z 


^)Cb -f 63531 + bz 8 z 2 = Fzi ■— 63 F 32 (4-82c) 
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where 

^21 = e^^K 2 i{ljy-oi}; 631 = e^^Kzi{hy-l 3 ]; 

, , (4-83) 

532 = 

and the numerical coefficients are as defined following equations 
(4-41) for hydrogen, with the corresponding change in numerical 
values of cross sections or nuclear charge for other atoms. Also, in 
case the values of T are too high for the approximation of Eq. (4-40) 
to be valid, the Fjk should be expressed in terms of the exponential 
integrals. 

We wish to obtain an expression for the source-function for 
each of the lines Ly-a, Ly-^, and Ha from equations (4-82), and com¬ 
pare it with the simple expression of equation (4-70) for an atom 
having two discrete levels plus a continuum. From what has already 
been demonstrated, we do not expect S 12 to differ significantly; 
we ask about Siz and S 23 . If we solve the three equations simul¬ 
taneously for the bk, and then construct the expression for Sjk, we 
obtain quite elaborate expressions involving the various rate co¬ 
efficients. If we hope to use this passage to the three-level from the 
two-level atom as a guide toward generalization to multi-level atoms, 
such elaborate expressions are not particularly useful. It is pref¬ 
erable, then, to attempt to find algebraically simpler solutions based 
on the essential physics of the configuration studied. 

We emphasize the motivation of this inquiry into the form of 
the source function: to specify the local radiation field in those cases 
where the non-LTE atmosphere considered is optically thick enough 
to contribute significantly to the radiation field present. We are 
particularly interested in the factor in Eq. (4-2) giving the net rate 
of radiative transitions, the factor we have denoted as, e.g., 

(M4) 

and hereafter call the net radiative bracket, NRB. Our proof of the 
frequency independence of Sjk over the core of the line permits us to 
write the NRB in this form. To evaluate NRB we must solve a 
transfer equation in the line; we proceed to this problem in the next 
section. Here, we note only that because we consider an atmosphere 
with a non-radiative energy supply, NRB > 0 — detailed balance 
in the line corresponds to NRB = 0; the upper limit of NRB is 
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obviously 1, and actually will be appreciably less than 1. Noting 
that the source-function is a ratio of absolute rates, we develop the 
following simplified approach to a solution. 

We investigate the equations pair-wise—the ^th and the jth 
equations to get Sjk —in terms of the net radiative rates for all line 
transitions save the one whose source-function is sought, which we 
express in terms of absolute rates; thus our solution will involve the 

For lower lying lines than the one considered, the opacity will 
be greater, NRB will be non-trivially less than unity, and the term 
in d will consequently be smaller than the term giving the absolute 
rate in the line considered. For higher lying lines, the coefficient of 
NRB will be less than that for the line considered; so even if NRB 1 
(which we will show it is not in the last section of this chapter), the 
term giving the absolute rate in the line considered will again exceed 
the net rate in the higher lying line. Because the net rate is positive, 
we combine the djk terms with the absolute capture rate from the 
continuum, the Fki. Because the opacity in the continuum is con¬ 
siderably smaller than in the lines, the value of Fk 2 will be fixed in the 
region where we investigate the line transition, and an NRB com¬ 
puted for the continuum will have reached a constant value (cf. the 
last section of this chapter). Since the chromosphere will not gen¬ 
erally be opaque for the various continua, we do not generally evaluate 
the NRB by our approach in the following sections, and it is more 
convenient to treat ionizations and recaptures separately. (Such 
continua are treated by the thin-atmosphere approximation.) Thus, 
for the radiative transitions we have reduced a consideration of the 
line to an equivalent two-level atom. We proceed in a similar way 
to treat the collisional terms, comparing net rates in other transitions 
to absolute rates in the line considered. 

If we consider the equations pair-wise, and group terms in the 
manner outlined, we see that the general pair of equations can be 
written in the form—denoting the upper and lower levels of the 
transition by subscripts U and L, respectively, and other levels above 
and below these levels by a and Z, respectively 

&l(Cli 7[1 + p] + ^Li + Fl 2 ) + bui—Ciu — ^ul) = ^Li (4-85a) 
bi{ — CLu) + buiCiu + ^UL + (R) = SFc/i (4-85b) 


where 
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P = {GL + GLa) OlU 9^11 = PLI + ha^aL + hlG IL 

(R = Gu + Fu2 + C'ua + SFt/i = Fen + ha^au H~ biGw (4-86) 


c'y. = Cj,{l - h/bj ); G, = G,(l - 1/6.) 

Equations (4-85) assume the simplified form for the two-level atom, 
in the case p = 5 lz = (R = 0 and = Fli, ^ui = Fuil they lead 
in this case to Eq. (4-70). Solving these equations for 6 l and bu 

(using the definition of 5 ^ 1 , in terms of Slu and j F^Pvdv), and con¬ 
structing the expression for By{Tex) = Slu, Eq. (4-38), we obtain 


2hv^ CFj7i 
^2 KuL 

+ € j^l + 


+ j Tp<Pp dv 
P^ui 


^ui + 




^U1 


2hv^ 

F 


Slu = 


+ 3Fli K 


UL 


1 - 


^ui 


(4-87) 


^U1 + ^L1 KuL 

1 ~ ( 1 + 


+ € 
+ 


0 


P^Ul 


CFc/i + 


;)■ 


^U1 


1 - 

FL2e~^^ r^Li 61 


^U1 Sr/n Klu 


^ e^u, - i' 
_^V1 t Li 


where e is as defined in Eq. (4-68). 

Consider the resonance lines, L = 1 . Then there is no term 
I so the terms in 4i and the collision terms in the 9? drop out. Thus, 
the form of Slu is that of Eq. (4-70), the only possible change lying 
in the numerical values of ry, Lu, and the correction fac(,or multiply¬ 
ing «. Since Cn > Cn, Ci, the correction factor on the coefficient 
of 6 is less than unity for Lya. For Ly/S, p > 1 provided (1 — 62 / 61 ) > 
Cn/Cii. Then the size of the correction coefficient on e, as well as 
any change in y and Ln, depends upon the values of 4 l and Sau, 
which must await an evaluation of NRB to give numerical values. 
We note the ratios Svii^ui + and iFi:,i(fFi 7 i H~ ^li)~^ have 

values (1 + U/L)-'- and (1 + L/U)-^ if the approximation (4-40) 
is valid and the 5 terms are negligible relative to the Fku while if 
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the 8 terms are very large, these ratios cannot exceed unity. Thus, 

7 ) and Ln may show a significant decrease arising from Fki, 

but any increase can only be a small factor, (1 + U/L). rj may 
increase hy the ratio (Cl + Cua)/FL 2 if the radiation field in the 
Balmer continuum is small, but Lu remains constant under a change 
in the quantities dominating (R, For hydrogen, this last effect is 
negligible. 

Consider the subordinate line. The remarks above again 
apply.to the terms other than the first in the numerator and the 
second in the denominator, whose presence gives a marked change 
in form to Slu over that of Eq. (4-70). The effect is to increase 
Slu —that is, a decrease of 62 relative to 63 —so long as ^21 does not 
vanish. This is, of course, the direction of the change between the 
thick and thin atmosphere solutions; compare the solutions in Tables 
4-3 and 4-1, respectively. If now we pass to the case of local opacity 
in the Lyman lines, = 0 = 8 ui and the expression for Slu takes 
on the form of Eq. (4-70). For the three-level atom, terms with 
subscript a do not exist for this subordinate transition and Slu be¬ 
comes indeed essentially identical with Eq. (4-70), noting that biC'ik 
becomes small compared with Fki- 

These results are readily generalized beyond the 3-level atom 
to a multilevel atom. Indeed our algebraic expressions have essen¬ 
tially done the generalization already; we need only sum over I and a. 
Since the major coefficients are always those where U and a, and 
L and Z, are separated by one, these added terms will be small com¬ 
pared with those already carried. To investigate the numerical 
behavior of the various coefficients, we must proceed to evaluate 
NRB, for which purpose we require Suuir) and 

3. The Predicted Behavior of Siirv) and of Iv(rp)» 
Because the general form of Eq. (4-70) involves two radiative trans¬ 
fer problems, that in the line and that in the free-bound continuum, 
we consider first only the restricted problem where the free-bound 
continuum contribution is constant. That is, we confine our attention 
to atmospheric regions where the optical depth in the free-bound 
continuum is small. Further, we consider separately the cases 
when the collisional and when the photo-ionization terms predom¬ 
inate, ignoring the situation when the two terms must be included 
simultaneously. We adopt this procedure simply for expository 
clarity, treatment of the general case offering no added difficulty. 
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In Eq. (4-70) we drop the [1 + small] terms, so that our ex¬ 
pression for the source function in the line becomes 


Sl = 


j" 1 V 


dv + €jBy(,(T'e) cC /(I + € + ^) (4-88) 


Also, we use the explicit solution, Eq. (4-87), to cast the expression 
for 7) in a form not involving any hk- 

e = 0.7 X 10iiQi2nJV/^[l + ^i 2 ][l - e-^^^]vvr^frr^ (4-89) 


2^ 


ni 


VEci 


[eFl~F2 _ 1] 


(4-90) 


37rV3 Hi + 712 col/ 127 ' 12 " rii^Z^ Yi 
where the Ui in this equation are the principal quantum numbers, and 


JS = 7j{2hv^/Y^) -- 1]-' = 775 * 1.2 (4-91) 

We use the Eddington approximation 

Vsid^l.ldr;) = L - (Sl + r.So)/(l + r.) (4-92) 

to investigate aSjl[tJ. is the ratio of opacity in the continuum to 
that in the line, drc/dri- Sc is the source function in the continuum, 
for which we assume LTE, choosing a distribution of Te which contains 
the essential feature of the chromosphere, a rise following the photo- 
spheric drop to a minimum, 

Sc = 5i[l “h jdTo H“ A exp(—cro)] (4-93) 

TO is the optical depth at the line center and /? = l.Sro. As we shall 
see in later chapters, we do not expect such a simple distribution of 
Te to actually be the case, but it will suffice to demonstrate the gen¬ 
eral behavior of Sl to be expected over much of the observed region. 
In the same spirit, we adopt constant values over the atmosphere 
for r„, e, 77, and in the solution; we expect the use of constant 
and € to be particularly unrealistic. We follow the lines of the treat¬ 
ment by Jefferies and Thomas (1958, 1959). 

Equation (4-93) has been solved by the method of discrete 
ordinates, replacing the integral entering the expression for Sl hj 
a sum. Since the weighting function is Gaussian, the division 
points for the quadrature are based on the zeros of the Hermite 
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polynomials; the division points and weights are given in Trumplex 
and Weaver (1953). Equation (4-92) then reduces to a set of snnul- 
taneous equations, from which the solution follows in the standard 
way. 


Collisional Sl, i.e., ?; = 0: 


Sl = <S'i(l — y) 

• { (1 -f /3ro)(l + e) + A{q + e)[er"^ + E } (4-94) 

with the Lj determined by the boundary condition 

- - {(1 - Ux.) + A [^4^^ - to + •)“.-] } 

Photoelectric Sl, i-e., e = 0: 

& - S,(1 - B) {(1 + M (i - + r^;v, 

+ Ap[e-‘=^° + (4-96) 


with boundary conditions for the Lj 


<C/iSi 


>VjC.j 


+ Ap 




u 


kj/x- 


+ 1 


(1 - ^/x<) 




1 - '2V.. 




where the kj are determined by 


yi“i 


i 1 - feVxi 


= 1 


•'['.vaf-q 


Yi = coi (collisional) 

Yi = Vi (photoelectric 


I 


( 4 - 97 ) 


(4-98) 


and the symbols are defined by 
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/ 


Iv^v dv 


n 



xi = 30j^(l + <j>i = (piTT^^^AvDl ro = 


7 = 


i + 6’ 


V . 
1 + 


1 — 7 

= r~i—■! 

1 + ri 


= 


1 - U_ 

1 + Pi 


Wi = 


rj 

1 + Ti 


9 = 
b = 




ai(l — "lOlf-i “iWi \ ^ 

1 - cVx^CL ^i-cVx/J 

Ti Y- T' 

1 - cVxi^JL ^ 1 - cVx/J 


(4-99) 


To fix A, iSi and c, we specify the temperature of the upper solar 
atmosphere, T'c[max]; the minimum temperature, Tcfrain]; and the 
location of the latter in terms of optical depth in the continuum, 
rcm- We have the relations 


A ^ /?[! + 1-5 TCm]; R = B,(Te max)/J5,(7'e min); 

, , (4-100) 

c/ro = rcm-Hln[/?(rcn. + Vs)] -h In (c/r«) }; Si ~ min) 

For the sun, 2^f,[min] ~ 4500° zh 500°. Using the value 4000°, 
we obtain the (Table 4-5) values of A and c/ro corresponding, re¬ 
spectively, to a range of values for Te[max] and rcm of current solar 
interest. The numerical relation between A and 7\ corresponds to 
the wave length of Tla. 


Table 4-7. Parameters of Eq. (4-93) 


7''e(max) 

A 

TCm 

c/ro 

1 X 10^ 

25 

0.001 

1.5 X 104 

2 X 104 

120 

0.01 

1.28 X 103 

5 X 104 

430 

0.03 

4.0 X 102 

1 X 10" 

1000 

— 

— 


Figures (4-3) and (4-4) illustrate SL(rc) and /^(O) for the cases 
€ = 10”^ ro = lO™^ TCm = 0.01 and a range in A. 

The behavior of Sl for the photoelectric case in which 97 and 
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Fig. 4-3. Collisional’type Sl for differing distributions of T^. (From J. T. Jefferies 
and R. N. Thomas, 1959, Astrophys. J., 129, 401.) 

B* are constant is similar to that for the collisional case with con¬ 
stant Te, for we have 

Sl= I Lv. dv + + 7,) (4-101) 

The difference in the two cases comes about because B* is not in 
general the same as B^TJ; thus, Sl does not couple directly to Sc- 
The coupling comes about only in the regions deeper than those 
where our approximation of constant B* is valid; in the deeper regions 
B* approaches B^Te]. 

In the extreme case n = 0, we obtain directly from Eq. (4-96), 
Sl = a*[l + Zlie-"’’’”] (4-102) 

3 

and Sl asymptotically approaches B* from below. Our approxi- 
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Fig. 4-4. Line profiles corresponding to Sl in Fig. 4-3. (From J. T. JeO'eries 
and B. N. Thomas, 1959, Astrophys. ./., 129, 401.) 


rnalion of cons tau t is valid only in those a tmospheric regions 

having low free-bound opacity. Provided that such regions occur 
in that part of the atmosphere where Te is decreasing outward, we 
see that in the lower part of the atmosphere Sl > In the 

upper regions, of course, the inequality reverses. 

One may show that the same relative behavior of Sl versus Sc = 
Bp (Te) holds for the case n > 0, by considering the signs of the terms 
in Eq. (4-97). One can show by numerical computation that the 
result holds for all A < 600 (^^(max) < 7 X 100* Simply for il¬ 
lustration, we present the solution for = 0.05, rj = 0.01, and 
To = 10"“'^ in Fig. 4-5. 

From these results we draw several conclusions. P^or a suffi¬ 
ciently weak line (large ro), or for a sufficiently small value of rcm, 
or for a small value of decreases monotonically outward for a 

collision-dominated Sl- For a photo-ionization dominated Sl, Sl 
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Fig. 4-5. Photoelectric-type Sl for a particular photospheric radiation field. 

(From J. T. Jefferies and R. N. Thomas, 1959, Aslrophys. J. 129, 401.) 

decreases monotonically outward for all cases—at least so long as we 
are in a region transparent in the free-bound continuum. On the 
other hand, given a stronger line (small ro), larger A oi laigei J'cno 
one may for a collision-dominated Sl obtain an Si[r J which exhibits 
an initial rise to a maximum and then an eventual decrease. 1 hus, 
given a chromosphere, we have the possibility of observing a h raun- 
hofer line having a self-reversed, emission core. Conversely, an 
observed self-reversed emission core in a line which would be ex¬ 
pected to have a collision-dominated Sl is good evidence for a non¬ 
trivial rise in T. over an atmospheric region where to in the line is still 
reasonably large. The absence of such a core for such a line must be 
interpreted with caution—the choice lying between an unresolved or 
washed out core and a set of characteristic parameters which would 
give only a monotonic outward decrease in Sl- 

An a priori decision as to the type behavior expected for Sl for a 
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given line requires knowledge of e, ro, and cC. The two latter may 
be estimated from the observed intensity in the free-bound con¬ 
tinuum. The uncertainty in € lies mainly in the cross section. The 
greatest difficulty lies in the choice of ro, and particularly in the ef¬ 
fect of its variation, which we have ignored. The uncertainty lies 
largely in the H" concentration in the upper photospheric layers, 
arising from uncertainty as to the ionization of hydrogen, which in 
turn arises from uncertainty in the non-equilibrium ionization con¬ 
ditions. We have already commented on these in an earlier section. 
In some cases the alternative on the behavior of aSx is clear-cut, such 
as for those lines expected to be photo-ionization dominated—the 
neutral metals and the B aimer lines—and for those lines where ro 
is clearly very large, such as the Ca+ H and K. The uncertainty in 
To for these last lines is reflected in an uncertainty as to where the 
large Te required by the self-reversed emission cores must occur. 

As a final comment, noting that we have hoped in the above to 
lay general guides to be used in the analysis of chromospheric data, 
we may ask whether our results lie in an obvious contradiction with 
solar observation. Or, do their predictions agree with the salient 
solai’ facts of life on line profiles? We quickly see that the agree¬ 
ment is satisfactory, as follows. 

In a broad way, we observe four types of line-profiles: two types 
at the limb and two types in the Fraunhofer disk spectrum (see 
Fig. 4-6). 

a. Profile A. Because profile A represents the upper regions, 



Fig. 4-6. Profile A, all lines at great heights; B, all strong lines in low 
chrornosphei’e; C, H Balnier and NaD prototype; D, Ca+ H and K prototype. 
A and B, limb; G and D, disk. 
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where it is not a priori clear that high optical depth is reached any¬ 
where in the line, we can say nothing about the change in with 
depth in the atmosphere and thus the variation in h resulting from 
a variation of Sl. The profile of the line may simply reflect the 
change in opacity across the line. (Simply because we have no a 
priori knowledge, however, is not sufficient justification for the often- 
adopted expedient of assuming constant Sl in analyzing the profile.) 

b. Profile B. In profile B the self-reversed line center would 
imply, at least in the central core of the line where Sl is Irequency- 
independent, that Sl decreases outward monotonically over the 
region of observation. Our results in Figs. 4-3 and 4-5 predict such 
behavior at sufficiently great heights. We note that the tangential 
optical depth to a given point is some 50 times that measured radially. 
Consequently, even for a collision-dominated Sl, it is not clear that 
we should see, at the limb, the region in which Sl increases outward. 
Figure 4-3 shows that if ro ^ 10 ~^, the outward rise in aSl stops at 
TO ^ 10, measured radially, thus about 500, measured tangentially. 
Thus we should just begin to pick up an emission core at about 2.5 
Doppler widths from the line center, which is just about at the limit 
of the Doppler core bounding our discussion of a frequency-inde¬ 
pendent Sl- Thus, any conclusions become precarious. 

We note one possible exception. Our discussion of the sub¬ 
ordinate lines, e.g., the Balmer lines, holds only for the regions of 
local opacity in the resonance lines. If, looking tangentially, we 
were able to observe a region where the tangential Balmer opacity 
exceeded unity but the radial Lyman opacity became less than that 
required for local opacity, we would again be looking outside the 
limits of our discussion. Since Sl rises for the Balmer lines under 
these conditions (i.e., 62 drops, for a given Te), our conclusions above 
might change. Since we have not computed the problem, further 
discussion here is unwarranted. We note the problem, however. 

c. Profile C. Profile C is precisely the profile predicted, at 
least qualitatively. Thus, in subsequent analysis, it seems very safe 
to assume Sl to decrease monotonically outward. 

d. Profile D. Again, we should expect this type of profile for 
these lines. Because of the observation of a type B profile at the 
limb during eclipse observations, it would appear that in analysis of 
eclipse observations we may with safety deal with an Sl which is 
assumed to decrease monotonically outward. If discrepancies oc- 
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cur, we should, however, be prepared to admit in the region 2-3 
Doppler widths from the line center an Sl which increases outward. 
A second conclusion from this profile would be that already men¬ 
tioned, a requirement of a non-trivial increase in Tc in the low chro¬ 
mosphere. Because the actual results on height and separation of 
emission maxima depend so critically upon A, e, ro, and rcm it is im¬ 
possible to draw detailed quantitative conclusions as to the value of 
Te required in the chromosphere from such broad considerations as 
those presented here. We defer more detailed discussion to Chapter 
9. Here, we wish only to emphasize that the observed emission core 
of the H and K lines is the most obviously direct evidence of a non¬ 
trivial rise in Te in the low chromosphere. The point does not ap¬ 
pear to have been emphasized—^indeed, it seems in general to have 
been overlooked or ignored. 

Finally, we should comment that if we are correct in our as¬ 
sessment of the parameters upon which Sl depends for the Balmer 
lines, an inference of Sl from the Balmer lines gives Te only as a 
second-order effect. Indeed, we should be able to predict the rough 
behavior of Tex for the Balmer lines from the observed Tr in the free- 
bound continuum. Although we defer discussion until the analysis 
of the Balmer data in Chapter 9, we do note here that the overall 
run of Texira) is remarkably close to the inferred results coming 
from center-limb observations of the Balmer lines. 

Thus, we conclude that we have laid a reasonably good founda¬ 
tion for an understanding of the general kind of behavior of SlM 
of the type we require in analyzing the eclipse observations and sup¬ 
plementary data. 

4. Summary on Computing Net Radiative Transitions, 
with Particular Application to the Methodology of Solution 
of the Equa tions of Statistical Equilibrium and to the Compu¬ 
tation of the Local Energy Balance. We have continually em¬ 
phasized the utility of formulating solutions to the equations of sta¬ 
tistical equilibrium in terms of net rates of transitions. For collisional 
transitions, these net rates are proportional to (1 — bj/bk). For 
radiative transitions, the net rates are proportional to 


NRB = 


(/ 


J-vjJe^vjk dv/Sjk 


(4-103) 


For detailed balance in the transitions, each of these quantities 
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vanishes, without necessarily implying bj — 1. By formulating the 
solution in terms of these net rates one obtains, in addition to a solu¬ 
tion for the bk, a direct measure of the net importance of each kind of 
transition in preserving the non-LTE character of the atmosphere, 
viz, how much the net process differs from zero. Thus, in viewing 
the spectroscopic state of the chromosphere as the result of the cyclic 
process, 

Mechanical energy in local increase in Te —> 

collisional excitation —> radiative efflux 

one has a measure of the importance of each contributor to each step 
of the cycle. The reader must not take this caution, and tool, 
lightly; the literature presents many examples where the equations 
of statistical equilibrium have been written and simplified by retain¬ 
ing only those terms showing the largest absolute rates. When the 
difference of two of these absolute rates becomes comparable to the 
“small” terms neglected, the results of the solution become valueless. 

In discussing the thin-atmosphere case, we wrote the expression 
(4-103) for the net radiative transitions as 

1 ~ Wjk[(bj/bk)e^^^ - - 1) (4-104) 

set Tr equal to the “temperature” characteristic of the continuum 
in the visual spectrum, and sought solutions as functions of the 
parameter Wjk in the range 0 < Wjk <1. In the thick-atmosphere 
case, we set the net radiative transitions equal to zero in the Lyman 
lines, and adopted the thin-atmosphere approach to Tr and Wjk in 
the remaining transitions. From the results of the preceding section 
(3), we see that a solution of the transfer equation gives us immedi¬ 
ately the numerical value of the bracket (4-103) and thus provides 
us with the approach to the general situation. That is, the expres¬ 
sion (4-88) for Sjk gives, when substituted in the expression (4-103), 

M (« 05 ) 

A solution of the transfer equation gives Sj&(to), and thus the value 
of the bracket as a function of to. Parameters of the solution are 
7) and B'*j^k(Yk), and a model of the distribution of Te and which 
gives To, €, and 
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We are particularly interested in the possible range of values 
for the NRB. Specific numerical results depend upon the solution 
of the transfer equation under the conditions imposed by a par¬ 
ticular set of values for the parameters of the solution. We ask, 
however, whether it is possible to reach at least certain general physi¬ 
cal results, characterized by certain broad classes of values for the 
parameters, much as we found in the preceding section (3) certain 
broad classes of line profiles characterized by the predominance of 
either eB,,{Te) or vB^j^kiYk)^ 

First, we note in the case of hydrogen an immediate contrast 
in the range of values of the NRB compared with that for the factor 
(1 — bu/bL), to which the net rate of collisional excitation is pro¬ 
portional. At great depths, LTE holds and bu/bi—^l- Fligh in the 
atmosphere, bi ^ while bu-^l for large U; thus bu/bi-^0. Thus, 
this factor for the collisions ranges between 0 at great depths, and 
1 , at great-enough heights. (For the Lyman lines, 62 is large enough 
in the region of formation of the Balmer lines that the limits are ef¬ 
fectively the same.) On the other hand, the NRB has the lower 
limit 0, but the upper limit departs from unity because the value of 

Ih<Pp dv is not at all negligible relative to Sy*, even near r 0, as 

we saw in the preceding section (3). 

Indeed, returning to the qualitative discussion on the behavior 
of Sl in section (1), Eqs. (4-76) through (4-81), we can get a quick 
physical picture of the behavior of the NRB. Under conditions of 
local opacity in the line, Eq. (4-78) gives Sl = (eJ5,.o + + v)i 

so that the expression (4-105) for the NRB vanishes identically. 
If, on the other hand, there is some effect which vitiates the condi¬ 
tion of local opacity, then we obtain equation (4-81) for Sl, and 
NRB does not vanish. We recognize two physically different sources 
for such behavior. One occurs if the region considered is simply 
sufficiently near the surface that an asymmetry in Ip (direction) 
arises because of this opacity effect even apart from any effect arising 
from a gradient in Sl- A second occurs if in some region of the 
atmosphere there exists a very steep gradient in eBp^iTe)- (We have 
constrained our thinking to those situations where constant. 

If we remove this restriction, we should need to consider the transfer 
problem in the continuum, and should still require a gradient in T« 
to obtain one in ; so our present treatment does not sacrifice 
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generality.) The first of these sources provides a xnonotoiiic iii- 
crease in the value of NRB toward the surface. The second sow h i? 
introduces the possibility of a local extremal in NRB Q-t some 
negligible to. We shall see in the next chapter that regions of si <yv 
gradient in Te are to be expected, from considerations of 
stability. Thus, in discussing the question of the energy balant 
of the chromosphere, the possibilities of such local extrema must 
carefully considered. 

We can make the physical conditions of the preceding f)ara- 
graph more explicit in terms of a specific solution of the Iran si ei 
equation, if we again consider the approximation in which td iuni < 
are held constant and in which Sc[= B^o(Te)] is given by E(|. ). 

Following the same procedure as in section 3, only retaining the com¬ 
plete form of Eq. (4-88) for Sl rather than considering separainly 
the two cases {e ^ 97} we obtain 

Sl = Si5{(l + /3ro)(e + ^ 0 ) + Q [1 + (4-1 Ofi) 

+ Aie + } 

where 


5 = (1 -|- < +17) A-i = 


65 “h Pi 

r+T^’ 


TTi = 5(1 + Ti) ‘; (J = 


i ~ 


ajAj ~[r, _ apTj ~j \ 

^1-cVx/JL ^1-cVx/J ’ 


So = [SayAylll — ' 

subject to the boundary conditions, which determine, kj, />>: 

— feVx/)] = 1 (-l-HtT) 


[j4(e + s) + Q] 


V_ k _+ 1 

1 - kj/xi ^ J 


— — < (1 — ^/xdi^i/T^i + 5o) + A 


Ai/wi •+ .S' 


(€ + / (d-Hill I 
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Thus, substituting Sl from Eq. (4-106) into Eq. (4-105), 

€ [1 + ^To + 


NRB 


{A(e -f- s)[e ^^0 + 

+ Q[l + SLye-^.-o] 

+ (1 + /3ro)(€ + So)} 6 


- (e + r]) 


(4-109) 


For strong lines like Lya, Ha, Ca"*" H and K, the low-lying lines 
ol Hel, and many metallic lines n is very small in the low chro¬ 
mosphere, generally less than 10“^ and usually very much smaller. 
For ro < lO""^, the values of the fey are essentially independent of ro. 
So long as ro < lO-'^e, the values of Ay and Try are also effectively inde¬ 
pendent of ro. Thus, we again turn to the case ro = 0 to obtain some 
insight into the behavior of the NRB, with the expectation that this 
limiting case will be valid for some of the very strong lines. Then 
we obtain 


Ay — € 5 ; TTy --- 8‘, So = €/(€ -f- 77 ); Q = riB^/8{e -f- 'f])Si 


s = ,s*o 


1 - cVxi'J 


, ay(l — c^/xi^U + vY) ^ (4-110) 


1 - cVx/ 


Set O' = (e -f s)/(6 + 5o). Then Eq. (4-109) becomes 


6[1 + firo + + vByS i 

NRB = (e + 77 ) ^ e[l + /3 to + A<r(e~'^'^o + Slye~^‘’’’o)] 

t + [1 + sLye”^/^o]77R75i 


- 1 


(4-111) 


When the right-hand side of Eq. (4-108) is negligible compared 
with unity, we have 2Ly = — [1 — ^/(e 7 ;)]. Then the value of 

NRB at ro = 0 for either of the two cases that or = 1 or the photo¬ 
ionization terms dominate becomes 


NRB(ro = 0) = [+ vm ~ (e + v)] 

X {1 + 6(6 + (4-112) 

In either of these two eases, the variation of NRB is monotonic be¬ 
tween the value given by Eq. (4-112) at to = 0 and the value 0 at 
large ro. These conditions require large A and/or Q, and in addi¬ 
tion + ’?)• If thsy satisfied, the variation of NRB is 

particularly easy to compute between the two extremes given, for 
the kj and L,- depend only upon (e + v), and can be computed once 
and for all. 
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If these conditions are not satisfied, then both the value of 
NRB(ro = 0) and the result on its monotonic variation may change 
from the results above. The conditions of the last paragraph essen¬ 
tially characterize an isothermal atmosphere, by the restriction on the 
value of c. In looking at special cases for particular application, we 
have found in some cases a non-monotonic vai'iation of NRB for 
the collision-dominated case. Thus, caution must be exercised in 
considering only the values NIlB(ro = 0) and NRB(ro large) to es¬ 
tablish limits on NRB. 

More detailed discussion is best deferred to specific applications 
which we make in the following chapters. Here, we wish only to 
emphasize the necessity, and utility, of applying some such approach 
as the above to a discussion of the value of the NRB. We have 
already seen in the discussion attending Eqs. (4-85) and (4-87) how 
an approach to solution of the equations of statistical equilibrium is 
simplified and clarified when expressed in terms of the NRB. By 
considering limits on the value of the NRB for the various transitions, 
we are often able to further simplify such expressions as that of Eq. 
(4-87). By performing such simplification via the expressions for 
the net rates, we do not run the risk of the error mentioned earlier, 
viz, neglecting terms involving small absolute rates relative to those 
involving large absolute rates, whereas the relative sizes of net rates 
may make such a procedure quite unjustified. 

We also note that the NRB explicitly enters any attempt to 
construct a theoretical model of the chromosphere by balancing some 
source of mechanical energy input against a radiative dissipation. 
Indeed, if we integrate the equation of transfer over angle and fre¬ 
quency, we have 

- j{Sa- I.) dv (4-113) 

where j denotes a particular line and ti is the optical depth at some 
arbitrary frequency. Thus, we see that the local flux gradient is 
simply the sum of source-function times the respective NRB. And 
of course, the local flux gradient is simply the excess radiative energy 
produced locally, which equals the mechanical energy dissipated 
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locally. Therefore, in computing a theoretical model of a chromo- 
sphere-type atmosphere by balancing mechanical energy in against 
radiative energy out, we must use Eq. (4-113) and the value of NRB 
becomes critical. 

The usual discussions in the literature vary between treating 
the problem by the thin-atmosphere approximation with Wjk = 0 , 
thus assuming that all emitted radiation escapes, and treating the 
net transition rate to be zero in the stronger lines, thus assuming no 
radiation to escape in these transitions. A better estimate would 
result from applying the above-derived limits on the value of the 
bracket; the extra labor involved is not great. Further reference, 
and numerical details on the limits established above amd on some 
special cases, may be found in the discussions by Thomas (1960) and 
by Zirker (1960). Application, in addition to those in the following 
chapters, is illustrated in the discussion of Ha and hydrogen free- 
bound emission by Pottasch and Thomas (1959) and the discussion 
of Ca"*" H and K by Jefferies and Thomas (1960). 

Finally, we should return to the questions of the net radiative 
processes and energy flux for the continuum, that were raised in 
section 2 when we outlined our general approach to the equivalent 
two-level atom. In the continuum, the source function is frequency- 
dependent, so that we do not have exactly the same form for the 
NRB as in the case of the lines. Referring to Eqs. (4-41) or (4-82), 
we see that the quantity corresponding to the NRB is 

Net-Rate-Bracket-Continuam ^(NRBC)j = (1 -- hjFj^/Fji) (4-114) 


Also, Irom Eq. (4-113), we see that what enters the expression for the 
flux gradient is not the product of NRBC and (integrated) source 
function, but quite different quantities, which are computed by 
integrating emissions and absorptions of energy, rather than transi¬ 
tion rates, over frequency. 

In the simple case treated in our analysis of bi and 62 for hydro¬ 
gen under conditions of detailed balance in the Lyman lines, a three- 
level atom, and the approximation of the exponential integral by 
exp(—Z)/Z, we would obtain 


Net transition rate = Fji(NRBC); 
Local flux gradient = hpjFji(NB.BC)j 


(4-115) 


From the values of the quantities entering equations (4-41), and 
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the values of bi, 62 in the various cases covered by Eqs. (4-43) through 
(4-48), we readily find for the two extreme cases covered by the 
analysis below. 



Detailed balance-Ly-C, 


Bracket case 

transparent in BaC: 

Fn/Cn « 1 

(NBRC)i 

0 

1 

(NRBC)2 

-A 

-(2 -1- A) 


The negative value for (NRBC )2 corresponds, of course, to the 
predominance of photo-ionizations over collisional excitations in the 
source function for Ha. 

The interesting cases are those lying intermediate to these two 
extremes, where we must solve the transfer problem in the Lyman 
continuum. We shall see in Chapter 6 that our treatment of this 
transfer problem is as yet extremely simple-minded, in essence a one- 
point quadrature in integrating the radiation field over the absorp¬ 
tion coefficient. Also, for a more precise treatment near the region 
of detailed balance in the Lyman continuum and small values of A, 
we should retain all the terms for bi, 62 in Eqs. (4-43) and (4-44), 
since the NRBC represent the small difference of large quantities 
and we have different orders of approximation to zero. Finally, 
in the region where departures from detailed balance in the Lyman 
lines occur, 62 drops and NRBC changes its behavior (as does NRB 
for Ha). Here, however, we wish only to emphasize the necessity 
of treating carefully the questions of net transitions and net radiative 
balance in the continuum, and distinguishing their behavior from 
that of the lines. 

All these considerations result from working with a source 
function in the lines of the form of Eq. (4-88) and using simplified 
atomic models to evaluate the parameters. By comparing the actual 
atom to the two and three-level approximations, we have, however, 
seen that this is an excellent first approximation for resonance lines 
and low-lying subordinate lines. For higher subordinate lines, the 
problem must be further investigated. The general form of Eq. 
(4-87) would seem to incorporate most of the possibilities. What 
we really require is a detailed study of each atomic line, to infer what 
kind of a representation is most suited for this line. Such a study 
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requires both enlarging the kind of developments reported in this 
chapter, and obtaining the necessary atomic parameters to compute 
the numerical size of the various rate-processes occurring. We have 
embarked on such a study in a joint program involving staff mem¬ 
bers of the Boulder and Washington Laboratories of the National 
Bureau of Standards, the Sacramento Peak Observatory of the 
Air Force, the High Altitude Observatory of the University of Colo¬ 
rado and colleagues abroad, particularly those to whom we have 
already expressed our indebtness in the foreword. In this chapter, 
we hope only that we have presented a sketch of the evolution, to 
date, of our thinking on these problems, and the direction and re¬ 
quirements of a really satisfactory approach to the non-LTE prob¬ 
lem in the configuration whose prototype is the stellar atmosphere, 
whether it appears in astrophysical or laboratory investigations. 




CHAPTER 5 


Thermal Stability of a Gas with a 
Non-Radiative Energy Input and 
Radiative Efflux 

R. Grant Athay 


I. Steady-State Energy Transfer 

The preceding chapter deals with the problems ol' specilying 
the populations of atomic energy levels and the emission of radial ion 
under the general conditions of a spectroscopi(;ally sUnuly-slale 
configuration with arbitrarily specified values of 7’,,, tie, and im-idcnl 
radiation field. In application of the results of this analysis, one 
hopes to invert the process in order to infer 7’„ and from l lu‘ spec¬ 
troscopic data. Before attempting this, howevtu', wt^ consider a 
more general approach based upon rather broad, unri'strielive as¬ 
sumptions concerning the energy balance in the cbromospla'iM-. 

The existence of a steady state in the specvtrum of a gaseous 
atmosphere implies the existence of steady-state energy Iransl'er 
through the atmosphere. As long as the energy input and out pul 
mechanisms are not specified, may take on arbitrary \alues. 
However, as soon as the energy mechanisms are sisecilied and ai-e oi' 
known magnitude, then, in general, is determinable'. 

In this chapter, we follow our earlier assumptions that tlu'energy 
input is by some non-radiative mechanism, which W(^ b'aw further 
unspecified, and that the energy output is by radiative (u'oeesses. 
In this way, we can determine, to some extent, the tcmperal ure s| 
ture of the atmosphere (Athay and Thomas, 1956a). By later roiu 
paring this structure with empirical models, we gain some additional 
insight to the energy-transfer problem. 

Two conditions must be satisfied in a sleady-slal(' .'tieruy 
transfer: The energy input must balance the energy onijml. ami iTh 
equilibrium must be stable against small perlurbalious. If ii„' 
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energy input is Ein and the energy output is Eonu the first condition 
is expressed symbolically by 

Eir. = Eont (5-1) 

For the configuration to be stable, it is sufficient to add the condition 

^Eixi dE out /[- ey\ 

dt: < -W7 

For, as long as this condition is satisfied changes in Te by +ATe 
result in a net energy outflow with a subsequent cooling and changes 
by —ATe result in a net energy inflow with a subsequent heating. 
Hence, perturbations in Te will be resisted by the overcompensating 
changes in jBout, and Te will reach an equilibrium value. On the 
other hand, if dEont/dTe < dEin/dTe, any small perturbation in the 
temperature field will amplify, and no stable value of Te will exist. 

We proceed, then, to investigate the temperature structure of 
the chromosphere permitted by the stability criterion expressed 
by Eq. (5-2). We assert that Te can have only those values that 
satisfy this condition. 

A. Consideration of Eout 

The energy loss from the chromosphere is presumably dom¬ 
inated by radiative processes. Some additional energy may be lost 
through mass motions and thermal conduction. However, thermal 
conduction is likely to be important only in regions of unusually 
strong temperature gradient, as illustrated by the calculations of 
Giovanelli (1949) and Woolley and Allen (1950). Since dTe/dh > 0, 
the chromosphere is stable against ordinary convection currents. 
Therelbre, we do not expect large energy losses through this process. 
There are, to be sure, velocity fields as evidenced by spicule motions 
and Doppler shifts in the spectral lines. These velocity fields un¬ 
doubtedly play a role in the energy equilibrium, but no adequate 
quan titative discussion of this problem exists. We conjecture, how¬ 
ever, that the net effect of these velocity fields is to transfer energy 
to the chromosphere through some mechanism as, for example, the 
generation of acoustic waves as suggested by Schwarzschild (1948) 
and Biermann (1948). 

The net radiative output is the energy radiated minus that 
absorbed, viz.. 
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= X) Ajcrrik^hv 

oi,k 


[i - (fu. 


dv/Si 


(5-3) 


where the superscript denotes an atom of type a. In general, the 
sum in Eq. (5-3) may be positive, negative or zero, depending upon 
the details of the energy balance. In the case of radiative equilib¬ 
rium, the sum vanishes and Te in the upper chromosphere takes on 
the value To, the theoretical boundary temperature for radiative 
equilibrium. On the other hand, if the chromosphere loses energy 
by some non-radiative process, the sum becomes negative so that 
there is a net gain of energy by radiative processes. Similarly, if 
there is a net gain of mechanical energy, the sum must be positive. 
In this latter case, Te will lie above To. Essentially all estimates of 
Te based upon observational data place it above To (cf. Chapter 6). 
Hence, as suggested earlier, the evidence indicates a net radiative out¬ 
flow and a non-radiative inflow of energy. 

The foregoing comments on the sum in Eq. (5-3) apply only to 
the net result of all processes. In considering individual processes, 
we must evaluate the brackets for the particular transitions in 
question. 

In discussing the radiative energy output of the chromosphere 
in the present context, it is more convenient to define the energy in 
terms of unit mass rather than unit volume. If we deno te the bracket 
in Eq. (5-3) as NRB, the emission per unit mass of chromospheric 
matter from atoms in the {i — 1) stage of ionization is of the form 


Ekj = Kkjneni{nji + np)-^hkTe-^‘^ exp(xA:/Te)NRBA:i (5-4) 


in bound-bound transition, 

■Eooi = KoojneTiiinB. + (5.5) 

in free-bound transition, and 

Eff = 1.4 X 10~27n,n,-(nH + (5-6) 

in free-free transitions. 

For those resonance and subordinate lines for which the ap¬ 
proximations To = 0, €jB,(Te) » 7}B^ and A{e + » 1 are valid, 

Eq. (4-109) reduces to 

NKBkj = (e + -f (5-7) 

for values of to such that Cro ^ 1 and hro < 1 for some i. When 
To approaches infinity NRB approaches zero, and when to approaches 
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zero NRB approaches (e + provided e and v are small compared 
to unity. In Chapter 4 we indicated that an extremum in NRB 
may occur for r > 0 . In the present context we are concerned mainly 
with the two extremes, r ~ 0 and r very large. The extremal values 
of NRB are, in all cases evaluated, less than the values at r = 0 . 
Since our main interest in this chapter is in identifying the major 
sources of energy output, and we are mainly concerned with the 
condition r = 0 or r very large, we shall not consider these possible 
extremal values further. 

For the strong subordinate lines for* which exceeds eBp(Te) 
Eq. (4-109) reduces to 

NRBjoj = (5.7a) 

for intermediate values of ro- As tq approaches zero NRB approaches 
^ 1/2 provided rj I. For all of the subordinate lines except Ha of 
hydrogen, we shall have occasion to use NRB for small values of 
To only. Under these conditions, NRB = (e + which is a slow 
function of if e > 97 and independent of if ^ > e. 

For the resonance free-bound continuum, the approxima¬ 
tion r = 0 is no longer valid, r is here defined as the ratio of con¬ 
tinuum opacity from all sources other than the free-bound transition 
in question to the opacity in the particular free-bound transition. 
However, in this case NRB near the continuum limit is equal 
to the difference in the recombination and photoionization rates 
divided by the recombination rate. When Te appreciably exceeds 
as it does in the chromosphere and when tq is not large, the 
recombination rate generally exceeds the photoionization rate by 
a significant factor. Therefore, NRB is essentially unity, and is 
again a relatively slow function of This same conclusion can 
be reached by considering the behavior of Eqs. (5-7) and (5-7a) 
for the higher series members. For the higher lines, rj increases and 
as the series limit is approached NRB approaches unity. 

In the free-free continuum, the opacity of the chromosphere is 
essentially zero, and radiative absorptions are much less frequent 
than emissions. Thus, we set NRB = 1 . 

Consider first the cases of low opacity where the bracket is a 
slow function of 7\. As Te increases, Ej^j and Eh for a particular ion 
rise sharply to maxima, then decrease somewhat more slowly. Eff 
behaves similarly if an (i -f 1 ) stage of ionization is possible. How¬ 
ever, if an (i + 1 ) stage of ionization is not possible—for example, 
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H and Hell —Eff rises rapidly at first, then continues to rise more 
slowly for higher values of Te> 

The absolute intensity of the maximum emission from a par¬ 
ticular ion increases with increasing density and decreases with in¬ 
creasing Te- Since density decreases outward and Te apparently 
either increases outward or is constant, iJmax for a particular ion 
must also decrease outward. 

In the case of high opacity, the net radiative leak approaches 
zero, and may be a strong function of T^. But, as Te increases, the 
opacity must decrease to smaller and smaller values so that the fore¬ 
going arguments still apply. Thus, the radiative leak from a par¬ 
ticular transition increases to a maximum then decreases as Te in¬ 
creases. It is this property of radiative energy losses that deter¬ 
mines, to a large extent, the temperature structure of the chromo¬ 
sphere and corona. 

J5. Consideration of Ein 

If we knew the precise form of Ein(h), we could, in principle 
determine Te{h) by equating Eont to Ein^ Unfortunately, we do not 
yet know either the mechanism of energy input or the amoun t needed 
to maintain equilibrium. Indeed, the most promising solution to 
the problem of specifying Ein seems to lie in an empirical determina¬ 
tion of Eont{ne,Te) with sufficient precision to determine the nature 
of the source. Without a knowledge of chromospheric stiiicture and 
of source functions and opacities in the various spectral lines, such 
an attempt to determine Eout is fruitless. Thus, we cannot expecvt 
to know the detailed characteristics of Eij, until we first have a fairly 
complete understanding of the chromospheric model. 

The anomalous extent of the chromosphere and the apparent, 
increase in Te with height relative to that predicted for a stellar 
atmosphere in radiative and hydrostatic equilibrium suggests a non- 
radiative supply of energy. Furthermore, the existence of macro¬ 
scopic velocity fields in the chromosphere implies a mcxdianic^al dissi¬ 
pation of energy and, in consequence, a coupling of the in the 

velocity field with the energies in the internal degrees of friM'dom of 
the atoms. We prpceed on the basis that Ein is cc^rlainly non- 
radiative and most likely mechanical in nature. Quanlitalivc^ de¬ 
tails are lacking, and, in particular, we do not know how Ei„ varies 
with Te. We note, however, that it is characteristic of mechanical 
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systems to transmit energy to a medium at a rate that varies directly 
with the difference between the kinetic energy of the source and the 
thermal energy of the medium. Thus, we expect that dEi^/dTe < 0. 

For the present, we must be satisfied with the most plausible 
assumptions we can make regarding Ein, which will allow us to dis¬ 
cuss the stability criterion (5-2). We note first of all that in general 
Eout is a strong function of Te, and unless Eir, is also a strong function 
of Te the stability criterion will be violated near the maximum in 
£Jout. In this case, the stability criterion becomes dEout/dTe = 0. 

A further justification for using this criterion can he made in 
the following way: Empirically, we know that there is a large change 
in the degree of ionization between the lower chromosphere and the 
corona. Thus, the condition (5-2) on the energy balance must be 
such as to require transitions to successively higher states of ioniza¬ 
tion with increasing height. Such transitions will occur if Ein de¬ 
creases more slowly with height than Ea,ax(oi), E^six for ion a, for 
those ions that contribute most to JE'out* For, in this case, Ein will 
eventually exceed Eniixx(a) and the energy balance must shift to 
another ion. Hence, we may assume that dE-mldh > di?max(a)/o?/i. 

Consider, now, the radiation from a particular ion. If dEin/ 
dTe < 0 the stability criterion (5-2) will be violated for a Te that is 
greater than the Te where Eont = Emfixia), and as height increases 
the condition Ein = Eont = Ema.x(cx) will be reached before the sta¬ 
bility criterion is violated. Since dEin/dh > dExnv.x{oi)/dh, im¬ 
mediately above the height where Ein = Emtxx{a) we must have 
Ein > Emax(a), Thc energy balance requires, therefore, that the 
atmosphere adjust to such conditions that a new ion can supply the 
necessary energy output. Hence, the stability criterion of interest 
in the chromospheric problem is 

dEont/dTe > 0 (5-8) 

C. The Te Model 

The detailed Te model of the chromosphere depends, of course, 
upon the detailed form of Ein* However, the general characteristics 
of the model are determined by the stability criterion (5-8). The 
outstanding features of the model are the transitions from one dom¬ 
inant source of emission to another. Since these transitions repre¬ 
sent an increase in ionization, they must be accompanied by an 
increase in Te* Were it not for the effects of thermal conduction, 
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these increases in Te would occur as discontinuities. The calcula¬ 
tions of Giovanelli (1949) and Woolley and Allen (1950) indicate that 
a transition from 5000 to 100,000° would occur in about 100 km if 
thermal conduction were the only method of energy transfer. Al¬ 
though radiation transfer will modify their results to some extent, 
we may still regard these increases in Te in the transitions from one 
dominant source of radiation loss to another as being essentially dis¬ 
continuous when considering the over-all model. 

Between the sharp rises in we expect plateaus of relatively 
low temperature gradient. Each dominant source of radiation loss 
will form one of these plateaus and the subsequent sharp jump in Te 
to the next plateau. Within the plateaus, the gradient in Te will 
be determined, in part, by the gradient in E\n- However, in view of 
the foregoing discussion the ends of the plateaus are proper ties of the 
chromospheric radiation field only. Because of this, we may specify 
the properties at the ends of the plateaus in much more detail. In 
considering the end points of the plateaus and in identifying the 
dominant sources of radiation loss, we shall assume that /?out, hence 
Ein, is constant across the transition from one dominant source to 
another. This contradicts our conclusion that dE^x/dTe < 0. How¬ 
ever, without knowing the explicit form of E-m, we cannot proceed in 
any other way. 

Parker (1953) has previously interpreted the onset of thermal 
instability in terms of a collapse of the atmosphere int o a configura¬ 
tion of higher density, which is manifested in the form of transient 
phenomena of solar activity. Our interpretation in terms of a rise 
in Te and a steady-state configuration should be more representative 
of the general solar atmosphere. We also note that Kiepenheuer 
(1953) suggested that the principal source of emission from the 
corona was free-free emission, and that the thermal instability of this 
emission gave rise to coronal condensations and prominences. How¬ 
ever, once hydrogen is ionized the free-free emission is pi'oportional 
to I^^^^and is consequently stable against changes in Te> The error 
in Kiepenheuer’s argument apparently arises from the use of the 
free-free emission per unit frequency rather than that integrated over 
frequency. 

II. Dominant Sources of Radiation Loss 

In the foregoing, we have stated the stability criterion for llie 
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chromospheric temperature field and indicated the type pf model 
to be expected. Before proceeding with the details of the model, 
we must first identify the likely dominant sources of radiation loss. 

Ideally, we should investigate the terms in Eq. (5-3) for each 
transition of each ion as a function of Te and To do this, we 
would require a detailed solution of the transfer equation for each 
transition in order to evaluate the bracket terms. Such a treat¬ 
ment is beyond the scope of this work, and until we have better 
knowledge of atomic cross sections it is, in fact, an insurmountable 
problem. We must therefore proceed along somewhat less rigorous 
lines. Such an approach is possible because the opacities for the 
different spectral lines and continua whose radiations are strongest 
change by large factors from one transition to another. Thus, the 
problem often reduces to cases where the opacity is either very large 
or very small. In these two extreme cases, at least, we can make 
reasonable estimates of the effect of the bracket terms in Eq. (5-3). 

We begin this less quantitative discussion by first considering 
the observed spectrum of the chromosphere and the known relative 
abundances of the elements. Table 5-1 contains Allen’s (1955) 
summary of relative abundances for the 16 most abundant elements. 

If the temperature in the chromosphere and corona increased 
smoothly with height to the value ^10® in the lower corona, all ions 
up to those with ionization potentials of the order of 300 volts should 
be present at some height and they should all radiate. We could not 
expect to observe the radiation from all these ions, since some would 
emit in unobserved regions in the ultraviolet spectrum only. How¬ 
ever, we might expect to observe the majority of the ions observed in 


Table 5-1. Relative Abundances 


Element 

Ix)g abundance 
(no. of atoms) 

Element 

Log abundance 
(no. of atoms) 

II 

10.0 

Si 

5.5 

He 

9.0 

S 

5.1 

0 

6.8 

Ni 

4.5 

N 

6.5 

Na 

4.5 

C 

6.3 

A1 

4.5 

Ne 

6.1 

Ca 

4.4 

Fe 

5.8 

A 

4.3 

Mg 

5.6 

Cl 

3.8 
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Fig. 5-1. Ionization potentials of ions whose lines are observed in the solar 
spectrum (long, solid bars) and in stars or nebulae (short,, solitl bars). I'he 
short cross-hatched bars show possible ions of abundant elements. 

Stellar and nebular spectra. In Fig. 5-1, we plot both the observed 
and possible ions of the elements in Table 5-1. against ioni;zation po¬ 
tential. The longer shaded areas represent ions observed in the 
chromospheric and coronal spectra. The shorter shaded areas repre¬ 
sent ions observed in stellar and nebular spectra, and cross-hatc^hed 
areas represent unobserved ions. We note that between Hell and 
FeX, a range of 207 volts in ionization potential, only 2* of the possible 
33 ions are observed, whereas 11 of the 33 are observed in sl.tdlar mid 
nebular spectra. We conclude, therefore, that the tinnperatiire 
structure of the chromosphere is such that most of the obs(u-vable 
ions in this range of ionization energies do no t produce nn^asn ruble 
radiation. By implication, then, most of these ions are not present 
in appreciable abundance. 

We now ask which of the ions identifiable in tlu^ solar spectrum 
are likely to be the dominant sources of emission? In the pholo- 


* Since this compilation was made, Violett and Reuse (1959) ha vti 
ported lines in the solar “rocket” spectrum of two additional ions within tliis 
range of energies, OIV (77 volts) and OV (114 volLs). One or two other t(nitativ(i 
identifications have also been reported. 
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sphere the H“ continuum provides the dominant radiation, and this 
must certainly be considered as a likely dominant source in the lowest 
layers of the chromosphere. The spectrum of the low chromosphere 
is characterized by strong emission from hydrogen, helium and neu¬ 
tral and singly ionized metals. Hydrogen emission, however, greatly 
exceeds the emission from any other single ion, and we suspect neu¬ 
tral hydrogen as a possible dominant source of emission. Because of 
the relatively large abundance of helium, it is immediately a suspect 
also. This suggestion is strengthened by the fact that Hel emis¬ 
sion is strong in the visual regions of the chromospheric spectrum. 
The Hell line at X4686 is faint in comparison with the observed Hel 
lines in the visual part of the spectrum. However, the resonance 
line of Hell at X304 is considerably stronger than the resonance line 
of Hel at X584 (Rense, 1958), and Hell must be considered also as a 
possible dominant source of radiation. 

Between 60 and 260 volts ionization energy only the ions of 
CIV and OVI are identified. In both cases the resonance lines are 
observed as faint emission lines in the ultraviolet rocket spectra 
(Johnson, Malitson, Purcell, and Tousey, 1958). Since these lines 
are faint in comparison with both the resonance and subordinate 
lines of hydrogen and helium, these ions probably need not be con¬ 
sidered as dominant sources of emission. Above 260 volts, several 
ions are observed. However, since all of these ions are identified 
with the corona it appears that the major suspects for dominant 
sources of emission in the chromosphere are H"", H, Hel, and Hell. 
A further possible suspect is free-free emission, which we could not 
expect to identify in the above way. 

Having selected the possibilities for the dominant sources of 
radiation loss, we now consider them somewhat more quantitatively. 
The constants in Eqs. (5-5) and (5-6) for hydrogen and helium, apart 
from the bk factors, are tabulated in Table 5-2 for the continua, the 
strongest resonance line, and, the strongest subordinate line. One 
of these transitions should dominate the energy loss for each ion. 
For the H“" emission, which will be of importance at the very lowest 
heights only, we assume local thermodynamic equilibrium, so that 

i?H"" = 47r[nii— /(uh + n^)] f apBp{Te) dv (5-9) 

•^0 

where ap is the H“ absorption coefficient. After numerical integra¬ 
tion, using the absorption coefficient tabulated by Chandrasekhar 
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and Breen (1946), we obtain 

En- == 1.6 X 10”2inH-(nH + 
and from the ionization equation we obtain 
Ell- = 6.6 X lO-^^/ieUi-iCuH + exp(8.6 X lO'V^'e) (5-10) 

Since the low chromosphere is opaque to the Lyman lines and 
early Balmer lines of hydrogen (cf. Chapter 9), we cannot estimate 
a priori the energy flux in these emissions. However, the chromo¬ 
sphere is certainly transparent to the Balmer continuum of hydro¬ 
gen and the H~ emission, and, for illustration, we may compare 
these two sources of energy loss by setting the brackets in Eq. (5-5) 
equal to unity. In Fig. 5-2, we plot the emission from H“ and the 
Balmer free-bound emission for nn + = lO^L The H~ emission 

exceeds the Balmer free-bound emission for Te < 5300®. However, 
it does not violate the stability criterion established by Eq. (5-8) 
until Te ^ 10^ where the Balmer free-bound emission greatly pre¬ 
dominates. Since the NRB for the Balmer continuum is negative, 
the plot in Fig. 5-2 is not directly relevant. However, for Te == lO'^, 
T in the Lyman continuum is not large and NRB is approaching 
unity (cf. Chapter 6). The energy loss in the Lyman continuum 
exceeds the total energy radiated in the Balmer continuum and, 
therefore, certainly exceeds that due to H". Thus, even though 



Fig. 5-2, Illustration of the relative radiative energy losses in various 
processes assuming thermodynamic equilibrium and no absorjUions. The emis¬ 
sion from H“ and the Balmer free-bound emission for uh -h rip — lO^L (From 
R. G. Athay and R. N. Thomas, 1956, Astrophys, J., 123, 302.) 
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H"" emission may dominate at some heights it will not enter into the 
stability criterion for the radiation field. 

It seems evident, then, that neutral hydrogen will form the 
first dominant source of radiation in the chromosphere so far as the 
stability criterion is concerned. We note from Table 5-2 that, 
because the abundance of helium is less than that for hydrogen by 
about a factor of 10, hydrogen emission will exceed Hel emission 
for the corresponding transition for all values of Te unless the bjjs 
and brackets for Hel appreciably exceed those for hydrogen. The 
computations by Zirin (1956), Jefferies (1955), and Athay and John¬ 
son (1960) indicate that the ft^’s for the Hel triplets are of the same 
order of magnitude as those for hydrogen, whereas for the singlets 
they are smaller than for hydrogen (cf. Chapter 7). For the sub¬ 
ordinate transitions, NRB is essentially the same for the two atoms. 
Thus, in these transitions the radiation loss from hydrogen exceeds 
that for HeL We cannot be certain, however, that the radiation 
loss in the resonance lines of Hel does not exceed the radiation loss 
in the subordinate transitions in hydrogen for some value of 

We note from Table 5-2 that if the h/Js and brackets for the 
Hell transitions are not considerably smaller than those for hydro¬ 
gen the radiation loss from Hell may exceed that for hydrogen for 
high values of 7\. Zirker’s (1959) calculations indicate that the 
5//8 for Hell are indeed comparable to those for hydrogen. The cal¬ 
culations on the excitation of Hel (Athay and Johnson, 1960; cf. 
Chapter 7) and Hell (Zirker 1959) in the chromosphere show con¬ 
clusively that the observed Hel radiation as well as the Hell radia¬ 
tion originates in regions in which Hel is much less abundant than 
Hell. On this basis, we conclude that Hell radiation is the most 
likely dominant energy loss following H radiation. 

Following Hell, the most likely dominant source of emission is 
either a coronal ion, OVI, or free-free transitions of electrons in the 
fields of protons. The ratio of intensities of free-free emission to the 
free-bound continua of Hell is 

Eff/XE,^ = 1.6 X 10~Kn,/nuin\ (541) 

Because np/rini has a value of approximately 10, the free-lxee emis¬ 
sion will not dominate over the Hell free-bound emission until 
Te exceeds 6 X 10^’. In reality, of course, we should compare the 
Hell emission at the top of the Hell plateau with the free-free emis¬ 
sion at the base of the next plateau. There is presumably a large 
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increase in Te between these plateaus, and there must be a corre¬ 
spondingly large decrease in which greatly reduces the free-free 
emission. Under these conditions, the free-free emission will not 
balance the free-bound emission of Hell for any value of Te- There¬ 
fore, following Hell, the next dominant source of emission appar¬ 
ently arises from a coronal ion. 

For purposes of illustration, we show in Fig. 5-3 the hydrogen 
and helium emission for nn + = 10^^ and the brackets and the 

hk^ equal to unity. 



Fig. 5-3. Illustration of the relative radiative energy losses in various 
processes assuming thermodynamic equilibrium and no absorptions. The hy¬ 
drogen and helium emission for n-n + n?, = lO^^. (From R. G. Athay and R. N. 
Thomas, 1956, Astrophys. J., 123, 302.) 

III. Details of the Model 

In the foregoing, we have indicated that the chromosphere is 
characterized by two major sources of emission, and that these 
sources form temperature plateaus Ibllowed by sharp increases in 
temperature. The conclusion that there are only two sources is 
based largely upon the assumption that i?in is constant across the 
transition from one temperature plateau to another. If this as¬ 
sumption is relaxed, it may be necessary to consider other dominant 
sources of emission and Iheir associated temperature plateaus such as, 
for example, Hel, OVI, and Iree-free transitions. From the empirical 
evidence, there is no good indication that this is actually the case, 
however, and we shall proceed under the assumption that only the 
hydrogen and Hell plateaus are present. 
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The significance of these conclusions regarding the dominant 
sources of emission go somewhat beyond their use in the present 
context. When we turn to a consideration of chromospheric models 
as inferred empirically, we shall find that a non-spherically sym¬ 
metric model must be considered. Once spherical symmetry is 
abandoned there are an infinite number of possible variations in the 
model, and we must have some logical basis on which to proceed. 
On the basis of two temperature plateaus in the chromosphere and 
one in the corona, the model should involve a maximum of three 
different temperature regimes along a surface of constant height. 
If the departures from spherical symmetry are not of large ampli¬ 
tude, then only two temperature regimes will occur at any one height 
and a two-component model has some physical basis. Fortunately, 
this is the simplest alternative to the spherically symmetric model. 



Fig. 5-4. A schematic T« model for the chromosphere showing the hy(li’og(^,n and 

Hell plateaus. 

Along any given radius, we expect the chromospheric model to 
be of the form exhibited schematically in Fig. 5-4. Point a repre¬ 
sents the height where the energy input from non-radiative sources 
begins to dominate over the energy input from radiative sources. 
At this point Te, begins to increase outward. The detailed behaviour 
of Te B.S a function of height depends upon the nature of Ein . How¬ 
ever, at some height, Eout must transfer from hydrogen to Hell as 
the dominant source. This transition begins at poin t b and ends at 
point c. From c to rf, liell is the dominant source of i?out, and the 
transition d to e represents the transition from HeH” to the next 
major plateau. 

One of the most serious difficulties encoimtered in trying to 
evaluate the thermodynamic conditions at the extremes of the tem¬ 
perature plateaus arises from the uncertainties in the bracket terms 
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in Eq. (5-3). Rather than attempting to evaluate the bracket for 
each transition considered, we shall proceed by assuming that the 
opacities are small at the point considered and that the bracket has a 
constant value. 

Following the calculations based upon the assumption of low 
opacities, we shall attempt to estimate the actual opacities and to 
evaluate the effect of the brackets on the results. 

A. General Equations 

In order to determine Te at points b and d where the instabil¬ 
ities of the hydrogen and Hell emissions set in, we must specify the 
conditions under which fluctuations in Te occur. If perturbations 
are introduced that cause fluctuations in Te with a time scale that is 
less than the time scale for pressure readjustments, the fluctuations 
in Te will occur essentially at constant density. On the other hand, 
if the time scale of the fluctuations in Te is longer than the time 
scale for pressure readjustments the fluctuations will occur at con¬ 
stant pressure. A priori we cannot choose between these two ex¬ 
treme conditions without detailed knowledge of the model and its 
perturbations. Thus, we shall compute the instabilities for both 
cases. 

For fluctuations at constant density, 

nil + Tip = constant (5-12) 

and for fluctuations at constant pressure, 

(uh + Up + ne)Te = constant (5-13) 

Since the instability of the hydrogen emission will not occur 
until hydrogen is appreciably ionized, we may set rip = rie. Hence 
Eqs. (5-12) and (5-13) become 

rill + rie ~ constant (5-14) 

and 

(nil + 2ne)Te = constant (5-15) 

We also need the ionization equation for hydrogen and Hell, which 
may be wri't’ten 

rii^i == 4.14 X 10”i®nenz6i7V^/“ exp(xi/7\) (5-16) 
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The instability condition expressed by Eq. (5-8) will involve 
terms of the form d In bk/dTe and d In bk/drie. For k > 2 these 
terms arise from Eq. (5-4) for the line emission, and for fe = 1 the 
terms arise from the ionization equation (5-16). We will assume 
that dbk/dTe = dbk/drie ~ 0 for > 2 . The computations on the 
bk in the preceding chapter indicate that we need question this as¬ 
sumption only for 62 . It will become clear, however, in the course 
of our computations of the degree of ionization at the instability 
points that even for hi the assumption above does not seriously af¬ 
fect the results. On the other hand, the numerical value of hi is of 
importance in determining Te corresponding to the degree of ioniza¬ 
tion where the instability sets in. Thus, we shall drop the bk terms 
from Eq. (5-5) but retain the 61 in Eq. (5-16). 

In Chapter 4, we developed an expression for bi for the case of 
detailed balancing in the early Lyman lines. As we noted above, 
we shall find that bi has little effect on the value of rii^i/rii at the 
point where instability sets in. For both hydrogen and Hell, the 
maximum emission occurs where rn^i/rii ^ lO-^-lO’"^ (Tables 5-3 
and 5-5). In the chromosphere rii is of the order lO’^^ to 10 ^^ for 
hydrogen and helium. Thus, rii-i is of the order 10 ^^ to 10** when 
the instability sets in. The absorption coefficients are of the order 
10-14 iQ 10-13 the early Lyman lines and of the order 10”“*^'^ at the 
head of the Lyman continuum. With these limits, the path length 
required to give unit optical depth is less than 10 km in the early 
Lyman lines and over 100 km in the Lyman continuum. As we indi¬ 
cated above, we expect the transitions between temperalure plateaus 
to occur in less than 100 km. At the beginning of the Iransition, 
then, we expect conditions such that the atmosphere is opaque 
in the early Lyman lines, but not in the continuum. In this case 
Eq. (4-47) for bi is appropriate for hydrogen. 

For convenience, we repeat here a somewhat simplified equa¬ 
tion for bi for hydrogen, which is obtained from Eq. (4-47): 

biiH) - 1.5 X exp{-~x2/Te) (5-17) 

For Hell, the situation is somewhat different since radiative ioniza¬ 
tions from the second quantum level are much less effective than 
for hydrogen. Thus, ionizations occur mainly from the ground stat e. 
For detailed balancing in the resonance lines, and for a radiation 
temperature < 7000° in the Lyman continuum of hydrogen. 
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nj.(HeII)/nTii = hA^ofi^ilC^^Cn 


or 

6i(HeII) 

= 2 X 

Te < 30,00a° 

(5-18) 

and 

6i(HeII) = 

= 1.3 X 

Te > 30,000° 

(5-18a) 


For the thin-atmosphere approximation, 

ni(HeII)/niii = S^coy/Cic© 

which increases hi by a factor of 30 in Eq. (5-18) and a factor of 20 
in Eq. (5-18a). The dependence upon Ue and Te remains the same. 

B, Beginning of the Hydrogen Plateau 

Without a detailed knowledge of the energy-input mechanism 
and its importance relative to radiative energy transfer, little can 
be said about point a. However, the location of this point both in 
terms of Te and in terms of hiss, problem of great significance in the 
understanding of the solar atmosphere. 

The plot in Fig. 5-2 indicates that Ph emission is a much 
slower function of Te than is neutral hydrogen emission. This being 
the cuvse, if Ein is relatively constant with height the rise in at the 
beginning of the hy drogen plateau is very likely to exhibit an initial 
stc(rp rise through the region where //“ dominates and a subsequent 
slower rise after neutral hydrogen takes over. 


G. Indabiliiy of Hydrogen Emission, Point b 

Through the instability criterion given by Eq. (5-8) and the 
equations for Bout with the brackets set equal to a constant, we may 
solve for nn/zL as a function of Te at the point of instability. By 
combining this relationship wilh Eqs. (5-16) and (5-17) we may then 
determine Te uniquely. 

For the Ibliowing cases of constant pressure and constant 
density perturbations, we give expressions for riu/ne including the 
bi terms, then with the bi terms evaluated from Eq, (5-17), and, 
finally, in an approximate numerical form. For constant pressure, 
we have used the additional assumption that nn/ne < 1, which is 
shown to be true for constant density. 
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(i) Constant Density: 
a lines: 

n.H _ _ 3/2 XkITe __ 

rie 2Ux/Te-Xk/Te)-2T.idlnbi/dTe)- (y2+Xk/Te)n4d\nbi/dnl) 

= (3/2 + x./r.)/[3/2(xi/7’. + 1/3) - Xk/T.] 

~ 6.3 X 10-« Te + (0.67/P) (5-19) 

i8 continuum: 

U-H _ _ 1 ___ 

m 4[1 + xi/T, — Teid In bx/dTe)] — Ueid In bi/dtie) 

1 

3(xi/n -h 1) 

~ 2.1 X 10-8Te (5-20) 

(ii) Constant Pressure: 
alines: 

n^ _ _ 2xklTe + 5 ____ 

ne ~ 5/2 -h (Sxi/Te) - i2xk/n) - 3T.(ain6i/aT.) “ 

- Kxk/Te) - |] n,.{d In bi/drie) 

= i2xk/Te H- 5)/[9/4(xi/r.) - (xk/T,) + 1/2] 

~ 1.4 X lO-'Te + (0.89/P) (5-21) 

/3 continuum: 

nn/n, = l/[3/2 (xi/Te) - T,{d In bi/dT,) -]- 1/2 n.(a In b,/dn,)] 
= l/[3/4(xi/r.) -1- 1/2] 

~ 8.5 X 10-®r, (5-22) 

If we assume bi = constant rather than the values given by 
Eq. (5-17), all the final numerical forms for un/n* are multiplied by 
a factor of about 3/4. Since (e + i))i« varies more slowly with 7',, 
and n^ than does 6i, the effect of neglecting the brackets in deter¬ 
mining n-a/ne is negligible, provided that the opacity is small. 

We may now solve Eqs. (5-16), (5-17), and (5-19) to (5-22) for 
explicit values of nn/ue and T. at the points of instabili ty. Table 
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5-3 exhibits the results for emission arising from level k for the two 
conditions of constant pressure and constant density. 

According to the results in Table 5-3, the values of nn/rie and 
Te at the points of instability are nearly the same for perturbations 
at constant pressure as they are for perturbations at constant den¬ 
sity. Also, as we have noted, the value of nn/iie is not affected to an 
appreciable extent by the hi factor. For example, in thermodynamic 
equilibrium and constant pressure, m/ne = 0.05 at the point of in¬ 
stability for the free-bound transitions. On the other hand, Te = 
7500° in this case, as compared with the much higher value obtained 
when hi is included. 


Table fj-T Hydrogen Instability, Point b 


Constant density 

Constant pressure 

nii/rie Te 

nn/ue Te 


2 

0.23 

11,000 

0.35 

10,600 

3 

0.14 

11,400 

0.24 

11,000 

4 

0.11 

11,600 

0.20 

11,200 

5 

0.095 

11,800 

0.18 

11,400 

r-b 

0.025 

13,600 

0.090 

11,800 


I3eibre accepting any of the results in Table 5-3, we must esti- 
rnale the NR B t erms in Eqs. (5-4) and (5-5). Since the bracket is 
presumal)ly zero at large optic'al depth and positive at small optical 
d(q)l.h it must increase outward. The only eflect it, can have on the 
results in liable 5-3, therelbre, is to delay the instability for a given 
transition 1,0 lower values of riu/rie and higher values of 7\.. 

Sin(‘(', l-he value of NRB is a function of r, we must estimate tq 
for the various ti’ansitions considered. For the free-bound con¬ 
tinuum, nu/rie < 0.1 and Te = 13,()0()°. In the regions of strong 
hy(li'og<^n emission, tie is of the order 10^^ (cf. Chapter 6), and riR is 
tluu'cdbrc^ of the order when the instability sets in. These values 
will s(u*ve as a reference point for estimating opacities. 

Following l.he onset of instability, Te rises abruptly and Hr 
must decrease abruptly. Since we have assumed that the transi¬ 
tion between plateaus occurs in less than 100 km, we must also as¬ 
sume that the scale heigh t for nn is of this same order. Hence, there 
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should be about 10 ^^ hydrogen atoms above the instability point for 
the free-bound continuum. The absorption coefEcient at the head 
of the Lyman continuum is 6 X 10“^^ at 11,000°, and the optical depth 
is therefore about 0 . 6 . Since the opacity decreases as the 
“average” opacity for the continuum is small. On the other hand, 
the absorption coefficient at the center of Lyman-a is about 6 X 10“^^, 
and the optical depth is about 6 X 10^. For the opacities in the 
Balmer transitions, we must estimate the population of the fe = 2 
level. From Eq. (4-48) for 62 , we obtain 

^ 3.2 X 10' 

The empirical scale height for m in the chromosphere is about 600 km 
(cf. Chapter 6 ), which leads to about 10 ^^ the total number of 
absorbing atoms. The absorption coefficient in the center of Balmer- 
a is about 5 X 10 “^^ Hence the optical depth is of order unity. 

Since the opacity is not large in the free-bound transitions, 
NRB for the Lyman continuum should be near unity. For Lyman-a, 
on the other hand, NRB should be of the order {e + rj). For Bal- 
mer-a, the bracket should be of the order of 

The ratio of radiation loss in Balmer-a to that in the continuum, 
at the point of instability in the continuum, is 

F:(Bal-a)/^cm - 9 X (5-23) 

where NRB (Bal-o:) denotes the bracket for Balmer-oj. For de¬ 
tailed balancing in the Lyman lines, the observed radiation filed in 
Ho: and Te ~ 13,000°, 63 ~ 10 (cf. Athay and Thomas, 1955). Hence, 
the ratio given by Eq. (5-23) is about 3 NRB (Bal-a). For Balmer-o: 
under conditions of detailed balancing in the Lyman lines, 77 == 0.0036 
(cf. Chapter 9) and NRB 32 = 0.06 for 732 < 1. Evidently, then, 
the radiation loss in Balmer-a never exceeds the maximum radiation 
loss in the free-bound continuum. 

There remains the question of the radiation loss in Lyman-a 
relative to that in the continuum. For intermediate values of ro, 
the relative radiation loss given by Eqs. (5-4) and (5-5) is 

E(Ly-a)/Ecm = 2.4 X 10 'Te“^ 62 e^ 2 /^«NRB(Ly-a) (5-24) 

From Eq. 4-48 we adopt 


== {Y2/X2)e^^ 


(5-25) 
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which gives 


E{hY-a)/Ecra = 4.8 X 103 NRB(Ly-a) (5-26) 

For Lyman-oi, e — 10“’’ and rj = 10~^. Thus, for intermediate values 
of TO and Te = 10^ the energy loss in Lyman-o: is comparable to that 
in the continuum. At higher values of Te, ro will decrease and 
NRB(Ly-a) will approach However, this must be associated 

with a decrease in rte, and the energy loss may or may not exceed its 
value for lower values of Te- Therefore, in the region of maximum 
continuum emission, where we estimate to = 6 X 10^ in Lyman-a, 
NRB 5= 10“^ and the energy loss in the continuum apparently ex¬ 
ceeds that in Lyman-e^. At some subsequent height where to has 
decreased to a small value, the radiation loss in Lyman-oi may ex¬ 
ceed the maximum loss in the continuum. In order to estimate the 
value of Te where this occurs, we assume that UeTe is constant at the 
value it has at the point where the free-bound continuum has its 
maximum energy loss, viz., = 10^®. We find (Athay, 1960b), 
To = 1 for Te == 80,000^^ and rie ~ 10^^^ However, before these 
conditions are attained, the Hell free-bound continuum (and possibly 
other Hell radiations) will dominate the energy output. 

In view of the foregoing discussion, it therefore appears that 
the radiation loss in the hydrogen plateau is dominated by the free- 
bound continuum. Empirical evidence that this is the case comes 
from the fact that the energy emitted by the chromosphere in the 
Balrner continuum alone exceeds the energy emitted in Lyman-a 
and Balmer-a. From the results inTable 5-3, we conclude, then, that 
the hydrogen plateau terminates for riii/rie ^ 0.02 to 0.09 and Te 
12,0()() to 14,000^ 

At point /;, Te begins to rise sharply. How far it will rise de¬ 
pends upon the next source of emission, which we have tentatively 
identified with Hell. 

D. Transilion to the Hell Plateau, Point c 

The energy loss from Hell radiation at point, c depends, of 
(nurse, on the values oi‘ the brackets in Ecp (5-3) as well as the 
bkH. The bkS foi‘ Hell are comparable to those for hydrogen (cf. 
Zirker, 1959). The opacities and the brackets, howcwer, are con- 
sidei'ably dificrent. In order t,o decide which transitions are likely 
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to be important in the energy loss, we must first estimate the opa¬ 
cities. 

Since the transition from 6 to c occurs in a shallow layer of the 
chromosphere, the transition must occur at nearly constant pressure. 
From Table 5-3 we see that nn <3C rie and rie ~ rip at heights above 
point b. Thus, the condition of constant pressure is 

rieTe = constant (5-27) 

Also, if helium is ionized sufficiently for Hell emission to be strong 
we may assume that riu ^ ni. In this case, the total helium density 
is 

72ii + riiii = O.lTle (5-28) 

Since we must have rin < O.lrie, for Ue < 10^^ the number of 
atoms in the ground state of Hell is < 10^^. The scale height for 
helium is about 10^ cm, so the total number of absorbing atoms for 
the Lyman series is < 10^®. The absorption coefficients are com¬ 
parable to those for hydrogen. Therefore, at the base of the Hell 
plateau there should be high opacity in the early Lyman lines, 
but not in the continuum. This being the case, the dominant energy 
loss is either from Balmer-a or the free-bound continuum. 

Our problem, then, is to balance either Balmer-o; or the free- 
bound continuum emission of Hell against the maximum free-bound 
emission from hydrogen. With the brackets equal to unity and the 
bz for Hell obtained from Zirker’s (1959) calculations, it is not possi¬ 
ble to obtain such a balance. However, the Balmer-o: radiation loss 
from Hell comes within a factor of 3 of the balance, and the free- 
bound continuum radiation from Hell comes within a factor of 10. 
Thus, if we relax somewhat the assumption that is constant across 
the transition and allow dEiJdTe < 0, as we concluded it should, 
Hell radiation may still form a temperature plateau. We assume 
that this is the case, and show in Chapter 7 that there is strong em¬ 
pirical evidence to support it. 

In the case of hydrogen Balmer-a, the chromosphere is opaque 
and there is a strong radiation field. Radiative excitations therefore 
play a major role in the equilibrium, and the bracket is always small 
compared to unity. However, this is not the case for the Balmer-a 
line of Hell, since the chromospheric opacity is very low (Athay, 
1958 and 1960b), and the radiation field is very weak in comparison 
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with the source function in the line. Thus, radiative excitations are 
slow compared with the downward transitions, and the bracket should 
approximate to unity. The dominant energy loss in the Hell 
plateau is, therefore most likely in the Balmer-a transition. We 
shall comment further on the conditions at the base of the plateau 
following our calculations for the top of the plateau. 

E. Inslabiliiy of Hell Emission, Point d 

Because perturbations in the temperature field at constant 
density and constant pressure lead to very similar results we will 
consider only the perturbations at constant density. Throughout the 
region where Hell emission is stable m <$C nu. Hence, the condition 
of constant density may be written 

nil + niii = constant (5-29) 

The procedure for computing the point of instability for Hell 
is exactly the same as the procedure followed for hydrogen and the 
same considerations apply. We again take bk constant for k > 2, 
The instability sets in for: 

Lines: nu/niii = [3/2 + (xk/Tf)]/{(xi/To) - {xk/Tf) 

- Vl\{d In Ih/dTe)] - 3/2} 

= [3/2 + {xk/nVKxi/T.) - (x;c/T.) ~ 2] 
c- 2.4 X lO-^Te + (1.00/^2) (540) 

Cordiniiiirn: nn/rini == l/2/[l + (xi/Te) — Te{d In bi/dTe)] 

= i/[(2xi/r.) +1] 

~ 8 X 10-^Te (5-31) 

As was the case for hydrogen, the inslability conditions when 
hi = 1 are very near those obtained by multiplying Eqs. (5-30) and 
(5-31) by 3/4. From Eqs. (5-16), (5-18), (5-20), and (5-31), we can 
obtain 7', at point d. Table 5-4 exhibits the results lor the first three 
ex(‘ited energy levels and the continuum. Again we note that the 
results on 7\, chnnuid rather critically on the numerical value of bi. 

We emf)hasiz(^ that the results in Table 5-4 apply only when 
the l)rackets are constant. Since riu is of the order 0.03n« when the 
instability in Balmer-ck! sets in, and since n« is probably about 10^^ 
about 10^^^ to 10^^’ Hell atoms are above the instability point. Hence, 
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Table 5-^t. Hell Instability, Point d 


k 

nii/mu 

T. 

2 

0.39 

59,000 

3 

0.26 

61,000 

4 

0.21 

64,000 

f-b 

0.05 

71,000 


the early Lyman lines still have high opacity. Since we have con¬ 
cluded that the bracket is near unity for Balmer-o: and the continuum, 
the end of the Hell plateau should come within the limits 60,000 to 
70,000*^. We note that these limits are much different from those 
given in our earlier work (Athay and Thomas, 1956a), where we 
made an erroneous assumption on the value on bi for Hell. 

The condition tq = 1 in Lyman-a of Hell occurs for T^. = 
1 . 2 -~ 1.6 X 10 ^ (Athay, 1960b). If the electron pressure is constant, the 
ratio of Lyman-a energy loss near ro = 1 to the maximum continuum 
energy loss is about 62 NRB. For Hell, e = 10 "*^ and rj ~ and 
for small ro NRB ~ 10 “^. Quite possibly then 62 NRB could exceed 
unity, or if dEin/dTe < 0 as we have suggested, the energy output 
in Lyman-a could balance This would result in a second plateau 
for Hell. However, we can do little more than speculate about the 
existence or non-existence of such a plateau just as in the case of 
OVI, free-free emissions, and Lyman-a of hydrogen. 

Empirically, the chromospheric radiation in the Lyman-a line of 
Hell exceeds that in the Balmer-o: line of Hell by at least an order 
of magnitude and the radiation in the Lyman-a line of hydrogen 
exceeds or is comparable to that in Lyman-a of Hell. The radiation 
temperature in the Lyman-a line of Hell is of the order of 20000 ° 
(Athay, 1958), and in the Lyman-a line of hydrogen it is of the order 
of 7000° (Athay and Thomas, 1956b). Therefore essentially all of 
the energy in these lines must arise from an energy source other than 
photospheric radiation. Thus, the empirical evidence suggests that 
there are indeed regions of the atmosphere where the radiation losses 
in Lyman-o: of hydrogen and Hell exceed the radiation loss in 
Balmer-a of Hell. As we noted above, the plateau due to Lyman-oj 
of Hell should occur at Te ~ 1.2-1.6 X 10^‘ and that due to hydrogen 
at == 8 X 10^. However, these estimates of Te are highly uncer¬ 
tain due to uncertainties in collision cross sections. In view of the 
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uncertain nature of these plateaus, we shall not consider them in more 
detail. Their presence or absence does not affect the two lower 
plateaus due to subordinate transitions of hydrogen and Hell. 

The empirical evidence on the strength of the resonance line 
of Hel at X584 leaves some doubt as to whether or not the energy 
loss in this line exceeds the energy loss in the Balmer-a line of Hell. 
Thus, we must still consider the possibility of a plateau being formed 
by this line. If there is such a plateau, it must occur for a Te such 
that TO < 1. Since ro depends upon the density and the scale height 
as well as upon Te, we cannot determine a unique value of Te that 
corresponds to ro = 1. However, for 10^^ < < 10“ and a scale 

height of 1000 km, we obtain 45,000° < Te < 55,000^ (cf. Chapter 
7). Thus, the Hel plateau, if such exists, would be essentially the same 
as the Hell plateau due to the subordinate transitions. 

Returning now to the conditions at the base of the Hell plateau , 
we note that the Balmer-o' flux of Hell decreases by about a factor 
of 10 from its maximum value if we decrease Te to 40,000° holding 
the pressure and 63 constant, and by about a factor of 1000 if we 
decrease Te to 30,000°. Hence, unless Em is a strong function of Te, 
Te at the base of the Hell plateau will not be much below 40,000°. 
In this case, there should be a sharp demarkation between the top 
of the hydrogen plateau and the base of the Hell plateau. 

If the plateau is formed by the resonance line of Hel, we should 
not expect ro to exceed about 10. For tie = 10“ and a scale height of 
1000 km, TO = 6 at Te = 40,000° and ro = 70 at Te = 30,000° (cf. 
Chapter 7). Thus, we again conclude that Te would nob fall much 
below 40,000° and that the Hel plateau would be essentially the 
same as the Hell plateau. 

The top of the Hell plateau should be marked by the upper 
boundary of the chromosphere as it would be observed in the Balmer-a 
line of Hell- Since there is still considerable hydrogen emission for 
Te = 60,000°, the upper boundary of hydrogen Balmer-<>: probably 
is a good indicator of the end of this plateau. 

F. The Tramition io the Corona, Point e 

Since it is beyond the scope of this monograph to consider the 
details of coronal problems, we shall not attempt to evaluate Te at 
point e. However, it is of interest to note the large jump in ionization 
between the upper chromosphere and corona, which, we believe, 
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arises quite naturally from the large drop in relative abundances in 
the elements heavier than helium. 

The free-bound radiation from a hydrogen-like ion of nuclear 
charge Z and relative abundance Q is proportional to 

QZyk^ 

where k is the principal quantum number of the bound level. For 
both hydrogen and Hell, this quantity if of order unity. For elements 
of greater atomic weight and whose ionization potential is less than 
about 800 volts, which is the highest ionization potential of any 
known coronal ion (CaXV), the greatest value of QZ'^/'k? is about 
0.2. This value occurs for both OVI and FeXVI whose relative 
abundances are about and 10“^ respectively. Woolley and Allen 
(1948) and Elwert (1954) estimate the coronal line radiation to be 
about one order of magnitude more intense than the free-bound 
radiation. It appears therefore that the high degree of ionization in 
the corona is required in order to raise the coronal radiation to the 
necessary value. 

It is also of interest to note that the chromosphere requires at 
least as much, if not more, energy input than the much ho tier corona. 
It is not clear whether one should compare energy input per unit 
volume, per ion or per unit mass. The energy radiated in the' |Lyman 
series of H and Hell considerably exceeds the total radiation from 
the corona (Violett and Rense, 1959; Elwert, 1954; and Woolley 
and Allen, 1948). Thus, the average energy loss by radiation from a 
unit volume of the chromosphere greatly exceeds the corresponding 
quantity from the corona. The average energy losses per ion and 
per unit mass are of the same order of magnitude in the two regions. 
It appears, therefore, that the chromosphere requires somewhat 
more non-radiative energy input than the corona. 

IV . Comments on the Model 

We have suggested that the chromospheric model is of the type 
shown schematically in Fig. 5-3, and we have formed estimates of 
Te at the beginning and end of the temperature plateaus. The un¬ 
certainty in Te increases markedly from point 6, where it is of the 
order ±10^ to point d, where it is of the order ±10L Above point 
d, we are uncertain as to the existence and extent of additional 
plateaus with Te = 1 X 10^ and Te == 2 X 10^ before the final 
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transition to the corona at Te ~ 10®. However, these plateaus pre¬ 
sumably radiate a spectrum that is considerably different from the 
chromospheric spectrum observed in the visual and photographic 
regions, and they are not necessarily of major importance in the 
interpretation of the observed spectrum. 

Despite the uncertainties in the higher plateaus, the results 
obtained on the basis of the energy-balance arguments are of great 
value. In particular, we now understand just why the chromosphere 
has a sharp upper boundary, and we understand why certain lines 
observed in nebular and stellar spectra are absent from the chromo¬ 
spheric and coronal spectrum. In general we expect two temperature 
plateaus that are relatively isothermal in the sense that 7\ does not 
change by large factors across the plateaus. Since we have postulated 
a non-radiative energy source, it seems only logical that this energy 
source will vary over the solar surface. If the energy source varies, 
we expect the model to change by changing the heights at which 
the plateaus occur. We do not expect the temperatures at the ex¬ 
tremities of the plateaus to change appreciably. Thus, at a given 
height in the chromosphere we may fipd both plateaus, and the 
chromosphere will have a non-spherically symmetric structure. We 
expect that all long-lived phenomena of solar activity in the chromo¬ 
sphere such as plages and faculae will change the model only by 
changing the relative proportions of the two components. 

Abov(3 point d, we have indicated that Te rises either to about 
I X 10^ 2 X 10®, or to a coronal value. Thus, in the upper levels of 
the chromosphere we may expect to have components on the Hell 
plateau mixed with components at higher temperatures. In extreme 
cases, all of the plateaus may occur at the same height, although 
we do not (^xp(U‘t this as a genei'al rule. 

OiK' ('rucial t(\st, of these arguments can be obtained by studying 
the lowest heights at which coronal line emission occurs. On the 
basis of the arguments above, we should start to see coronal line 
emission in the uppei' levels of the chromosphere where we begin to 
distinguish spiculai’ detail. Eclipse and coronagraph data (Athay 
and Kolxuis, 1955; Lippincott, 1955) indicate that spicular detail is 
pronounc(‘d above about 5000 km. Thus, we expect coronal line 
emission lo be observed down to about 5000 km. There is evidence 
from (M‘.lips(' data as we noted in Chapter 2, that this is indeed the 
case (Athay and Roberts, 1955). 



CHAPTER 6 


The Analysis of Emission in the Optical 
Continuum to Obtain ne{h) and Te{h) 
Under the Assumption of a Spherically 
Symmetric Lower Chromosphere 

R. N. Thomas 


I. Introduction 

In Chapter I, we emphasized that the primary observational 
characteristic directing attention to the outer solar atmosphere is 
the existence of emission gradients whose values (1) lie much below 
the values we would expect on the basis of the classical model of a 
stellar atmosphere applied to the sun, and (2) range very consider¬ 
ably from one line to another. In the corona, the apparent anomaly 
of such low emission gradients has been removed by the general ac¬ 
ceptance of Te values so high that the corresponding isothermal 
density gradients lie very close to the observed emission gradients. 
In the lower chromosphere, by contrast, there is no such general 
agreement on the resolution of the apparently anomalously low 
emission gradients. At one extreme is the viewpoint we have ad¬ 
vocated (Thomas, 1948, et seq.): The “anomaly” in the observed 
emission gradients results from a significant rise in T* in the lowest 
chromosphere, accompanying a non-radiative energy input with 
associated differential excitation effects that must be computed free 
from preconception as to the applicability of the usual LTE rela¬ 
tions. At the opposite extreme lie models which hold the value of 
Te constant at the “boundary-value” of the photosphere and ex¬ 
plain the decreased emission gradients in terms of a “turbulent” 
pressure, but permit no energetic coupling between -‘turbulent” 
motion and internal kinetic degrees of freedom of the chromospheric 
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atoms. A prototype of such a model is that by Woolley and Allen 
(1950). Thus, the first question to resolve in a study of the structure 
of the outer solar atmosphere is the extent to which observational 
data require a significant rise in Te in the lower chromosphere, over 
whatever minimum value Te reaches in its general outward decrease 
through the photosphere. We ask where Tc(min) occurs, the value 
of Te(mm), and what is the lowest height where 7\ significantly ex¬ 
ceeds Te(xnm). 

In analyzing the chromospheric data for information on Te(mm) 
it is natural to begin with the continuum, for two reasons. First, 
in attempting to compare the behavior of Te in the lower chromo¬ 
sphere with that in the photosphere, it is advantageous to base such 
comparative results on the same kind of data whenever possible. 
The distribution of Te in the photosphere comes primarily from limb- 
darkening measures made in the continuum, outside eclipse. Eclipse 
observations provide a means of carrying these disk observations 
across the limb and into the chromosphere. Second, non-LTE ef¬ 
fects enter an interpretation of continuum data to a much lesser 
degree, and in a less sensitive way, than they enter an interpretation 
of the line spectrum. In certain cases, particularly that of He and 
Ca*^, general conclusions on the presence of values of Te exceeding 
those in the upper photosphere may be more directly obvious from 
the presenc'c of a line, or the form of a line profile. However, de¬ 
tailed information on the variation of Te through the lowest chromo¬ 
sphere follows most directly from an analysis of the continuous 
spectrum. 

We order our discussion of the continuous spectrum about the 
realization that a good, direct determination of 7"e(min) from the 
observed continuous intensity is not feasible unless Te(min) occurs: 
(1) either within the range covered well by disk limb-darkening data, 
which for presently existing data corresponds to tbooo > 0.05 (rsooo 
is the optical depth in the continuum at 5000 A); or (2) at heights 
above those defining the solar limb. This realization follows directly 
from the expression for the emergent intensity along an arbitrary 
direction in which the total optical depth is rr, viz., 

m = 



which equals either 
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or 


Soil - e-^0 + f ‘ idSc/drc)e-^c drc 
Jo 


where Sc represents a mean of Sc at the two integration limits. For 
very large n, such as occur in disk observations, the first of the rela¬ 
tions (6-1) shows that /„(0) lies very close to Scire ~ 1) unless 
cPSc/dre^ is large. For depths below .ScCmin), the variation of Sc 
with To is essentially that of radiative equilibrium or less, and the 
approximation just stated is good to 10 to 20 percent in 7,(0). Thus, 
the variation of 7„(0) as the observed direction approaches the limb 
is essentially that of Sc with height; and the inference of Se(min), 
if it exists, is xmambiguous. For very small n, the second of the 
relations (6-1) shows that 7,(0) represents a simple average of emis- 
sivity, i.e.. Sc drc, along the line of sight. Particularly near Sc(min), 
where dSo/dre vanishes, the change in 7,(0) with distance from the 
limb reflects the height gradient of the emissivity unambiguously. 
Provided we can relate both Sc and emissivity to Tc, we have then 
a good measure of the height gradient of Tc. 

When, however, n is neither so large that exp (— is negligible, 
nor so small that exp (-tj) ~ 1 - rt, then the value of 7,(0) measures 
Tt as much as it does Sc or emissivity. The height gradient of 7, is 
more sensitive to the height gradient of n than to that of Sc or emis¬ 
sivity. Indeed, because rt varies roughly exponentially with height 
in an atmosphere having small gradient in kinetic temperature, and 
because n enters the expression for 7, exponentially, even an ex¬ 
ponential dependence of Sc on T* does not sufiice to remove the pre¬ 
dominance of rt. At those heights spanning the limb, any inference 
of Te can come only indirectly, from its effect on the scale of varia¬ 
tion of rt. 

Thus, we order our discussion of the continuous spectrum ac¬ 
cording to these observations on the nature of the determination of 
Tcih) in the lowest chromosphere. First, we summarize critically the 
results of existing analyses of limb-darkening observations made on 
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the disk, to obtain an idea of Sc(rc) in the range ra > 0.1. To 
these results we append a summary of Dunn’s recent nax’row-band- 
filter observations in the vicinity of Ha, which appear to offer a 
method to extend the usual limb-darkening range of observations. 
We thus extend Sc(tc) to re 0.05, and possibly to 0.02-0.01. 
Second, we proceed to analyze eclipse observations made in the con¬ 
tinuum, at heights above the steep drop in Ip at the limb. Third, 
we return to look at the transition region of the limb, asking what 
can be said about Te{h) from attempts to infer the opacity gradient. 
Our considerations in this third aspect must be heavily influenced 
by what we infer on the dynamical structure of this transition region 
by interpolating between the results on the adjoining regions. 

II. Critical Summary of Interpretation of Non-Eclipse Obser¬ 
vations in the Optical Continuum 

A. Limb-Darkening Observations on the Disk 

First, we wish to obtain a summary of the results from limb- 
darkening measures made on the solar disk, outside eclipse, as they 
lead to a distribution 7\.(rx), within limits rx(min) < rx < Tx(max). 
Tx(mm and max) refers to the limits within which T^rx) is deter¬ 
mined to some specified accuracy by the measured values of /x(rx = 
0,Ai). To obtain such information, one must first assume spherical 
symmetry to invert /x(0,/x) and obtain Sc(rx); then he must assume 
Sc = Bx{T^ to obtain T«(rx). We ask into the validity of these 
assumptions in Section C. First, however, we simply try to sum¬ 
marize the results in the literature, not questioning the assumptions. 

One finds two main difficulties in trying to abstract from the 
literature a model T^(rx) which is in good accord with the various 
investigations that have been reported. First, there is the very real 
physical problem of uncertainty on the absolute standardization at 
the center of the disk, /x(0, 1). Second, there is the artificially 
introduced problem encountered when one tries to abstract Irom 
a siimmary article, which has collected and combined various sets 
of observations, an actual mean empirical model based on an em¬ 
pirical consideration of the limb-darkening data alone, in contrast to 
what, the autfior of the article presents as an empirical model. 

Two investigations, in good accord with respect to limb-darken¬ 
ing measures of /x(0,M)/fx(fi> f)? wQtiy present quite difierent models 
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Teirx) because of differing choices for /x(0, 1). In the main, the 
values for h(0, 1) come from the cleissic Smithsonian program carried 
out by Abbot and collaborators, corrected for the presence of Fratm- 
hofer lines and reduced to the center of the disk, and spot-checked 
by higher dispersion measures, (cf. Minnaert’s summary, 1953.) 
The results of Minnaert’s exhaustive rediscussion of these data have 
generally been adopted for lx(0, 1). The only systematic correc¬ 
tions, until the last few years, lay in the infrared (cf. Peyturaux, 
1952; Pierce, 1954). Recent measures in the visual spectral region 
(Labs, 1957; Makarova, 1957) show appreciable deviation from the 
Minnaert /x(0, 1); the deviation lies in the direction of raising at 
given rx in this region of X. 

We note that an internal consistency check exists, if we are 
willing to assume the validity of LTE in the continuum, spherical 
symmetry, and the accuracy of theoretical values for the absorption 
coefficient of H"; for the several Tein) models corresponding to 
different X must give the same Te at a given physical depth. We 
comment later on the condition of LTE and spherical symmetry, 
but departures from them will not introduce difficulty over the whole 
range of atmospheric regions considered. In earlier years, the inter¬ 
comparison of the Teirx) for different X was mainly used to infer or 
check the continuous absorption coefficient. Recent theoretical 
(Chandrasekhar, 1958) and experimental (Branscomb and Smith, 
1955; Smith and Burch, 1959) work lends considerable confidence to 
the numerical values of the H- free-bound absorption coefficient. 
(See further notes on this point in Appendix 11.) There seems little 
doubt that in the visual region, H- furnishes the opacity. On the basis 
that any remaining discrepancy in the T,(/i[tx 1) results in the visual 
region must come from discrepancies in the /x(0, 1) determination. 
Pierce and Waddell (1959) conclude that the Minnaert values for 
/x(0,1) are preferable to the results based on the more recent measures 
in the visual region cited above. We adopt this conclusion of Pierce 
and Waddell in this monograph, noting, however, that any change in 
/x(0, 1) in the direction of these newer results will increase Teirx) for 
X in the visual region (see Fig. 6-1). 

Turn now to the second problem, abstracting from existing 
work a model Tdr^oo) which is in good accord with limb-darkening 
measures, given the Minnaert 7x(0, 1) as absolute intensity standard. 
(Unless it is otherwise specified, we shall hereafter use optical depth 
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Fig. 6“1, A comparison by Pierce and Waddell of Tc(Tr,ooo) determined 
from the same set of /x(0, 1) but using the Minnaert /x(0, 1) on the one 

hand and the Makarova /x(0, 1) on the other. 

in the continuum at 5000 A, and designate it as rs.) If we consider, 
as an example, Minnaert’s detailed and comprehensive survey (1953) 
of the solar photosphere, the difficulties in locating a truly empirical 
mean model Teir^) to use as reference become clear. 

In presenting his finally adopted photospheric model, Minnaert 
divides Te{r^) into three regions of rs, according to the information 
upon which Teir^) is based: 

(1) T6 > 1: results based on consideration of line profiles, 
Minnaert stating that the structure of the deep photosphere is 
derived with more certainty from line profiles than from the con¬ 
tinuum. 

(2) 1 > rg > 0.01: results derived observationally from limb 
darkening in the continuum. 

(3) O.OI > tb > 0: results based on theoretical boundary tem¬ 
perature, with calculations including blanketing eflect of lines. 

From this description of the basis of the photospheric model, 
one would assume that the distribution 7\.(Tr,) would be reasonably 
sensitive to the limb-darkening measures within the interval 0.01 < 
rr> < 1, but not outside the interval; and also, that the model would 
give a reasonable representation of the measures. Neither of these 
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expectations is satisfied, and an inquiry into them is illuminating on 
this question of empirical models. 

Consider first the direct question of the agreement of the model 
with the absolute intensity measures at the center of the disk, /x(0,1). 
A numerical integration, using the model, of 

/x(0, m) = r 5x(T.[n])e-x/M drx//x (6-2) 

Jq 

is not necessary; an indirect approach suffices. Consider a repre¬ 
sentation of often used in inverting limb-darkening measures 

= ax + b\T\ + c\T\^ (6-3) t 

Using (6-3) and (6-2) gives 

/x(0,m) = ax + b\ix + 2cxAt^ = B\{t\ = fx) + cxm^ (6-4) 

Observationally, cx < 0 (limb-darkening greater than linear in p). 
Thus, any satisfactory model ^^(rx) must give 

Jx(0,m) < Bx(n[rx = m]) (6-5) 

In Fig. 6-1 we have reproduced Minnaert’s model, those by Pierce 
and Waddell already quoted, and simply for later reference a model 
by Pagel (1956). Table 6-1 exhibits B\(Te[r\ = 1]) computed from 
these models together with Minnaert’s standard /x(0, 1), for several 
values of X. We compute rx from rs simply by taking the ratio of 
H“ absorption coefficients, using the values given by Chandrasekhar 
and Breen (1946). It is clear that Minnaert’s model does not satisfy 
the criterion (6-5), but the other two models both do. 

The source of the difficulty with Minnaert’s model is readily 
located. After an initial comparison of several empirical models 
obtained from limb-darkening measures (cf. his Table 7), all of which 
show much closer agreement than the above-discussed discrepancy 
between Minnaert and Pierce-Waddell model, Minnaert converts 


t The representation 

-^x(tx) = ax 4- b\Tx -f Eiirx) (6-3a) 

is more often used in practice, because of its more satisfactory behavior for 
rx = 0 and «; but for our present purposes (6-3) is completely adequate and 
is better for exposition. Were we to use the equation in this footnote, we would 
reach the same conclusion as in the following. 
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Table 6-i. /x(0, 1) Compared with JSx(T^[rx = 1]) 


X 

/x(0, 1) X 10-14 

10-»Sx(r.[rx 

= 1]) for various models 

Minnaert Pierce-Waddell 

Pagel 

3700+ 

4.52 

4.26 

5.56 

5.36 

4000 

4.60 

4.17 

5.42 

5.27 

4400 

4.53 

4.03 

5.19 

5.08 

5000 

4.16 

3.68 

4.65 

4.51 

5400 

3.80 

3.41 

4.25 

4.13 

6000 

3.31 

2.96 

3.61 

3.52 

6400 

3.00 

2.72 

3.28 

3.19 

7000 

2.56 

2.40 

2.86 

2.79 

8000 

1.95 

1.88 

2.20 

2.15 

9000 

1.52 

1.49 

1.72 

1.69 


these models from Teir^ to the form Te(\og P), apparently for 
facility of comparison with theoretical models. He has then formed 
his mean model from the Te(log P) model (cf. his Table 10). The 
difficulty with such a procedure lies in the insensitivity of the Te(log P) 
form of a model to considerable changes in the Tc(tx) form [even 
assuming that the same chemical composition has been used in the 
conversion from Te(r\) to T^Clog P)] (see Fig. 6-2). (The models 
are plotted as tabulated by the authors; note the slight shift in 
Pagel’s model along the log P axis necessary to place it on the same 



Fig. 6-2, P) for the three models ol Fig. 6-1. 
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basis as the others coming from the different helium abundance as¬ 
sumed.) It is very difficult to distinguish between the models in the 
region r > 0.1, whereas the difference is marked in the Te(r\) plane. 
Thus, we can only caution against this procedure followed by Min- 
naert if one wishes to construct an empirical model in accord with 
the limb'darkening measures. 

Turn to the second point, the region over which a model based 
on limb darkening measures should have reasonable validity. To 
specify this region, we ask what variations in Te(j\) are compatible 
with the estimated accuracy of /x(0,ju), in the limiting regions of large 
and small rx. We replace Eq. (6-2) by the system of equations 

A(0, ill) = X) A In rx (6-6) 

with 


l> ixi> Mmin and rx(max) > rxy > rx(min) 


where we divide the range in In rx into equal intervals according to 
the size of the region over which we permit the fluctuation in Te 
to occur, and ^mm represents the limiting region toward the limb to 
which the measures may be trusted. Then we may estimate the 
amount by which may he changed throughout the given interval 
in In rx, without changing the observed /x(0,/xi) by more than its 
accuracy A/x/Jx, as 


ATe(rj) 

n(ry) 



_ 0~~Tklni 

/X. 


x|Bx(r,) 


Ti g—'ilun 
lii 




gCsx/r. _ 1 r 


(6-7) 


with 


Bx(n) = - l)-i 

We pick A log r = 0.33 as giving the steps in t which are of 
interest here. By considering large txj for jui = 1, and small rxy at 
fii = Mmin, we set, respectively, the limits of validity Tx(max) and 
Tx(min) between which the limb-darkening data give a reasonable 
determination of T«(n). From Pierce (1954), we take = 0.2 
for Ah/h < 0.01. Minnaert gives no estimate for these quantities. 
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nor does he attempt to justify his limits 1 and 0.01 for rx(max) and 
Tx(min), respectively. Table 6-2 contains values of the summand 
in Eq. (6-6), which measures the contribution of each interval in In 
rs to /x(0,/x), and of the AT'e computed from Eq. (6-7). 

From these results in Table 6-2, we conclude that a model based 
on limb-darkening data of the extent and accuracy adopted above 
can be specified only within the following limits: 

In the range: 


2 > t 5 > 0.1 LTe < ±50"" over an interval 0.33 in log tb 
< ± 100 ^ 


3 > t5 > 2 
0.1 > tb > 0.05 


Tb > 4 
0.05 > tb 


A7\ > ±200° 


Thus, we can reasonably expect to extend the model based on con¬ 
tinuum measures alone somewhat deeper than Minnaert suggests. 
Indeed, it seems much more reasonable to us to rely on these measures 


Table 6-2. Quantities Determining Change in /x(0, m) Associated with AT«(tx) 
for A log T = 0.33 [Tcin) from Pierce-Waddell Model] 




AT«(t6) 

over A log r = 0.33 

Hi 

1 

0,6 

0.2 

0.1 

1 

0.6 

0.2 

n 

T. 








10.00 

10,000 

0.11 

0.00 

0.00 

0.00 

Large 



4.64 

8,270 

5.56 

0.42 

0.00 

0.00 

220° 

Large 


2.15 

7,190 

18.15 

7.24 

0.02 

0.00 

50° 

o 

O 

o 


1.00 

6,470 

17.10 

14.62 

1.57 

1.27 

40° 

O 

o 

215° 

0.464 

5,930 

8.31 

10.17 

6.50 

5.24 

80° 

50° 

45° 

0.215 ' 

5,490 

1.63 

5.24 

7.68 

5.38 

o 

O 

CO 

o 

o 

30° 

0.100 

5,140 

1.33 

2.07 

4.44 

3.18 


180° 

o 

O 

0.0464 

4,880 

0.48 

0.78 

2.00 

1.47 



100° 

0,0215 

4,680 

0.18 

0.29 

0.82 

0.58 



220° 

0.01 

4,590 

0.07 

0.12 

0.36 

0.07 



480° 

0.001 

4,500 









S 

52.92 

40.95 

23.39 

17.19 
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in the continuum for estimates of T , at ts > 1 than on Mirmaert’s 
suggested use of line profiles. In the outer layers, which are our con¬ 
cern in this monograph, we must be prepared to admit uncertainties 
of about ±500° if we wish to extrapolate the model to n ~ 0.01 as 
Minnaert suggests. By considering limb-darkening observations 
at wavelengths where the absorption coefficient of H' reaches its 
maximum, about X8500, we can decrease the values of tb (min), for 
given ATe, about 35 percent. We must, however, conclude that the 
greatest height in the atmosphere to which we cbui push these limb- 
darkening observations is about 1 to 2 scale heights, in tj, below the 
t 6 ~ 0.01 level. 

This last conclusion is of particular interest to us in considering 
Pagel’s model, which proposes rs = 0.015 for ^(min). The actual 
basis for this proposal lies in Pagel’s analysis (1955) of a group of 
weak Pel lines under the assumption that Sl = B,,{Te). In the 
present chapter, we ask only whether there may be evidence for the 
continuum supporting a minimum at such relatively low heights, 
or possibly simply supporting the trend of the Pagel model in these 
regions. We can only conclude that such evidence cannot be ex¬ 
pected from limb-darkening measures out to ^ = 0.2. At greater 
optical depths, Pagel’s model lies systematically below that of 
Pierce ai^ Waddell, by about 50° for tb > 0.25 and by about 100° 
^ ^ 0.25. Random differences of this size would be 

indistinguishable, according to the criteria above; the actual syste¬ 
matic difference should result in the Pagel model producing about 
5 percent lesser values of /x(0,m) than the observed values underlying 
the Pierce-Waddell model. We return to this question in asking 
into non-eclipse methods of extending this range of limb-darkening 
measures, in the following section. (See further notes on this point 
in Appendix II.) 

Considering the results from Table 6-2, the representations of 
the Pierce-Waddell models in terms of the Minnaert and Makarova 
/x(0, 1), and the comparison of the Pierce-Waddell and Pagel models, 
we conclude that the following is about all that can be said about 
conditions near the limb on the basis of limh-darkening measures on 
the disk out to ^ = 0.2: 

15__ 0.05 0.01 


T. 


5150 db 100' 


4900 ± 100“ 


4500 ± 500“ 
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B. Narrow-Band Interference Filter Observations Near the Limb 

As a part of the calibration procedure in his study of the low 
chromosphere by naiTOw-band, interference-filter observations in 
Ha, Dunn (1959) also obtains observations near the limb, in the 
continuum near Ha. This technique enables him to solve the 
scattered light problem somewhat better than the more conventional 
types of limb-darkening studies, and he is consequently able to ex¬ 
tend his observations considerably closer to the limb (see Fig. 6-3). 

jj 



Fig. 6-3. A comparison of Dunn’s observations with those underlying the 
Pierce-Waddell model. The solid curve through the Pierce-Waddell model is their 
representation by the c^xpression ju)//\((), 1) = 0.837 •+- 0.333ja — 0.554 
{l — ju In [1 -b l/julK which corresponds to Eq. (6-3a) for fh{T\) at X6600 A. 
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From a conservative standpoint, there is the temptation to 
simply regard these two sets of data, obtained quite independently 
by quite different methods, as agreeing remarkably well in absolute 
value and variation with g. The differences between the two curves 
can be reconciled by slight changes in Te, lying within the bounds 
established above. In the region fx > 0.2 covered by the actual 
Pierce-Waddell data, the difference between the two sets of measures 
is less than about 1.5 percent. Thus, we cannot interpret these 
results for g > 0.2 as suggesting any change from the Pierce-Waddell 
model, to within the limits ATe = ±50^ for 2 > > 0.1 set above. 

In the region /x < 0.2, Dunn’s data lie less than 5 percent higher than 
the Pierce-Waddell analytic extrapolation up to ju ^ 0.02, where they 
cross this extrapolation, thereafter dropping off rapidly relative to 
the Pierce-Waddell extrapolation. Increases in the Pierce-Waddell 
model of 50 to 75"^ over the interval 0.2 > reeoo > 0.1 suffice to 
modify the predicted emission to agree with Dunn’s results. At the 
point where the two curves cross, equating /x(0,^) to Bx(Te) gives 
4750"" for the corresponding value of T^. 

From a less conservative standpoint, we might try to interpret 
the drop-off in Dunn’s curve for /x < 0.02. Unfortunately, we 
recognize that this part of the curve is badly determined, particularly 
its position relative to the limb. The position of the crossover point 
lies just 200 km inside the limb, '->^0''.25; Dunn estimates his data are 
reliable for heights below 500 km below the limb, and are becoming 
marginal near the 200-km point. Indeed, he has tried to determine 
this section of the curve by forcing agreement with the eclipse ob¬ 
servations made above the limb. Thus, in discussing this section 
of Dunn’s curve—essentially that above the crossover, but probably 
also that above 500 km inside the limb, ju ^ 0.04—we enter the domain 
in which eclipse data begin to contribute. If indeed the drop in 
I\ is as rapid as indicated by Dunn’s results, in the region where they 
are marginal, then we must carefully investigate opacity effects to 
see whether the drop should be primarily associated with them or 
with an actual further drop in Te* Thus, we defer further considera¬ 
tion of ix(0, fjL or h) to Section 6-IIIB. (See further notes on this 
point in Appendix II.) 

On the basis of this intercomparison of Dunn’s results with the 
predictions of the Pierce-Waddell model, we conclude that the model 
near the limb should be 
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0.1 


0.05 


- 0.02 


5200 ± 50° 


4900 ± 100° 


-4750° 


We include the last point as an estimate of the region farthest to the 
limb actually covered by data, thus the lowest value of Te actually 
observed. 

C. Consideration of the Assumptions Underlying Sections 6-IIA and B 

1. LTE in the Continuum— Sc = To our knowl¬ 

edge, the only published quantitative assessment of the departure 
of Sc from Bp{Te) (in the H- continuum) is that by Pagel (1956, 
1957, 1959), which is mainly concerned with the region rs < 0.01. 
In the following, we draw heavily upon PageFs suggestions, but re¬ 
cast the approach in the structure of Chapter 4, and introduce for 
expository clarity several approximations in computing transition 
rates. 

The effective contributors to the continuous emission, and 
opacity, in the disk spectrum are H“ and neutral hydrogen, with 
free-bound and free-free transitions from both. Thus, we can write 
Sc, using subscripts e and a to denote emission and absorption, as 


Sc = 


* i 


(6-8) 


__ nenuK(Te,v) + riennF (Te,v) H~ meUpG^ 1 e,'r) + TlenpJi ( Te, v) 

njr-oiw^th + + Uaas.fb H~ neUpaiiji 

nil, nil-, n.«, rip denote the concentration of neutral hydrogen, H", 
electrons, and protons, respectively; we confine our attention to 
3640 A < X < 8100° so that only the Paschen continuum of neutral 
hydrogen counts, denoting by m the occupation number of the 
Paschen ground state. As in Chapter 4, we define the non-LTlt 
factors hk in terms of an LTE configuration having the same Te, Ue, 
and concen tration of ions of the energy state considered. 

Denote the LTE value for a concentration by an asterisk. 
Then, since in LTE we have the relation (including the induced 
emissions as negative absorptions) 

= aHn\iB,(Te) (6-9) 

we can use it to evaluate the quantities in the numerator of Eq. 
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( 6 - 8 ) in terms of those in the denominator, and the appro¬ 

priate bk factors. We obtain 


Sc = B,{Te) 




( 6 - 8 a) 


Denote the ratio of each of the last three terms in the numerator to 
the first term by the symbols, respectively: The 

i?’s represent the ratios of the opacities in a situation where rie, rip, 
nn, Te are specified and uh- has its LTE value in terms of the spec¬ 
ified quantities. Since we look for small departures from LTE 
in the present context, the difference between a* and a, coming from 
non-LTE effects in the stimulated emissions, may be neglected. 
Then Sc may be written 


Sc = B.{Te) 


1 4 ~ 4 ~ Bz,t\) + 

bn —h + feSs.fb + B-ej{ 


( 6 - 8 b) 


Making reference to the radiative cross sections collected in 
Chapter 4, and to the computations on H- cross sections by Chan¬ 
drasekhar and Breen (1946), we can evaluate the R's. We find, 
for X5000 A, the results given in Table 6-3. It remains to evaluate 
fen- and 63 . 

We note that the result is not sensitive to the precise value of 
63 . From the Pierce-Waddell model, we find: at Te ^ 6000°, 

3 X 10^^; at Te ^ 5000°, Ue ^ 5 X 10 ^^ Thus, an uncertainty of a 
factor of two in 63 , for 63 near unity, amounts to less than a 1 percent 
uncertainty in the denominator ( 6 - 8 b), thus in Sc, so long as br is 
not less than order-of-magnitude unity. Below, we find that this 


Table 6^3. Numerical Values for the R’s in Eq. (6-8b) 




4000° 

T. 

5000° 

6000° 


^ 3 X lO-sTeexp (-V 3 ) 

0.001 

0.004 

0.006 


- 4 X 





X exp(-Yi3 — Yh-) 

7 X W/Ue 

2 X 10Vn« 

3 X lO’Vn. 

f■ 

—> (Chandrasekhar and 




Breen) 


0.02 

0.04 

0.07 





ANALYSIS OF EMISSION IN THE OPTICAL CONTINUUM 


185 


last condition on 6 h-- is satisfied. In Section 6-III, we consider 
the numerical value of 63 in the vicinity of the limb, remarking here 
only that it lies within this factor two of unity. Thus, any effect of 
63— indeed, of the whole term —lies at the level of the accurracy of 

determination of Sc as discussed in Section 6-IIA. 

For the determination of 6 h-, we have the simplest case of the 
equations of statistically steady state to solve, viz, an atom with 
but one bound state. Were our assumptions underlying (4-27) 
adequate, we should have only one non-LTE parameter to compute, 
6 h"* These equations rest on the assumption of only photoexcita¬ 
tion, inelastic excitation by free electrons, and the corresponding 
inverse process. However, Pagel (1959) has cited recent estimates 
by Dalgarno to suggest that the rates of the associative detachment 
reaction 

H + H" ^ H2 + e (6-9) 

are sufficiently great to require its inclusion in the equations of 
statistical equilibrium for H"“. Thus, from Eq. (4-3), (4-24), and 
the rates corresponding to Eq. (6-9) treated as in Chapter 4, we have 
the equation of statistical equilibrium for the bound state of H“: 

nenjr~{l — 6ir~^)-Dc.H—h — (6 h2/6h~")].Dh,h“ 

= 47r r c.*ir“fi.(n) dv/hv 

— rill- / oLii~lp dv/hv (6-10) 


As in the preceding, we have combined stimulated emissions into 
the absorption coefficient. and Dh,h~ denote rates of collisional 
ionization and associative detachment, per unit concentration of 
interacting particles, respectively. Solving Eq. (6-10) for bu- = 
mi-/riSr', we find 


neDe,ir~ + %i-Oir.iWm 2 + 4'7r f ^ dv/hv 

bii^ =-----( 6 - 11 ) 

rieDe,!!- + + d-TT d.v/hv 


We want to form a first estimate of the relative sizes of these 
terms. We can write [cf. Eq. (4-24)] 
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De,ii = {2/Vt) xao^ (2kTe/mY^^ [Zh- + 1] (6^12) 

Geltman’s recent computations (1959) give Qc.b.- about unity; so we 
set == 1* Also, any reasonable kind of representation of 

Chandrasekhar’s values for aB-(p) gives 

r a^u-B^Te) dv/vr^l-2X 

(O-io) 

(use 1.5 as coefficient) 

For the integral over L, we note that the observed emission from the. 
whole solar disk mimics Bp(Te ~ 5800^) over the interval 3700 < X < 
16000. Thus, we use Ip ~ 0.55^(5800°) to evaluate the integral 
over ly in regions of very small rs, where there is the greatest likeli¬ 
hood of a difference between Sc and Bp{Te)- At greater tb, we use 
ly ^ 0.5 (1 + 1.5 t5 ) 5,(5800^). For Dh.h- Pagel quotes an esti¬ 
mate of Dalgarno that the value lies within a factor 4 of 10~® *^ cm^ 
sec““^ over the range of Te of interest. To evaluate biio, we should 
have to investigate the problem of the statistically steady state 
for H 2 . To our knowledge, no investigations of the possible non- 
LTE configurations of molecules in the solar atmosphere have been 
attempted, or even considered; the problems of lack of cross sec¬ 
tions discussed in Chapter 4 apply with equal force to these molecular 
reactions. If the contribution of Dh,h- is small, the problem is not 
critical; if the contribution from Z)h.h- predominates overwhelmingly, 
the value of bn- is extremely sensitive to the net rate 

(1 — 6h2/6h~)Oh,h~* 

Here, we simply proceed under the pious hope that the 
principal rates characterizing the H 2 equilibrium are sufficient to 
maintain an LTE concentration. 

With these values, we use our results from Sections 6-IIA and 
B, together with the estimates of uk and rie taken from the Pierce- 
Waddell model, to obtain the values in Table 6-4 for the quantities 
in Eq. (6-11). We have computed two sets of values for 6 h~; those 
following directly from the above value of Dh.h-, and a set corre¬ 
sponding to a decrease in Dn .h~ by a factor 4. From the values in 
Table 6-4, we draw several conclusions: 

First, if the value of Hh.h- hes close to Dalgarno’s numerical 
estimate, then the bn- in the next-to-last line of Table 6-4 shows. 
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when applied to Eq. (6-8b), that Sc differs from Bv(Te) by a maxi¬ 
mum of 1 to 2 percent in the range covered by disk observations. 
This amounts to 10 to 20"^ in Te, so is negligible in comparison with 
the accuracy of determination discussed in Section 6-IIA. 

Second, if Dh .h- has been overestimated by no more than the 
factor four used in the last line of Table 6-4, the difference between 
Sc and By{T^ still does not exceed about 5 percent, which is about 

Because the difference is systematic for r > 0.05, the effect 
is an overestimate of Te of this amount from the observations, in 
the region 0.05 < r < 0.4. Again, since this uncertainty is the same 
size as that coming from the one percent observational accuracy 
discussed in Section 6-IIA, its neglect is not serious. 

Table 6 - 4 . Estimate of bn.- from Eq. (6-11) 


n 

0.01 

0.05 

0.1 0.2 

0.375 

1.0 

Te 

4400° 

4900° 

5200° 5450° 

5800° 

6470° 

log He 

12.32 

12.57 

12.84 12.99 

13.28 

13.87 

log riH 

16.24 

16.61 

16.75 16.89 

17.01 

17.11 


3.2X103 

6.8X103 

1.4X10“ 2.1X10“ 

4.5X10“ 

2.0X108 

tiuDb. ,h-" 

0.6X10^ 

1.3X107 

1.8X107 2.5X107 

3.3X107 

4.1X107 

47r f 

0.9X103 

1.2X108 

1.5X108 1.7X108 

1.9X108 

2.5X108 

lL{Te)dv/hv 

hB- 

0.99 

1.02 

1.02 1.02 

1.01 

1.00 

6H~(with 

Dll ,H""/4) 

0.98 

1.04 

1.07 1.06 

1.04 

1.01 


Third, our approximations in evaluating the rates other than 
Dh,h"“ are clearly quite adequate, so long as jDh,h~ does not drop 
much below the limit set on its uncertainty. 

Fourth, if departs Ixom unity by as much as 10 percent, its 
effect predominates on 6 h™; and the resulting uncertainty exceeds 
that due to observational inaccuracy. It is, therefore, clear that 
the uncertainty on bn.j. is the major one in accepting the conclusion 
reached here, that devialion of Sc from Bp{Te) may be neglected in 
the interpretation of disk observations carried out at the one percent 
level of accuracy. 

2. Spherical Symmetry of the Solar Photosphere, a. 
Considerations Based on White-Light Granulation. On the disk, the 
white-light granulation provides the direct evidence of a general de- 
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parture from a strict condition of spherical symmetry. In passing 
from the qualitative observation that brightness fluctuations called 
granules exist, to a quantitative interpretation of the fluctuation as 
ATe(r), there are two problems: what is the actual quantitative value 
of the brightness fluctuation; how does one translate this value into 
Ar.(r). 

Published values of the observed brightness fluctuation range 
from about 5 to about 35 percent; the size of the structure associated 
with these fluctuations ranges from about 0'L4 to 15" or about 300 
to 11,000 km. There is general agreement that the largest sizes 
represent unresolved groups of individual granules. There is general 
disagreement on the size to be attached to an individual granule—or, 
better, the frequency distribution of granule sizes. The point is 
critical in attaching physical meaning to the observed brightness 
fluctuation; for it is frequently argued that the smaller brightness 
fluctuation actually represents a greater fluctuation from an indi¬ 
vidual granule smeared out over several granules and their surround¬ 
ings. 

The best of Janssen’s original observations (1896) showed a 
size range for individual features of about 350 to 2000 km with the 
average ^ 1000 km. By arguments based on a comparison of 
“turbulent” velocities in the solar atmosphere as inferred from line 
profiles on the one hand and from total line absorption on the other, 
Richardson and Schwarzschild (1950) suggested that even lhatures 
of a 1600-km dimension represented statistical blends of smaller, 
unresolved, elements. They concluded that the diameter of the 
“turbulent” elements of maximum average velocity was 100 to 200 
km; in a later paper, Frenkiel and Schwarzschild (1952) revised the 
size to 300 km. In accordance with these sizes, they suggested that 
random fluctuations in Te should exist which would correspond to 
30 to 35 percent in brightness. On the other hand, Thiessen (1955) 
contends that visual observations show the characteristic sizes of 
individual granules to be 750 to 1500 km, with associated brightness 
fluctuations 30 to 35 percent. 

In the last few years, observers have essentially reconfirmed 
Janssen’s original observations as the true features of solar granula¬ 
tion. Rosch’s work at the Pic du Midi (1955, et seq.) shows the 
same features near the center of the disk, and demonstrates that in¬ 
dividual granules are still visible up to ^ 5" from the limb, with 
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the geometrical contour of the 1 to 2 " feature changing from center 
to limb as one would expect if it were a single entity, not a statistical 
ensemble of much smaller entities. Balloon observations have es¬ 
sentially reproduced Janssen’s best observations (Blackwell and 
Dolfus, 1957; Schwarzschild, 1958) Schwarzschild’s results have at 
this time not been completely analyzed, but he and Mrs. Schwarzschild 
find (1959) that the size range appears to be 300 to 3000 km. Even 
these balloon observations give no evidence of the very small granules 
with the very high brightness contrast suggested in the preceding 
paragraph. 

With these results on the size distribution, and the results of 
three detailed photographic investigations of brightness fluctuations 
showing excellent agreement—ten Bruggencate, Grotrian, von der 
Pahlen (1938) at X 3900, 4.3 per cent; ten Bruggencate and Muller 
(1942) at X 4350, 8 percent; Richardson and Schwarzschild (1950) 
at X5800, 5.0 percent—we believe that granulation may be best 
characterized as a brigh tness fluctuation of about 5 percent across an 
individual element whose average diameter is about 1000 km. There 
is a measurable contrast up to at least 5'' from the solar limb, or to 
ju ^ 0.1; but there is as yet no published material available on the 
quantitative change in contrast to the limb. (It is to be hoped that 
Rosch’s and Schwarzschild’s investigations will provide this important 
information in the near future.) 

We turn now to the second question, how to translate this 
brightness fluctuation into ATe(r). Too often, one finds in discus¬ 
sions of granulation simply the statement that a certain contrast cor¬ 
responds to a certain ATe value, with no comment on where in the 
atmosphere this ATe occurs. Recalling our computation of the 
ATe associated with a given error in observed intensity, and looking 
at Table 6-2, it is clear that the value of ATe associated with a given 
contras t is a strong function of where ATe occurs. The point has been 
stressed by de Jager and Pecker (1955). Historically, the granula¬ 
tion has been associated with the solar convection zone, and the 
granules interpreted as the actual convective elements. On this 
basis, the elements should not exist at heights much above the top 
of the convective zone, which occurs near rg ^ 1 according to cur¬ 
rent thinking (Minnaert, 1953). Bohm-Vitense (1953) computes, 
Irom a model based on such a picture of granulation, that the granules 
should extend up to r ~ 0.3. Making reference to Table 6-2, we 



190 


PHYSICS OF THE SOLAR CHROMOSPHERE 


note that ATe ^ 50"^ at depths everywhere below r 0.3 suffices to 
produce this 5 percent contrast at the center of the disk. The same 
is essentially true at ju = 0.6. At /x ^ 0.2, the contrast would drop 
to ^1.5 percent for the same ATe, or require ATe to extend upward 
to p ^ 0.1 to give the same contrast; at /x 0.1, the contrast would 
be undetectable. If we wish to confine ATe to regions below the 
T = 0.3 level, and to detect a granule at /x = 0.1 (assuming a con¬ 
trast of 1 to 2 percent is necessary for detection), then we require 
ATe ^ 100 to 200° at T ~ 0.3. To hold the contrast to 5 percent at 
the center of the disk, we require, however, ATe to decrease rapidly 
downward. For example, if we set ATe = 200° over the interval 
0.33 in log r centered at r = 0.46, ATe = 50° over the same interval 
centered at r = 1.00, and ATe = 0 elsewhere, we find contrasts: 
5 percent at ju = 1, 8 percent at /x = 0.6 and 0.2, and 2 percent at 
IX == 0.1. Changing ATe to 150° in the interval centered at r = 0.46, 
keeping it at 50° around r = 1 and zero elsewhere, we find contrasts: 
4 percent at /x = 1, 6 percent at /x = 0.6 and 0.2, and 1.5 percent at 

M = 0.1. 

Clearly, neither the data presently available on granule-contrast 
as a function of position on the disk, nor the theory of granulation 
interpreted as actual convection elements, are adequate to distinguish 
between these last two alternatives, nor between these and other 
alternatives based on a finer mesh in A log r and more continuity in 
the variation of AT^. (Indeed, Bohm-Vitense’s actual theory pre¬ 
dicts extreme ATe values <3500° at given geometric position, ex¬ 
treme ATe < 1000° at given r, and a mean ATe ^ 300 to 400° at 
given r. Here, however, we are interested in the theory only as 
giving a rough value for the smallest r which the elements might 
reach.) We wish only to emphasize that if we interpret the indi¬ 
vidual granules as convective elements not extending above some 
r ^ 0.3, and if we can detect individual granules out to /x ~ 0.1 
with a contrast 1 to 2 percent, then we require ATe ^ 100 to 200° 
near r ^ 0.3 and ATe dropping off sharply on either side of r ~ 0.3. 
This requirement on AT^ predicts a center-limb variation in granule 
contrast which may show a maximum between p = 0.6 and 0.2. 
Any modification in the picture which acts to extend upward the 
region of emission from the granules acts to make more uniform in 
depth, and smaller, the ATe\ and, conversely. 

A means to extend upward the influence on AT'e(r) of the con- 
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vective elements lies in the suggestion (Biermann, 1946; Schwarzs- 
child, 1948) that the convection may become unstable and produce 
turbulence, with the corresponding pressure fluctuations producing 
acoustic waves, which propagate upward. However, to accomplish 
the purpose for which they were suggested, viz., to provide the energy 
supply to maintain the corona and chromosphere, the amplitude of 
these progressive waves must be so small in the photospheric regions 
as to cause negligible AT el otherwise, the waves must dissipate in 
the upper photosphere or lowest chromosphere, (cf. van de Hulst, 
1953). 

Alternatively, there is the suggestion (Schatzman, 1953, 1954; 
Thomas, 1954) that the observed features of granulation are not the 
convective elements but are the progressive waves generated by the 
convection. The wave amplitude is then by definition much greater; 
no attempt is made to require the waves to penetrate above the lowest 
chromosphere, so the ATe associated with the wave in the photospheric 
regions must be significant. Radiative cooling will, however, hold 
ATe in such a wave below 150 to 200° in those regions where the local 
continuous opacity is not too high. For reference, we note that a 
‘‘granule” of dimension U' will have the following (horizontal) optical 
thickness: 


jr _ O.OI _ 0.Q5 0.1 _ 0.2 0.375 0.1 

_ _ ^ 6 10 21 73 

Thus, for T < 0.05 the granules are effectively completely transparent 
to radiation from surrounding regions, and radiative cooling is highly 
effective; at r ^ 0.1, the center of the granule begins to be seen by its 
neighborhood (cf. Table 6-2). If we can produce a combination of 
convective element and progressive wave which maintains a A7"e ^ 50° 
over the whole region 0.1 < r < 2, we can match the observations 
without producing a granule contrast which first rises, then falls 
toward the limb. 

Summarizing, the evidence is strong that we must admit 
fluctuations ATe ^ 50° near r ^ 1, 50° < ATe < 150° near r 0.3, 
and ATe < 150° for 0.1 > r > 0.01. Any more precise narrowing 
of these limits, or a more detailed specification of the variation of 
ATe must await more detailed studies of the center-limb variation 
of granule contrast. 
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b. Considerations Based on the Fraunhofer Lines. Although we 
restrict ourselves to the continuum in this chapter, models of an 
inhomogeneous lower solar atmosphere have been based so heavily 
upon discussions of absorption lines (Bohm, 1954; de Jager, 1954a, 
1954b, 1957a; Voigt, 1956) that a comment on this approach is in order 
here. In brief, we give small weight to the conclusions based on these 
analyses, for two reasons: (1) From a consistency standpoint, the 
models are incompatible with each other and with the results just 
discussed on whitedight granulation; (2) from a theoretical standpoint, 
the analyses have to all practical purposes ignored non-LTE effects. 

Consider first the consistency argument. Bohm attempts to 
tie his model to Bdhm-Vitense’s treatment of the convection-zone 
mentioned above. In consequence, his ATe increase monontonically 
with decreasing r, with values ~ dz500° at r = 1 and ±700"^ at 
r = 0.1. He concludes that such a model is necessary to provide an 
adequate representation of the center-limb variation of the NaD 
and Fel lines. On the other hand, Voigt adopts a model 

with LTe decreasing monotonically with decreasing r, with values 
±500^ at T = 1, ±100^ at r = 0.1, and AF, = 0 for r < 0.03. Voigt 
concludes that such a model is necessary to represent the profiles 
and center-limb variations of 01 X7772/74/75. Thus, there are two 
alternatives: either the behavior of the two sets of lines studied by 
Bohm and Voigt are determined wholly by conditions at r {continuum) 
> 1, or it is impossible to satisfy the behavior of both sets in the same 
kind of atmosphere. The first alternative would vitiate any con¬ 
clusions on a model above r ^ 1, and is, moreover, not realistic 
physically. Thus, there remains only the second alternative, which 
simply states that one must look elsewhere than to temperature in¬ 
homogeneities to explain the material considered by these authors. 
We note further that fluctuations AFg ^ 500"^ near r = 1 will stand 
in strong disagreement with the picture based on white-light granu¬ 
lation. 

Our objections from a theoretical standpoint come under this 
category of looking elsewhere for a key to the interpretation of the 
behavior of the Fraunhofer lines. In each of these discussions— 
by Bohm, de Jager, and Voigt—it is taken as self-evident that 
Sl = Sc = By{Te). Yet, in Chapter 4 we have shown that the 
resonance lines of the neutral metals—and the early Balmer lines 
of hydrogen—^have a photoelectric type Sl, which at least to a first 
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approximation has no term directly dependent upon Bp(Te). Thus, 
for the NaD lines we certainly cannot accept an analysis based upon 
Sl = Sc> The Fel a^F~yW^ lines should be analysed individually 
before a reliable general conclusion can be reached; but because the 
lines as so deep-lying relative to the ground state, one would be 
tempted to consider the photoelectric— Sl as a better first approxi¬ 
mation than Indeed, Bohm finds it necessary to introduce 

departures from the LTE occupation numbers in the ground state, 
by assuming an increased “ionization temperature” over the local 
value of Te in the upper photosphere (r < 0.1). Particularly for 
such low-lying Fel levels, however, it is obvious that any significant 
departure from LTE in the ionization will reflect to similar degree in 
the occupation number of these levels and thus in Si; so we consider 
Bohm’s approach to be internally inconsistent. Finally, we note 
that Voigt follows essentially the same procedure in the 01 lines— 
Sl == Sc = Bp{Tc) and a correction in the higher photospheric layers 
for a non-LTE occupation number in the ground state. Because the 
energy-level configuration from which these lines arise resembles so 
closely that of the Balmer lines, we again would consider a photo¬ 
electric type Sl as a far more reliable approximation than Sl = Bv{T^. 

We should emphasize that we hardly wish to be understood as 
arguing against the existence of inhomogeneities in Te, or their possi¬ 
ble utility in interpreting the behavior of the Fraunhofer lines on the 
disk. We urge only that investigations into the possible occurrence 
of such inhomogeneities be conducted wi th a proper skepticism for 
the applicability of LTE concepts, and with a critical attempt to 
evaluate non-LTE effects. 


III. Interpretation of Eclipse Observations in the Optical 
Continuum 

In the introduction to this chapter, we stressed the importance 
of determining where in the upper photosphere or lowest chromosphere 
Te reaches its minimum value, and the rate of its rise thereafter. 
In summarizing the results of analysis of the continuum observed on 
the disk, we concluded in the preceding section that Te is still de¬ 
creasing monotonically outward at ^ 0.02, where it has a value 
about 4700"^. Analysis of granulation observations suggests fluctua¬ 
tions in Te of size about 50^ near rs == 1, and > 50®—possibly reaching 
about 150®—near rs = 0.1. No empirical conclusion can be drawn 
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on the presence, or size, of such fluctuations in the region rs < 0.1, 
where they become of most interest in this question of behavior of 
Te near minimum. 

In the first part of the present section, we attempt to set an 
unambiguous upper limit to the height of occurrence of Te(min) by 
passing over the region of the sharp solar limb, where the height 
variation of the emission is a strong function of the total optical 
thickness of the atmospheric region observed, and investigating those 
regions where the emission is simply the integral of the emissivity 
along the line of sight. There, properly taking account of non- 
LTE effects, we can relate emissivity directly to Te, and obtain 
Te(h) . In the second part, we return to the intermediate boundary 
regions, to attempt to narrow the limits on the position and magni¬ 
tude of TeCmin). 

A- Regions Where the Emission Is Simply the Integral of the Emissivity 

As summarized in Chapter 2, we consider emission from the 
continuum at the 1952 eclipse in two spectral regions: X4700, where 
we have data covering the height range —120 < h < 48, 500 km; 
and at the head of the Balmer series, where we have data covering 
the height range 0 < h < 2400 km. In our preliminary discussion 
of these data (Athay, Menzel, Pecker, Thomas, 1955), we considered 
the effective source of the emission at X4700 to lie in free-bound and 
free-free emission from H“, and scattering of photospheric radiation 
by free electrons, with negligible contribution from free-bound and 
free-free transitions of neutral hydrogen. The neglect of the Paschen 
free-bound emission is not warranted, and we include it here, de 
Jager (1957b) and Thompson (1958) argue that Thompson scattering 
from neutral hydrogen is important; de Jager asserts that it dom¬ 
inates the emission at X4700 for 500 < h < 1000 km. We have dis¬ 
puted this conclusion (Athay, 1959), but it is as easy to carry the 
Rayleigh term along in the analysis as it is to enter an a priori justi¬ 
fication of its neglect. Because we have extrapolated the emission 
in the continuum above the Balmer series head to X3640 and sub¬ 
tracted it from the observed emission there, the residual intensity at 
X3640 should result from Balmer free-bound transitions only. 

Following the procedure of Section 6-IICl, using a\ as the ab¬ 
sorption coefficient ap modified to include induced emissions and a 
superscript* to denote the LTE configuration, we obtain the contribu- 
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tion to the emissivity from each of these sources (ergs cm“^ in all 
directions per unit frequency): 

Scattering of photospheric radiation, l^pi 

Electrons: jp — 27r IppUear (6-14a) 

Neutral hydrogen: j\ — 27rlppnii(1026 A/\yerr (Unsold, 1955) (6-14b) 

0-,, = 87r6V3mV = 6.65 X Up(X4700) = 2.28 X 10-" 

(Minnaert, 1953, Table 1) 

H" emission: 

fb: jp = 

= 4.14 X (6-14c) 

cKH-fb = 3.14 X 10~'^ at X4700 (Chandrasekhar 1958) 

ff: Jv = ^vneniia'*ii-uB,{T^ 

= 4.14 X 10-i«(8T/irV3c2)n«r.e-^-nHaH-ff (6-14d) 

where an-ff is the absorption coefficient per neutral hydrogen atom 
and per unit electron pressure tabulated by Chandrasekhar and Breen 


(1946). 

Tp _ 3600 4200 .5040 5600 6300 7200 

4782 ” 3.86 2.97 2.55 2.15 1.79 

H emission: 

Ih: jp = 2.15 X 10“®“gfbU~®npn,<,7’e“®^^e^"e~^‘' (6-14e) 

where j/fb is the Gaunt factor tabulated by Menzel and Pekeris (1935) 
and n is the quantum number of the level. Thus, 

Balmerfb al X3646: 

jp = 2.35 X (6-14f) 

Paschen fb at X4700; 

jp = 7.75 X 10-»Vn„r.-*/2e^'»e-^- (6-14g) 


where we have used 0.876 and 0.975 for the g factors for the Balmer 
emission at X3646 and Paschen at X4700, respectively. A g factor 
of 0.986 at X4700 for the free-free transitions gives 
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S: = 6,72 X (6-14h) 

The sum of the j, at the particular wavelength equals S (in 
the notation of Chapter 2 ). From Chapter 2 , we have S 4700 given 
by Eq. (2-10). To obtain 83646 , we invert Eq. ( 2 - 1 ) with t\ = 0, 
using Eq. ( 2 -lla) for Eme- Thus, 

S3646 = 0.49 X 10-i 7£;3646 = 3.8 X 10-15 exp (-2.21) (6-15) 

where I is h measured in units of 10 ® cm. This relation (6-15) is 
valid only in the height range 500 < h < 2400 km. For heights above 
2400 km, we have no data; for heights below 500 km, we must pro¬ 
ceed numerically because of the maximum in near 500 km, 
which was discussed in Chapter 2 . 

From the preceding theoretical expressions for y,, and the ob¬ 
servational results leading to 8 ^, we see that we have two relations 
between the four quantities rie, Up, Te, nn- (Under the assumption of 
a spherically symmetric atmosphere, which we have already im¬ 
plicitly used in the manner of our converting Ey to 8 ,.) As Zirker 
has emphasized (1956), these three observational relations serve to 
fix nii with very little uncertainty in the region in which emission from 
H“ dominates, because of the sensitivity of the 11"“ emission to Te 
through the value of riu. In our preliminary discussion of these data, 
we assumed that in these atmospheric regions the departure of nn 
from ionization equilibrium would be small enough that this sensi¬ 
tivity of riH to Te would serve to fix Te reasonably closely . Zirker’s 
calculations showed that with these data, an uncertainty of a factor 
2 in nil corresponded to an uncertainty of ±1500° in 7\. and an un¬ 
certainty of a factor 10 ^ to 10 ® in 6 i, at 500 km. (That is, a total 
range of a factor 4 in nn at 500 km is accompanied by a range of about 
3000° in Te and about 10 ® in bi.) In consequence, we have developed 
(Pottasch and Thomas, 1959) the simplified approach to hi outlined 
in Section 4-IIA2, and we use this method for obtaining hi(Te, tie) as 
a third relation to adjoin to the two observational relations in analys¬ 
ing the data. An assumed hydrogen: metal ratio would complete the 
set of relations required for determinacy of solution ; however, above 
the 500 km level a preliminary computation shows hydrogen, rather 
than the metals, to supply the electrons, so Ue = Up and no assump¬ 
tion on hydrogen :metal abundance is required. We proceed under 
the assumption Ue = justifying it by self-consistency from the 
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results; below 500 km we introduce a hydrogenrmetal abundance 
where necessary. 

1 . The Region 500 < h < 2400 km. Wholly empirical model. 
From Eqs. (6-14f) and (6-15) we obtain 

neU^Te-^^^ = 1.62 X 1018g-2.2Z (6^16) 

From Eqs. (6-14) through (6-14d), (6-14g), and ( 2 - 10 ) we have, re¬ 
placing the number of neutral hydrogen atoms tib. by the number Ui 
in the ground state, expressing rii by Eq. (4-3), and substituting/(/i) 
for 

He + 6.78 X 1.39 X + i') } 

(6-17) 

-h 8.13 X 10-«/e-^'«(l + 0) = gih) 

where 


= X - = 2.18/10-47;; Xs = Z. - Z 3 = l.U/lQ-^Te 

xP = 1.28 X 10-4«7V/“e-^^i^-(aH-ff/3.10"27) (6-18) 

e = 0.87 X 10-47>-^3 


g(h) = 1.14 X 10i%~7f q_ 3 , 5 x ^ lO'^e-^-sz + 7.38 X 104'>e“-«-«^ 
-t- 4.87 X 10^«e-«-4i + 2.5 X 10‘’e-«*«7^ + 1.0 X 


(6-19) 


In section 4-11A 2 we found three regions of behavior of bu 
and Fig. 4-1, computed for an atmosphere having constant and 
Te, provides a rough guide to these regions in terms of TLyc, the optical 
depth at the head of the Lyman continuum. Region 1 , tlyc > lO; 
has high-enough opacity for detailed balancing in the Lyman con¬ 
tinuum, but transparency in the Balmer continuum, and here bi = 
61 ( 7 ;). In region 2 , 0.1 < rLyc < 10^, 61 depends upon 7;, He, and 
the radiation field in the Lyman continuum. Region 3 has negligible 
opacity in the Lyman continuum, and bi = F{7\)/ne> We can make 
a tentative estimate of rLyc from our preliminary analysis, where we 
found Tin ~ lO^^ 500 km. The scale height oig(h), Eq. (6-19), pro¬ 
vides a rough estimate of that of jib, in the region where II” emission 
predominates, and varies Irom ^-^250 km at 500 km height to -^1000 
km. at 2400-km height. With ofLyc ~ 6 X 10-4«^ we estimate 
TLyc 104 at 500 km. and ^ 10 ^ at 2400 km. Thus, we estimate that 
the height range 500 km < h < 2400 km falls mainly in region 1 of 
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the bi v^ariation; but because we are likely to be seriously in error 
with the assumptions underlying these estimates at the upper end 
of the interval, the solution may enter region 2 there. Therefore, 
we approach, by approximation, the solution for Te{h) and ne{h) 
from Eqs. (6-16), (6-17), and that giving bi(Te, rie). In the first 
approximation, we use Eq. (4-45), which characterizes bi(Te, rie) 
in region 1 , to compute Ue, Te, for 500 km < h < 2400 km. With 
these values, we obtain better values for rLyc and ask whether we need 
modify these first-approximation results by solving a transfer equa¬ 
tion in the Lyman continuum, thus entering region 2 . 

Equation (4-45) gives bi(Te,AlY 2 ). y 2 isdefinedby /'x(r = 0 ) = 
Bx{Tr), where J'x is I\ computed over one hemisphere, thus giving 
W^K = J^in Eq. (4-45). From Minnaert’s values (1953) for /x(r == 0 , 
/X = 1 ) and = 1 ), we find — 6.62 (corresponding to Tr = 

5940°). Substituting numerical values for the various quantities, 
we obtain from Eq. (4-45) 

6 1 = 0.994 X 10^(e-^V^2)[l + 0.mhX^e^B.a}]/(l + M) (6-20) 

62 = 6 i(l + M) ( 6 - 21 ) 

M = 0.26[{Xi -h 1)/(;^12 + 1)][1 + (6-22) 

It remains to compute the factor involving 63 and { Ha: } in Eq. ( 6 - 20 ). 

In Section 4-IIIC3, we formulated an approach to the solution 
of the transfer problem for resonance and strong subordinate lines; 
and in Section IIIC4, we discussed the associated value of the NRB, 
which we have here denoted by {Ha} for Ha. The solution is 
characterized by values of the parameters rj and B*, given, respec¬ 
tively, by Eqs. (4-90) and (4-91); by the value of ro; and by the par¬ 
ticular chromospheric model chosen, although the latter enters as a 
second-order effect for strong lines of the photoionization dominated 
type, such as Ha. We write 

523 = i2hvyc^){(b2/h)e^^^ - l}-i = a{ - iH (6-23) 

and use Eqs. (4-105), (6-20), and ( 6 - 21 ) to obtain for this photo- 
ionization dominated case (e and are neglected) 

Ah„ = 0 . 904636^^^31 Ha} 

0.399 X 10^ 7?(1 -f a/S23)-HB*/523 - 1) 

1 - 0.399 X 10‘,(1 -t- C,/S2,)-\B*/S2, - 1) (6-24) 
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A word is in order on our use of Eq. (6-23) to determine 63 
rather than Eq. (4-4dc). In essence, we recognize what we have 
already emphasized in Chapter 4; that in any A-level approxima¬ 
tion to the actual atom, the most serious error occurs in the value 
of bk. Thus, in determining the value of 61 under conditions of de¬ 
tailed balance in the Lyman continuum so that bi ^ 62 , we have 
carried the third level as a perturbation, obtaining from it the cor¬ 
rection term, Ah^, to the value of 62 and thus of 61 . (Note that in 
regions 2 and especially 3, where 61 and 62 diverge, A becomes trivial 
for 61 , but remains in the same force as a correction for 62 .) Thus, 
were we to compute 63 from Eq. (4-41c), we should recognize the 
possibility of an error introduced by the neglect of the NRB for 
Paschen-a, i.e., of {Pa}. (The radiative term between two adjacent 
levels predominates over the collisional up to ^ 10 , based on our 

quite bad knowledge of the collisional cross section between ad¬ 
jacent levels for large k.) For example, carrying through a sample 
calculation of 63 from Eq. (4-41c) with a term in Paschen-a added, 
we find that the two leading terms in the numerator of an expres¬ 
sion for 63 are 7.8 X ATs”' + 3.8 X W^b,e^il?a}; the {Pa} 
term is not involved in the denominator. The uncertainty is, in 
consequence, not trivial. 

On the other hand, the determination of the source function is 
not as sensitive to these difficulties. In essence, we have deter¬ 
mined 523 from Eqs. (4-4lb) and (4-41c), neglecting the Cij terms. 
If, now, one includes a Paschen-a term and computes 523 , he shows 
readily that he obtains just the expression used in Chapter 4 with 
the exception that v becomes 


2^ W W.2 ^ 

37r\/3 o)2fn^2z^ 2^ Y 2 


X + Ap)"i 1] 


1 + 


3/2 
1 + ApJ 


(6-25) 


rather than the expression (4-90). The correction term 
Ap = 0.35 bAX4.e^*{l?oi} 

amounts to something less than ^0.2 in the range 6000® < To < 
8000®, with 7} ^ 0.005; so 7723 does not differ appreciably from the 
value predicted by Eq. (4-90). Thus, 523 computed as in Chapter 
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4 is very good; the value of 62 determined from Eq. ( 6 - 21 ) already 
includes the second approximation to 62 ; so a value of 63 computed 
from these two results gives a consistency with these two good re¬ 
sults which would not result from the use of Eq. (4-4 Ic) and an at¬ 
tempt to correct for the effect of Paschen-o:. 

Return now to the value of Ah^ given by Eq. (6-24). Because 
Cv/S 2 d ^ 1 , while B*/*S 23-~>1 at great depths and at small Ta and 
varies monotonically between these limits (cf. Section 4-IIIC4), 
we have the limits on Ah« 


- - 1 0.399 X 10' 


(6-26) 


Again, from Minnaert’s data we obtain = 3.00; then Eqs. (4-90) 
and (4-91) give r) 2 z = 0.0036 and J5* = 0.0274C^. The corresponding 
upper limit on Ah^ from Eq. (6-26) is 0.65. Thus, if we use Eq. (6-20) 
with Atia = 0 or 0.65, we span the range in 61 and the two values 
differ by a maximum of a factor 1.65. The iteration procedure is in 
consequence rapidly convergent. We have from Eqs. (6-27) and 
(6-20) 


0.994 X W(e-^^/X2) < bi < 1.64 X (6-27) 

We use either of the limits in Eq. (6-27) with Eqs. (6-16) and (6-17) 
to compute Te, rie, 61 , n 2 , Ta at each height. Then, from the solution 
S 23 (Ta) we compute (1 — S 23 /B*) which, multiplied into the right 
side of Eq. (6-26), gives the correct value of bi. In general, one or 
two iterations suffice to obtain a self-consistent solution. 

We should comment on the particular solution used for S 22 (ra)- 
Table 6-5 exhibits (1 — S 23 /B*) for various values of the parameters 
V, ro, rcm, A. We have 


To = [(uii-an—h /n2aj:ia] 

= 3.68 X 10-22^^7-i( 5 i/ 62 ) (exp + * 1 -]) 

X[1 + 2.66 X W^ne-^Te^^Kbz/hi) exp (-[A^ + Xu-]) (6-28) 

Values of the H” contribution, which is the first term on the left in 
Eq. (6-28), and of the relative Paschen opacity, which is the second 
term in the bracket for the Te of interest at 500 < h < 2400 and for 
rie = 10^2 are: 
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i « 4000 4500 5000 5500 6000 7000 8000 

5.1 0.13 7X10-3 6.5X10-3 9X10-3 2X10-3 3X10-^ 

Pas(4H‘n 5X10-8 — — 0.002 0.022 0.96 17 

These values correspond to 61/62 and 63/61 equal unity, so overestimate 
the Paschen contribution. We shall also see that rie < 10^^ for 
li > 500 krn, so ro is less than the values tabulated. Preliminary 
coinputalion with the limits set by Eq. (6-27) gives Te > 6000° for 
h > 500 km, so we are interested only in ro < 10~L Table 6-5 
shows, then, that the difference in solution between those for ro = 0 
and tliose for ro = 10“'^ is essentially trivial for our present applica¬ 
tion; so the question of the decrease with increasing height of ro is 
not important and we simply use the solution for ro = 0. 

The foregoing provides a straightforward procedure for corn- 
puling rie, 7\,, m, etc., at each height from the empirical functions 
/(6) and g(h) provided that these functions represent the data suffi- 
(viently well and that the data are sufficiently accurate. Within the 
region where the Ifo emission dominates, we have an accurate de- 
tmaninalion of both Te and The accuracy of determination of 
riu is essentially the accuracy to which/(6) and g{h) are specified; 
Ixavause of the exponential dependence of hh on 7\., the relative ac¬ 
curacy of Te is consequently high. The accuracy of determination 
of rie is essentially twice that of/(/i). Outside the region where the 
11 ’ (^mission dominates, we have a reasonably accurate determina- 

I'able 6‘-.0. Values of jl — for Various Values of the Parameters rj, ro, 
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tion of He but a poor determination—by comparison with the situa¬ 
tion at lower heights—of Te. In essence, the accuracy of each of 
Te and Ue is that of f(h) and g(h). We turn to the results of the 
solution for quantitative detail. 

Table 6-6 presents the solution. The numerical values given 
by the functions/(h) and g(h) do not permit a solution for h > 1000 
km with Te increasing monotonically with height. The numerical 
reason is a too-rapid decrease of g(h) with increasing height relative 
to that otf(h); the physical reason is the passage from a region where 
H” dominates to one where it is negligible, so that small errors in / 
and g strongly influence the derived values of Te. Table 6-7 il¬ 
lustrates the situation by giving the relative contribution of the 
various terms entering g{h), together with the minimum amounts by 
which / and g must be changed to permit a solution with dTe/dh > 0. 
Because n 2 is very insensitive to the derived value of Te (varying as 
y-i /2 QY as/(/i)Te), we give in Table 6-6, in brackets at each height, 
the computed value of for Te = 7500®, and the corresponding 
value of Ta. We also give a value of 7500® for Te at each h > 1000 
km, together with an estimate of AT« from the following paragraph. 

Consider the reliability of the quantities in Table 6-6: 

(1) For h ^ 500 to 750 km where H“ emission dominates: 
Trying various representations for the integrated emission E(h), 
which are compatible with the scatter in the observed data at X4700, 
we find a resulting scatter of about 50 percent in g{h). Such a varia¬ 
tion in g{h), or one of the same size in {f(h) leads to about 50 per¬ 
cent variation in Uh, thus about 250® in Te. The corresponding 
variation in Ue is about 10 percent. 

(2) For h > 1000 km where H“ emission is negligible: The 
scatter in the observed log E{h) at X4700 is about =t0.1, or about 
25 percent in E(h), for these heights. Because g{h) is the second 
derivative of E(h), the uncertainty will be magnified. Again, an 
uncertainty of about 50 percent would not seem unduly pessimistic. 
Thus, a 25 percent uncertainty in Ue would seem a reasonable esti¬ 
mate. We note that at these heights the maximum contribution 
from the Paschen continuum, estimated for large Te, thus Xs ^ 0, 
definitely lies under the electron-scattering contribution. Thus, a 
limit of 50 percent to a factor 2 on the uncertainty in Ue from all these 
sources would seem a fair estimate. Even if we set a very small 
uncertainty on/(/i), the uncertainty in Te associated with that in 
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Table 6-7. Relative Importance of Various Terms Entering and Change 
in/(/z) and g{h) Required to Give Solution with dTe/dh > 0 


h 

rie 

riH 

(Rayleigh) 

H-fb 

H-lf 

Paschen 

f~f 

500 

10 

3 

72 

5 

10 

0.3 

750 

30 

2 

37 

3 

27 

1 

1000 

50 

0.5 

8 

1 

38 

2 

Require 20 percent rise 

in g (h) or 30 percent drop in f{h) 


1500 

65 

0.5 

4 

0.5 

28 

2 

Require 50 percent rise 

in g(h) or factor 2 drop in f(h) 


2000 

85 

— 

— 

__ 

15 

— 

Require 50 percent rise 

1 in g(h) or factor 2 drop in/(/z) 


2400 

85 

— 

— 

— 

15 

— 

Require 50 percent rise in g (h) or factor 2 drop in / (h) 



Tie leaves the value of Te in the range h > 1000 km essentially un¬ 
specified within a factor 2 or so, except that it must exceed about 
7500° if we require the gradient of Tc to be monotonic. 

(3) One of us has suggested (Athay, Menzel, Orrall, 1957) that 
all intensities derived from the High Altitude Observatory 1952 
eclipse observations (Athay, Billings, Evans, and Roberts, 1954) 
should be reduced by about a factor 2, in order to bring the absolute 
intensities into accord with those observed at the 1932 and 1936 
eclipses, after all data from the three eclipses have been reduced on a 
common scheme having standards based on the coronal scattered- 
light continuum observed in the solar polar region. Such a change 
would enhance the difficulties encountered in our present analysis— 
these difficulties require an increase in the empirical intensities, not 
a decrease. We note that this suggested change in absolute intensi¬ 
ties does not arise in any way from a consideration of the absolute 
calibration standards for the original 1952 data by themselves: Thus, 
I prefer in the light of our present knowledge and internal con¬ 
sistency of the 1952 data, to consider the suggested correction by a 
factor of two to be unjustified, and to ascribe its origin to a difference 

H in physical state of the chromosphere-corona from one eclipse to 
another. This is hardly a satisfactory situation; only data from 
further eclipses can clarify the point. 

(4) We do not consider in this chapter the effect of departure 
from spherical symmetry on either the solution or the computation 
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of the representations f(h) and g(h). Here, we note only that the 
helium emission—upon whose occurrence the first-order discussion 
of the departure from spherical symmetry is based—appears to 
originate aX h > 1100 km. Consequently, the results in Table 6-6 
suggest that Te for the great mass of chromospheric material (along 
the line of sight at a given height) has increased beyond values where 
H” dominates the visual spectrum well before a significant fraction 
of the chromosphere has been heated sufficiently to produce helium 
emission. We return to this point in Section 6-IIIA3 below. 

(5) We have used Eq. ( 6 - 20 ) for bi; this procedure is strictly 
applicable only under conditions of detailed balance in the Lyman 
continuum. From Fig. 4-1, we estimate such a condition to hold 
for TLyc > 100 ; thus from Table 6 - 6 , we expect the results for h < 
1000 km to be satisfactory. But, above 1000 km, the contribution 
to the solution from terms involving rin is essentially negligible. 
Thus, the values of Te and in Table 6-6 will not be modified by 
any change required from the expression of Eq. ( 6 - 20 ) for bi. On 
the other hand, the ni and computed from values of Te and Ue at 
h > 1000 km may require modification. 

From Eq. (4-44), we see that if 1 , the value of 62 is still 
given by Eq. ( 6 - 20 ) for any behavior of the Lyman continuous radia¬ 
tion field—thus at all chromospheric heights, up to a correction 
(1 -f- 1/R). .At 1000 km, R == 25, and increases upward. Thus, 
the 62 values in Table 6-6 are reliable, up to the uncertainty in Te, 

From Eq. (4-43) et seq. we see that bi (hence Ui) increases 
over the values given in Table 6-7 for h > 1500 km. Ultimately, 
at small tlyc, we see from Eq. (4-47) that it approaches the value 
(region 3) 

bi = [1.40 X 0^34 X 10-^7;.)]/^2(A^2 + 1) 

(6-29) 

Above 1000 km, Table 6-6 suggests Te > 7500^; the value of bi 
from Eq. (6-29) for Te = 7500^ is 1.6 X lO^Vn.. Thus, the values 
of 61 and ni estimated from Eq. (6-29) would be about a factor 100 
higher than those estimated from Eq. ( 6 - 20 ), at these heights above 
1000 km. However, such values would increase rLyc by essentially 
the same factor, and throw the solution back into region 1 . Thus, 
to provide a proper set of values in the region h > 1000 km, once 
we have a reliable set of values Te{h), we must actually solve the trans- 
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fer problem in the Lyman continuum. We defer consideration of 
this solution of the transfer problem until Section 3 below, for in 
the present section we have concern only with the distribution of 
Te and Ue that we can infer from the values of f(h) and g(h) alone. 

We may then summarize the results on the region 500 km < 
h < 2400 km that can be derived from the values off{h) and g{h) as 
follows: 

(1) At 500 km, Te has risen 1300 to 2000° over the minimum 
value reached in the upper photosphere. Hydrogen has reached 
the 1 percent ionization level, and the degree of ionization is rapidly 
increasing further with height. Thus, we must categorically reject 
all chromospheric models of the Wolley-Allen (1950) prototype, which 
regard the temperature of the low chromosphere as constant at the 
minimum value reached in the upper photosphere, with no signifi¬ 
cant rise until the top of the low chromosphere, around 5000 km. 
The ionization of hydrogen is negligible in the low chromosphere in 
such models. The essential physical difference between such models 
and those—such as we have found here—showing a significant rise 
in Te below 1000 km lies in the requirement that there occurs a very 
significant non-radiative energy input in these lowest chromospheric 
regions, as we have emphasized in Chapter 1. Thus, the difference 
between these two classes of models is not simply 25 percent dif¬ 
ference in Te in the region 500 to 1000 km, it is a basic physical 
difference in the energetic balance; consequently in the kind of de¬ 
scription (LTE versus non-LTE) of the energetic distribution func¬ 
tions characterizing the atmosphere, thus ultimately in the whole 
way one analyzes and discusses the physical state of the atmosphere. 
We cannot overemphasize this point; it is often lost sight of in dis¬ 
cussions of the low chromosphere, the upper photosphere, and mechan¬ 
isms of spectral line formation. 

We also must reject an intermediate category of models which 
show at most a very slight increase in Te in the lowest chromosphere, 
Te < 5000° up to heights greater than 2500 km for most of the chromo¬ 
spheric material. Such a model for a spherically symmetric chromo¬ 
sphere is that by Bohm-Vitense (1954). The Woltjer model (1954) is 
essentially the Woolley-Allen model modified by introducing hot 
spicules, which occupy negligible volume, so that most of the chromo¬ 
spheric mass lies at the boundary value of de Jager’s most recent 
model (1957b) is similar to Woltjer’s, as regards Te for most of the 
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chromospheric material —Te < 5000° up to 2500 km for the inter- 
spicular material. 

Te in the low chromosphere in van de Hulst’s model (1953) lies 
just slightly above those in the last paragraph, reaching 5850° at 
2000 km and hydrogen being only 10 percent ionized there. Again, 
such a model as this is incompatible with the data. 

(2) Although the density of hydrogen is well determined in the 
range 500 to 1000 km, its gradient begins to become badly deter¬ 
mined at the upper end of the range because of the decrease in H~ 
emission. Thus, we cannot answer with complete certainty the 
question of the relative importance of energy and momentum input 
from the non-radiative energy source, throughout this range. If, 
however, we compute an effective gravity from the results given in 
Table 6-6, we find the following values for its ratio to the actual solar 
value: 


Height interval, km 

0.05 

He:H 

0.10 

0.20 (by number) 

500-750 

1.18 

1.06 

0.90 

750-1000 

1.40 

1.26 

1.06 


These values lie remarkably close to unity, relative to the uncertainty 
in the values of Te{h). For the most likely value of He:H, about 
0 .10, a decrease in Te of about 200° at 1000 km over the Table 6-6 
model, and a much smaller change at 500 km, suffice to give exactly 
the solar values for the effective gravity. These changes in Te lie 
well within the uncertainty limits given in Table 6-6. Moreover, 
these departures from the solar gravity lie nowhere near the factor 
10 or so associated with the classical chromospheric anomaly, and 
underlying the hypothesis of a “turbulence” having superthermic 
velocities to explain the structure of the chromosphere. From these 
results, we find no anomaly at all in the density gradient of the 
chromosphere in this region 500 km < h < 1000 km. A distribution 
of material under hydrostatic equilibrium represents quite adequately 
the observations made in the continuum. 

This result suggests that we attempt to obtain a better model 
for Te(h) above 1000 km by using the condition of hydrostatic equi¬ 
librium together with the observed functions/(/i) and g{h). We con- 
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struct such a model in Section 3 below. In the present seclion, we 
wish to confine our results entirely to what can be learned from a 
wholly empirical analysis, under the assumption of spherical sym¬ 
metry. 

(3) Because of the small sensitivity of the value of 112 to the value 
of Te, the results in Table 6-6 give considerable information on the 
Balmer opacity and source-function for the Balmer lines. We re¬ 
turn to this point in Chapter 9. 

2. The Region Below 500 km but with T4700 and THac « 1. 
From the results in Table 6-6, we find for the tangential op tical thick¬ 
ness of the chromosphere (since we are interested for Tc < 6000°, we 
compute only the H“ opacity at X4700; cf. Table 6-3): 


r4700 1.8 X 10-3 exp (10[0.5 - /]) 

T3646 ^ 0.12 exp (1.67[0.5 - 1]) 


(6-30) 


Thus, if we again neglect the optical depth term in computing E from 
8 in the region 0 < h < 500 km, we will underestimate the emissivity 
by factors not to exceed about 30 percent at 0 km. Although sysle- 



Fig. 6-4. Integrated emission at head of Balmer continuum. Solid cui vc, 
first two terms of Eq. (6-31); dashed curve, Eq. (6-32). •, observed points. 

h < 1500 km. 
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matic, the correction is not large compared with the uncertainty in 
the functions/(/^) and g(h) ; so as a first approximation we adopt the 
procedure of the preceding Section 6-IIAl in relating E to 8. We 
return to the question, when we check the derived results for con¬ 
sistency. 

Numerical values for f{h) and g(h) must come from the same 
procedure as that adopted above 500 km., viz., numerical differentia¬ 
tion of the E(h) data. We consider / and g in turn. 

a. f(h < 500 km). Numerical values for f(h < 500 km) 
present great difiiculties because of the apparent maximum in / 
implied by the trend of the data below 500 km, combined with the 
severe observational scatter. If f(h) drops off rapidly below 500 
km, then the scatter of the data makes its precise value essentially 
indeterminate. We illustrate the situation by two examples. 

First, write 

E{h < 500) = Ji;(500) + K dl 

Jh 

xj rf{h > 500) dy + f SQi > 500) dy\ 

•'Um J 

noo rvm 

+ / dl f{h< 500) dy 

^ h —vm 

= ./iJ(500) + £^(shell, radius > 500) 

-H A (contribution, radius < 500) (6-31) 

K is the ratio, (2.35 X 10““^^), between 8 and /. is the value of y 
corresponding to the shell at 500 km. The contribution of the first 
two terms on the right represents the E which would be observed it 
there were no Balmer free-bound emission below 500 km, i.e., if 
neapTe~^^^ were zero for h < 500 km. We can compute these first 
two terms from Eq. (6-16); the result is the solid curve in Fig. 6-4. 

Second, assume lor E{h) the form 

E{h) = 776e-2*2^(i - (6-32) 

Such an equation will give a behavior similar to that observed, and 
show a maximum A reasonably wide variety of values lor 

A and a will represent a mean curve through the observations below 
500 km; the values all show maxima in E near I = 0.1, maxima in 
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f(h) near 0.55 to 0.50 for I, and/(/^) < 0 for Z < 0.25 to 0.30. One 
of the better fitting of these representations, with A = 0.57 and 
a = 4, is the dashed curve in Fig. 6-4; we have / = 0 for all I below 
that where / reaches zero. The observed values of E are plotted for 
h < 1500 km. 

Clearly, the observational data do not suffice to distinguish be¬ 
tween the two alternatives (6-31) or (6-32), nor between them and a 
number of similar representations. In such a situation, any at¬ 
tempt to estimate/(/i < 500 km) by using the various representations 
would only lead to results which reflected the details of the particular 
assumed representations rather than the true physical situation, and 
thus be essentially numerology rather than physics. All we can 
really conclude, is that none of the alternative representations changes 
much the value of f(h) near 500 km (within the 50 percent, factor 2 
uncertainty discussed already), and all give a sharp drop in f{h) 
within a few hundred kilometers below 500 km. 

6. g(h < 500 km). The data underlying the specification of 
g(h) suggest almost as bad a situation for g{h < 500 km) as for 
f{h < 500 km.). The function E 4700 is determined by just four ob¬ 
served points below 500 km., and g{h) is essentially the second deriva¬ 
tive of E. The situation is better than in the case of/(/0 only in that 
E 47 Q 0 is clearly increasing rapidly, in value and derivative, as com¬ 
pared with the essentially constant value of Ezm- 

The particular form used for g(h) above 500 km leads to values 
of E(h) lying considerably below the observed values for h < 300 km. 
However, a modification in the representation of Eq. (6-19), con¬ 
sisting of a change in only the first two terms, suffices to remedy the 
situation below 300 km without changing (^(/i) above 500 km beyond 
the limits already set. This change is 

1.14 X 10'%-^^ + 3.51 X 10i2e-2-2^ 7.22 X 

-f 1.30 X 10^V «^>' (6-33) 

Figure 6-5 compares the predictions of g(h), and this modification 
which we call g'{h), to the observed values of E(h). We also draw a 
free-hand curve, which is an equally satisfactory representation of 
the observed E(h), which does not differ appreciably from g(h > 600 
km), yet which differs considerably in its predictions on g{h < 500 
km). Thus, the observed E 470 Q, in the range —110 km < h < 500 
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Fig. 6-5.-, representation of Eq. (2-10). • • • • , representation of Eq. 

(2-10) modified by relation (6-49).-, free-hand curve. • , observed points. 

km, do not give a determinate function g(h). We can obtain reason¬ 
able values for E, rough values for dE/dh, and probably order-of- 
magnitude estimates for the second derivative, which measures 
g(/^). In our initial analysis (Athay, Menzel, Pecker, and Thomas, 
1955) we attempted to set a rough lower limit on Te(h ~ 0) by using 
the relation 

-dEx/dh = r See-- dr ^ MTe)(l - e-) (6-34) 

Jo 

and assuming exp (—t) <3C 1. We consider the situation for non- 
negligible t in Section B; in the present section, we ask whether we 
can say anything at all about that part of the region below 500 km 
where the opacity is negligible. 

c. Rough Estimate of a Model for 750 km > h > h(mo(i ~ 1). 
With the results above on /(h < 500 km) and g(h < 500 km) a 
wholly empirical model for h < 500 km. constructed from data pres¬ 
ently available would have little reliability. Essentially, our infor¬ 
mation on the region h < 500 km consists of the following: 

(1) A rough value of dEii^/dh, and an order-of-magnitude 
value for g. 
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(2) the knowledge that d \n J{h)/dh > 0, with the zero value 
holding near 500 km. 

(3) the empirical results for 500 km < h < 1000 km. satisfy 
the condition of hydrostatic equilibrium. 

Although the numerical values of/(/^ < 500) are observaLionally 
indeterminate from our present data, the conclusion that f(h) drops 
sharply below 500 km suggests an alternative physical relation to re¬ 
place the empirical JQi) and thus permit a determination of Te^rie, 
etc., for h < 500 km. That is, the occurrence of a maximum in 
f{h) = nenpTe~^^^ in this region near 500 km. can only reflect the 
balance between the outward decrease in density and increase in 
ionization of hydrogen. We have, using equations (4-3) and the 
left-hand equality for hi in Eq. (6-27), 

Wdh)\n{nen/re-^i^^) = (d/d/i)ln{ ni7;(1.05 X 

= (d/dh)ln(niTe) + {Xn - 2 ){d/dh)ln Te (6-35) 

In regions where rii ^ Up, which is true for h < 750 km from Table 
6-6, the first term on the right is the pressure gradient, and measures 
the density gradient. The second term measures the temperature- 
dependence of the ionization. Just as we have earlier introduced the 
theoretical relation on the behavior of bi as a measure of the ioniza¬ 
tion of hydrogen in the non-LTE situation, so now we might seek 
to introduce the condition of hydrostatic equilibrium as a measure 
of the density gradient, to replace the observationally indeterminate 
relation f{h). 

Alternatively to the results in Section 6-11 Al, we can check 
the suggestion empirically in the region above 500 km by comparing 
the derived results on Te{h) with the empirical ones from Table 6-6. 
The equation of hydrostatic equilibrium is, denoting by r the Ue:II 
abundance by number, 

(d/dh){ [(rq -|- np)(l + r) -t- ?ie]k7^e} = —gmB.{ni -|- np)(l -f- 4r) (6-36) 
which, for Ui )$> Up, becomes 

id/dh)lniniTe) = -3.32 X 10-47;”^! + 4/’)/(l + ^) (6-36a) 

Since for h > 500 km the left side of Eq. (6-35) is constant and equals 
— 2.2 X 10"“® cm“\ Eq. (6-35) and (6-36a) combine to give an ordinary 
differential equation in Tei so that we need neither of the observa- 
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tional functions/(/i) and g(h), only Te at some height. With r = 0.1 
we have the solution 

(Z/Zo)[(l - 0.52Zo)/(l - 0.52Z)]«-674 = exp [0.358(Z - k)] 

z = lO-^Te (6-37) 

If we take Te = 6250° at 500 km—the value from Table 6-6 
at 500 km—Eq. (6-37) predicts Te = 6680° at 750 km as compared 
with 6725 from Table 6-6, 7150 versus 7500° at 1000 km, and 7600° 
versus an indeterminate solution at 1250 km. The solutions at the 
greater heights violate the condition rii » rip, which underlies Eq. 
(6-37). There is, however, no basic difficulty; we must simply inte¬ 
grate (6-35) and (6-36) numerically rather than algebraically. We 
return to the point below; the values above simply give a good ap¬ 
proximation to the result coming from hydrostatic equilibrium. 

Application of the condition of hydrostatic equilibrium pro¬ 
vides, if it is valid, a straightforward approach to particularly in 
those regions where the observational conditions become indeter¬ 
minate. We require, Iherefore, a reliable starting value (or the inte¬ 
gration, somewhere in the height range 500 < h < 1000 km. Thus, 
we ask into the degree of variation of Te at various heights arising 
from choosing one or the other of the alternatives on the empirical 
representations. 

We have already se t limi ts of uncertain ty in the solu tion under¬ 
lying Table 6-6. The major source of uncertainty in applying Eq. 
(6-36) and (6-35) as we have done lies in the possibility that we can¬ 
not take a constant value for the left side of Eq. (6-35) down to 500 
km, but must r(‘<[)lace it with something like an expression of the 
Ibrm given by Kq, (6-32). In this event, there are two efl'ects: (I) 
The left sid(i of Va\. (6-35) decreases (numerically) strongly near 
500 km; (2) the value of f(h) used to determine Te at 500 km de¬ 
creases. With the parameters already used, A = 0.57 and a = 4*, 
we can estimate the effect numerically. The left side of Eq. (6-35) 
becomes 

-2.2 X + 10.8 X 10™«c“"‘Kl - 2.7e-”‘«)"' (6-38) 

and the value of/(/i) at 500 km becomes 3.40 X 10^'^ rather than the 
value 5.38 X 10^^ used in the solutions in Table 6-6. To set extreme 
limits (‘or the effect,, we set the expression above equal to zero, and 
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integrate Eq. (6-36a) plus Eq. (6-35) with left side equal to zero, 
obtaining 

(Z/Zo) exp (--0.170[Z - Zo]) = exp (0.358[/ - h]) (6-39) 

The new value of f{h) at 500 km gives a starting value there of 
Te = 5940®, following the procedure underlying Table 6-6. Then, 
Eq. (6-39) gives Te - 6570®, 7270®, and 8050® at 750, 1000, and 1250 
km, respectively. 

The interesting result from these several solutions—wholly 
empirical, and theoretical from hydrostatic equilibrium—is the small 
fluctuation in the value of Te at 750 km, about dz75®. The fluctua¬ 
tion near 500 km reflects the xmcertainty in the behavior of /(/i) 
near its maximum; the uncertainty for h > 1000 km is largely that in 
the empirical value coming from the very rapidly dwindling im¬ 
portance of H“. Thus, for an adopted starting value for Te, we 
believe that we should choose a value at 750 km as the most stable 
and reliable. We take Te = 6650® at 750 km, estimating ATe ^ 
dz75®. To fix a density, we note that/(/i) at 750 km also shows small 
variation between the different representations: 3.11 X 10^^ from 
our original representation based on a constant slope for the logarith - 
mic emission at X3646; and ^2.7 X 10^^ for the several representa¬ 
tions of Eq. (6-32), which give a maximum in the emission. We 
adopt/(/i) = 3.0 X 10^^ at 750 km, leading to n,, = Up = 4.04 X 10”, 
ni = 1.21 X 

We give in Table 6-8 the results for three solutions at 500 km, 
each starting from the value at 750 km, and the assumption of hydro¬ 
static equilibrium, but differing in the assumed behavior of f{h), 

“Numerical” signifies that we have used the expression (6-38) 
for d lnf(h)/dh in a step-by-step integration. The “observed” value 
of ,g(500 km) from the representation by Eq. (2-10) is 4.71 X 10^‘k 
The “observed”/(500 km) from Eq. (6-16) is 5,38 X 10”; that corre¬ 
sponding to Eq. (6-32) with the A, a values used before is 3.40 X 10^^ 

Table 6-8. Varying Solution at 500 km for Varying grad /(//) 


- d In f{h)/dh 

Z 

ni X 10-“ 

Be X 10-11 

/ X 10-17 

g X 10“ 

2.2 X 10-8 

0.622 

6.65 

5.25 

5.54 

5.13 

Numerical 

0.611 

6.95 

4.58 

3.95 

4.09 

0 

0.602 

7.05 

3.83 

3.09 

3.45 
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The “best” solution would seem to lie between the first two cases; 
we adopt Te = 6150"^ at 500 km. 

We cannot hope to obtain a definitive model Te(h) for h < 500 
km. We can, however, place limits on the model, by the following 
procedure. From Eqs. (6-35) and (6-36a), we see that d In f(h)/dh == 
0 gives a lower bound for the sets of values of d In Te/dh satisfying 
the condition d In f(h)/dh > 0. Thus, a solution Teih) computed 
from Eq. (6-39) will provide an upper bound on T^h < 500 km). 
We give such a solution in Table 6-9, together with the corresponding 
values of rii, Ue, rinr-, and optical depths in the various spectral regions. 
We compute ni by integrating Eq. (6-36). Since we overestimate 


Table 6-9. Model Corresponding to an Upper Bound on TeQi < 500 km) 


h, km 

T 

o 


lO-iin* 

lO-S/iH- 

tang 

’■X4700 

rad 

TX6000 


500 

0.615 

0.695 

4.72 

0.290 

0.0023 

1 X 10-5 

0.460 

400 

0.591 

1.46 

4.63 

0.670 

0.0051 

3 X 10-5 

0.769 

300 

0.568 

3.15 

4.58 

1.62 

0.012 

6 X 10-5 

1.42 

200 

0.546 

6.99 

4.65 

4.10 

0.029 

2 X 10-^ 

2.81 

100 

0.525 

16.0 

5.04 

11.5 

0.078 

4 X 10-4 

5.93 

0 

0.505 

37.8 

6.36 

38.8 

0.24 

1 X 10-5 

15.6 


Te, we shall underestimate ni; thus, we will underestimate the optical 
depth. Since we have adopted d In f(h)/dh — 0, /(/i) remains con¬ 
stant at its value at 500 km; rh and Up then follow from/(/i = 500) 
and the equation 

Tie = rip H- (6-40) 

in which we have adopted an H : metal abundance of 101 Be¬ 
cause f(h) should actually decrease, with decreasing height, we shall 
overestimate rie un til the metals take over from hydrogen as the main 
source of free electrons, after which we shall underestimate rie be¬ 
cause of the underestimate of Note that in using Eq. (6-39) 

we ignore the variation of the term (1 -f A). In the region h < 500 
km, the values of A given in Table 6-7 suggest that the neglect is not 
important in the present context. We also present computed g(h) 
in Table 6-9, corresponding to the values given for Ui, To, These 
computed values of g{h) lie intermediate to the values given by the 
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earlier representations g{h) and g\h), but much closer to the former, 
so are probably too small. 

Two rough checks can be applied to the results in Table 6-9. 
First, we can integrate g{h) to compute E{h ); second, we can estimate 
dE/dh at the lowest heights from the data, and use Eq. (6-34) to 
obtain Te. Integrating g{h) gives values for E lying within about 
a factor 2 of the observed, but systematically lower. The direction 
of the discrepancy corresponds to our underestimate of rii. A value 
for Te determined from Eq. (6-34) and the observed data near 0 km 
gives '^5000° if rc be assumed large, and < 6000° if re ^ 0.5. 

From the value of r(tangential) given in Table 6-9 at the low¬ 
est heights, and noting that this is an underestimate because of the 
underestimate on Ui, we see that at these lowest heights we enter the 
region where the emission ceases to be the integral of the emissivity. 
Thus, we defer further consideration of the solution at these lowest 
heights until Section 6-IIIB, where we try to join this solution to that 
obtained in Section 6-IIB from narrow-band filter observations at the 
limb. 

3. A Model for h > 750 km Based on Hydrostatic Equi¬ 
librium. Our empirical solution in Section 6-IIIAl suggests that 
the condition of hydrostatic equilibrium is satisfied by the observa¬ 
tions in the continuum up to about 1000 km, when these data cease 
to give a reliable estimate of TeQi). Thus, we now ask what kind of a 
distribution Te{h) would result if we assume hydrostatic equilibrium 
and the slope of the function/(/i), tying the results to values of 7\., 
Tie, Ui, etc., at 750 km. Observationally, the appearance of Hel at 
h ^ 1100 km has been taken to imply that a significant departure 
from spherical symmetry appears at these heights, thus that an ex¬ 
trapolation of results below this height to greater heights may be 
unjustified. In the following, however, we attempt to push the 
analysis in terms of a spherically symmetric model to the limit, ask¬ 
ing what TeQi) would result from the conditions above. Then, we 
offer a few comments on the meaning of the results, and their link to 
the He emission and the question of non-spherically symmetric models, 
deferring major consideration of the latter to Chapters 7 and 8. 

We restore ttie factor (1 -t- A) entering the complete expression 
for hi in Eq. (6-27). Then, Eqs. (6-35) and (6-36) give the following 
convenient set of equations for the upward integration from 750 km. 
We have set H : He = 10, by number; and Z = 10“'^7\. 
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[11.78/Z - 2 - ^Mn./n,]{d/dh) \nZ 

= (1 + n„/ni)[4.22 X 10-VZ - 2.2 X 10-*] 

+ 0.10 X 10-*(n./ni) + {d/dh) In (1 + A) (6-41) 

n} = 10*Z*/y(/z) (6-42) 

n.i = 1.05 X 10-12(1 -1- A)Ze^^f{h) (6-43) 

n2 = 4.20 X 10-12(1 -f A)Zfih) (6-44) 

A follows from Eq. (6-26) as before. We obtain tbe results in Table 
6-10, as our revised model for h > 750 km. Note that TLyc < 100 
for h > 1100 km; so that our criterion for the validity of Eq. (6-20) 
for bi foils at greater heights. Thus, at these heights, we must con¬ 
sider the transfer problem in the Lyman continuum. 

We can abstract in a manner convenient for application here, 
an approach to this transfer problem developed by Pottasch and 
Thomas (1960). We have the source function in the Lyman con¬ 
tinuum given by 


Table 6-10. Model of the Chromosphere for 750 km < /^ < 1320 km Assuming 
I lydros ta tic Eqiiilibriurri 


/i, km Z 

= l()-*7’. 

d In ^ 

;i,o«.— 

dh 


10-"“ni 


TLyC 

Thy a 

nia 

750 

0.665 

0.284 

4.04 

121 

9.98 

1 X 103 

1 X 107 

34.5 

850 

0.684 

0.291 

3.69 

62.8 

8.38 

— 


28.5 

950 

0.704 

0.303 

3.38 

31.9 

7.02 

— 

— 

23.4 

1000 

0.715 

0.314 

3.24 

22.7 

6.44 

2 X 102 

2 X 10« 

21.7 

10,')0 

0.727 

0.329 

3.10 

16.0 

5.92 

140 


20.5 

1100 

0.740 

0.3.56 

2.97 

11.0 

5.42 

96 


18.7 

1150 

0.754 

0.390 

2.86 

7.79 

4.98 

58 

__ 

17.7 

1200 

0.770 

0.464 

2.75 

5.05 

4.61 

35 

3 X 10“^ 

17.0 

1225 

0.779 

0.519 

2.70 

4.08 

4.44 

28.0 


— 

1250 

0.7901 

0.633 

2.65 

3.19 

4.28 

19.8 

2 X 103 

— 

1260 

0.7954 

0.714 

2.64 

2.87 

4.22 

16.0 


•— 

1270 

0.8016 

0.836 

2.62 

2,55 

4.16 

13.5 

— 

— 

1280 

0.8090 

1.008 

2.61 

2,26 

4.11 

11.2 

1 X 103 

— 

1290 

0.8183 

1.285 

2.60 

1.98 

4.06 

9.0 


— 

1300 

0.8310 

1.820 

2.60 

1.71 

— 

6.6 

7 X 10^ 


1310 

0.8504 

2.84 

2.62 

1.42 

— 

4.7 


— 

1320 

0.897 

8.11 

2.69 

1.1 

— 

2.5 

— 

— 
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SLyc = - l)-‘ = (2/i«^/c2)S'Lyc (6-45) 

and using bi from Eq. (4-43), 

(5'Lyce^0(^ie^'0-' = (6Ae^'0-' 

= [P/2U +iM+ l)/2U]/[l + M/2U d- (1 -f- A)/2R]ie-^^/X^) 

= 'y/(l + ^) + ^p (6-46) 

where 


y = (e-ym-, 


[(1 A)/2i?]; 


(6-47) 

= [(M -h i)i2ux,e^'^)-va + n 

Then we multiply the Eddington-approximation I'orm of the transfer 
equation, Eq. (4-92), by dv/v and integrate over v to obtain 

6“-^" dv 


y dv , re-y^dv re-^"dv 

H x-2 ® - = I'l® / —5->’1® I'S'Lyce^''] / - 

dn^ J„i V V Jvi v" V 


i 


i 


M 


[e-y^l [e-y^ , , 

rf^^LyrJ= + H 


i 

[S'LyCe''"] 


(6-48) 




-h ^^^2 

1 




JL 

I+ r 




A‘y - yp 


(6-49) 


A = r [1 + r]- 


The approximation consists in neglecting the terms kvi and kr^ in 
Eq. (6-48) relative to the other terms in the respective bracket, and 
in adopting this “one-point” quadrature representation of the Ly¬ 
man continuum by its value at the series head. The net effect of 
the first part of the approximation is to overestimate the variation 
of y); if the approximation is not correct, we should in essence re¬ 
place r in Eq. (6-49) by {kri^-'^). The net effect of the “one-point” 
quadrature will be an underestimate of the scale over which the 
radiative leak will occur; viz., an increase in hi over that given by 
Eq. (6-27) will not come until higher in the atmosphere, at a lower 
TLyc- (Compare our developments in the last part of Chapter 4, 
on the 3-point versus the 1-point quadrature.) 

In the reference cited, we have investigated the solution of 
Eq. (6-49) under various representations of the variation of ^p/k 
with Ti. To an accuracy commensurate with our use of the “one- 
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point” quadrature, we may simply use the solution ^ = f/h. out 
to such values of ri that the radiative leak gives a significant gradient 
in “y. That is, we use the solution of Eq. (6-48) valid for constant 
l^/A, mz.. 


<\( — r 1 a/( 3A)ri)~| \p . 

1-h = 

The use of this equation assumes that in the region of strong variation 
of F(ti), the variation of ^I/A is small in comparison. Set 


2i?(l A)-i -h 1 

2R(1 + A)-^F(n) -f 1 ’ 


d In Lo 
dh 


0.158 X 10-i%a(uj - 1) 
(6-51) 


Then we modify Eqs. (6-41)-(6-44) by adding to the right side of 
Eq. (6-41) the term (d In ^ /d.h), and hy increasing the value of rii 
as given hy Eq. (6-43) by the factor oj. These modifications have 
been applied to give the solution above 1100 km, in Table 6-10. In 
the solution we have assumed that we could approximate TLyc, which 

requires the integral f nydh, by using 


/ tiidh ~ ni{d In ni/dh)~'^ (6-52) 

Jh 

Because d In Ui/dh increases with height, we shall overestimate riyc 
and so understimate d In Z/dh. 

We have carried the solution self-consistently only to h ^ 1300 
km. Above this height, d In Z/dh is rising so rapidly that consider¬ 
able iteration is required to obtain complete consistency among all 
quantities. Too-detailed work is not justified, because in regions 
of such steep gradient in Te other effects, such as thermal conduction, 
which we have neglected, must be included. Our aim here is simply 
to explore the kind of behavior of Te if we apply hydrostatic equi¬ 
librium. The values given for 1310 and 1320 km have sufficient 
interna) consistency to indicate that the discontinuity in comes at 
about 1320 km, subject to the influence of these neglected terms, 
which will smooth the gradient somewhat. 

To carry the solution above the abrupt rise in Te, three general 
problems must be resolved. 

a. The Value of Te at the Top of the Rise, A minimum value for 
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Te is fixed by the requirement that d In Z/dh > 0. Above the dis¬ 
continuity, Re ^ Ri, SO that Eqs. (6-36) and (6-35) give 

{dlnZ)/dh = 2/7(/3oo - 4.42 X lO~yZ) 

= 0.63 X 10-8(1 - 2.01/Z) (6-53) 

A value larger than this minimum Te = 2.01 X 10^ would follow 
from our results in Chapter 5 on the beginning point of the He 
plateau. To obtain the results in Chapter 5, it was necessary to in¬ 
troduce an assumption about the relative non-radiative energy input 
above and below the jump in Te. Here, we have held constant 
Any definitive physical model of the chromosphere must rest upon a 
careful examination of this question of the variation with height of 
the non-radiative energy input. 

b. A RecomputatioR of the Results m Table 6-10, iRiroducmg the 
Effect of a Discontmuity in Te. Primarily, since such a discontinuity 
will drop Ui, the effect will be to drop the Lyman continuous opacity, 
thus force downward the position of the rapid rise in We can 
estimate the effect by summarizing the behavior of bi and Uii 

For high opacity in the Lyman continuum, we have detailed 
balance in it, and in the notation used earlier. 


bi = 1/(1 + A)/i?, TLyC > 10‘-^ (6-54) 


For lesser Lyman continuous opacity, we have the transition from 
this case of bi independent of Re to the case where it depends upon 
Re as a function of XLyc; viz., for 10^ < TLyc < 1, 


= 21/ 1 -h 


[1 + Al'' 
2R - 


1 + 


2 R 

1 “f" A 


F(rLyc) 


u 

R 


(1 + A)F-> (6-55) 


For TLyc < 1, we take that radiation field in the Lyman contimmm 
to be constant and equal to its value at XLyo ~ L and obtain 

= 2C/ (1 + [(1 + A)/2R ]} 2U (6-56) 

As TLyc drops, so also does TLya- Across the jump in Te, there is the; 
possibility that we leave the condition of detailed balance in the 
Lyman lines. By solving the equations of statistical equilibrium for 
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a three-level atom without assuming detailed balancing (cf. Chapter 
4), we obtain 

bi = 2UX 

I _ 1 -b 0.5 [(R-i 8 n/Fn)/(l + dn/F,,)] \ 

1(1 + 52i/F22)-i -f Fia/Cis -b 0.127 [(Xi3 + 1)/(X^2 + l)]e-^“/ ^ ^ 

in the notation of Chapter 4, Eqs. (4-40) et seq., and using 

521 = Kne^^{NRB),,2 (6-58) 

where NRB is defined in Eq. (4-103). Using Eq. (6-56) to represent 
the situation of detailed balance in the Lyman lines, Eq. (6-57) to 
represent the situation of non-detailed balance, and Eq. (6-53) to 
estimate d In Z/dh, and setting d In Ue/dh ~ 1 X 10~®, above the 
jump in Te, for ~ 2.5 X 10^\ we obtain the quantities given in 
Table 6-11 (db and ndb refer to detailed balance and non-detailed 
balance): 


Table 6~ J1. Quanlities above Jump in Te 




rii 

ni(d In ni/dh)~^ 

T'Lya 


z 

db 

ndb 

db 

ndb 

db 

ndb 

2 

10» 

l()io 

1017 

1018 

10-1 

m 

3 

.108 

10» 

10i» 

1017 

102 

108 


We recognize tha t the applicabili ty of detailed balance requires 
the net rate of radiative transitions to fall below the captures Iroin 
the continuum. We apply the methodology of Chapter 4, and the 
expression for the NR B for Lya of hydrogen, to compute that rj^ja 

satisfies the criterion for ignoring the Lyoj radiative transi¬ 
tions (k^ for Lya is about 0.7 X and » 97 /i* for Lya; then 
use Eq. (4-111) for NRB). Thus, the region above the jump prob- 
al:)ly satisfies detailed balance if Z is as low as 2 , but not if it is as high 
as 3. In any event, the Lyman continuous opacity of the region 
can be ignored. Thus, since the scale height, for rii from the model 
of Table 6 -l() is abou t 5() km at 1300 km, and abou t 100 km at 1200 
km, we must, expect a completely consistent model, which includes 
the effect of the abrupt rise in Te to something in excess of 2 X 10'^°K , 
to give lower values of JLyc than those in Table 6 - 10 . 
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c. Consistency of Results Above and Below the Jump with the 
Conditions of Hydrostatic Equilibrium and /3oo = Constant, The two 
requirements are 

(ni + 1.9n,)T^ below — above (6-59) 

and 

(6-60) 

If now the jump in Te occurs at a point where Ue > Ui, conditions 
(6-59) and (6-60) cannot be satisfied simultaneously; for the first 
requires a decrease in Ue, and the second, an increase. Thus, we must 
either require the jump to occur where Ui > Ue —by about a factor 
of five for Z = 2 or a factor of ten for Z == 3—or drop one of the two 
conditions (6-59) or (6-60) above the jump. 

The first alternative would force the jump back to h ^ 1100 km 
(cf. Table 6-10), It is of considerable interest that this is the height 
which has been assigned as the beginning of Hel emission (cf. Chap¬ 
ter?). 

To vitiate the assumption of hydrostatic equilibrium, we must 
have some change in physical conditions in the vicinity of the jump— 
e.g., the decrease in density above the jump might make significant 
the momentum input accompanying the non-radiative energy input. 
To vitiate the constancy of we must show that it is only ap¬ 
parently constant. That is, that introducing a variation of the 
type required in will still permit an apparent variation of 

JS 3640 mimicing a constant exponential. 

Until we consider the effect of a departure from spherical sym¬ 
metry, it is not worthwhile to investigate these three alternatives 
further. For example, we might consider a model where Ezm came 
from only a part of the atmosphere along the line of sight, and this 
part formed a fraction varying as exp(~/3oo/i) with height. We 
would obtain essentially the same values for Te, rh, ni, etc., near 
500 km, but above 500 km we would have a steeper gradient in 7\, 
Thus, we defer further consideration to Chapters 7 and 10. Here, 
we have wished only to explore the consequences of continuing above 
1000 km. the same physical conditions existing below it. We find 
that the gradient in Te would be considerably steeper than suggested 
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in our earlier analysis (Athay, Menzel, Pecker, Thomas, 1955), 
reaching, indeed, such values below 1500 km as to make not quite so 
surprising the appearance there of He emission. Whether the 
actual conditions suggested by this incomplete analysis are quan¬ 
titatively adequate must be deferred, pending the results of the next 
chapter. 

4. Estimate of from the Emission at Several Wave¬ 
lengths in the Balmer Continuum. In Chapter 2, Eqs. (2-1 la) 
through (2-1 Id), we have given results of measures made at XX3600, 
3550, and 3500 in addition to those already used at X3648. There is a 
systematic trend between the several sets of measures although the 
scatter is very strong (e.g., the ^ value is the same for X3600 and 
X3550). We ask whether we can make any estimate at all of Te 
from such measures, and the wavelength dependence of the Balmer 
free-bound emission as given in Eq. (6-14e). From Menzel and 
Pekeris (1935), we compute values of = 0.887, 0.889, and 0.910 
at XX3600, 3550, and 3500, respectively. With these values, and the 
parameters of Eqs. (2-1 la) through (2-1 Id), we evaluate the terms 
entering the equation 


(lic/kT,\ 2)[(\2 - X)/X] = In Lxg/Lx - - fi) (6-61) 


where 


U = Wgu^)A^\/W2TR) 

a subscript 2 denotes X3648, and log Ax is the constant term in Eq. 
(2-11). We obtain the values of thatare given below in Table 6-12. 

From these results, we can probably conclude that dTeIdh > 0, 
but no more. Such Te values as those indicated at 500 to 1000 km 
would require impossibly high emission at X4700, relative to the 
observations. The systematic decrease of Te with decreasing X 
suggests that the extrapolation of the background continuum to the 


Table 6-1'2. Te from X- Variation of Balmer Continuum 


h 

500 

1,000 

1,500 

2,000 

X3600 

3,100 

4,400 

7,700 

29,000 

X3550 

4,000 

4,800 

6,200 

8,800 

X3500 

3,800 

4,600 

5,600 

7,400 
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short-wavelength side of X3648 has probably not been sufficiently 
well done to permit the analysis above in terms of small differences. 
We include these results only because the method has been used 
several times in the literature. 

B, Regions of Significant Opacity, Where the Emission Is the Integral 
of the Source Function 

In Section 6-IIIA3 we have constructed a model that repre¬ 
sents an upper boundary for the values of Te(h) in the region 0 < 
h < 500 km. Because of this limitation, the estimate of T(tangential, 
X4700) made from this model is an underestimate; even so, at height 
0 , Ttang lies near unity. An increase in nang over the value in Table 
6-9 by a factor 10 would make the atmosphere (effectively) complelely 
opaque. Even on the basis of the model of Table 6-9, such an in¬ 
crease would occur within 200 km. below the 0 km level; because the 
model pro'vides an underestimate, (effective) complete opacity must 
occur closer to the 0-km level. We now discuss the relationship be¬ 
tween Dunn’s observations, the observations £^4700 from the 1952 
eclipse, and this upper limit model from Table 6-9 in an attempt to 
improve the Table 6-9 model and say something about the value and 
position of Te(mm ); for comparison with other work on this region 
of the atmosphere, we use Pagel’s model (1956) already referred to 
(cf. Figs. 6-1 and 6-2). 

Although Dunn believes his data to be quite reliable only for 
heights below about 500 km inside the limb, and to be marginal near 
the crossover with the Pierce-Waddell extrapolation at 200 km in¬ 
side the limb, he informs us that the steep drop thereafter must be 
taken quite literally, even though its details may be uncertain. 
Using Minnaert’s value (1953) for /xeeoo (0, 1) of 2.85 X 10*'^ erg 
sec“^ cm~^ we obtain from Dunn’s data: 

/i, km (Dunn’s scale) —500 —200 —100 0 

/xcooo X 10~^4 115 0 9g 0 {^2 0.32 

/x = IhiTo) Te 4940^^ 4760'* 4600" :U530“ 

The last line is based on the assumption that the, at-mos{)h(3r(‘ is 
opaque along the line of sight. The problem is to decide how much 
of the apparent drop in Te represents an opacity effect. 
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As discussed in Section 6-IIIA3, the data on emission at X4700 
are few in this region of the atmosphere. As a rough check on our 
model, we estimate a value for /x 47 oo = {d In E/dh){E/^Tr) from the 
empirical data plotted in Fig, 6-5, obtaining a value ^1.1 X 10^'^ 
erg sec”i cm"^ near 0 km on our scale. We have the relationship 
between B\{Te) at X4700 and X6600: 

T, 4000° 4500° 4750° 5000° 

/Af>coo//l47Qo 1.65 1.30 1.17 1,06 

This estimate gives excellent agreement with Dunn’s results on 
/x66oo if we take the position corresponding to our estimate to lie 
between —200 and —500 km on Dunn’s scale—a position on the 
disk below the steep drop in h at the limb—and if we take Te ^ 4750 
to 5000° in computing the ratio Bx66oo/i3x47oo. We note that the 
values in Table 6-9 predict a value for /x 47 oo at 0 km within 10 to 20 
percent of the above empirical estimate, although they underesti¬ 
mate the value of by a factor of two or so. 

If our value of /x 47 oo from the empirical data is an underestimate, 
we obtain agreement with Dunn’s data by assigning our 0 km to cor¬ 
respond to a point even farther on the disk on Dunn’s scale, and re¬ 
quiring Te to rise above 5000°. If our value of /x 47 oo is an over¬ 
estimate, our 0 km must lie between about 0 and —200 km on Dunn’s 
scale. The rate of decrease in Dunn’s values is so great in this at¬ 
mospheric region that the conversion from /x 47 oo to ./xeeoo places no 
particular restriction on Te for the range under consideration. 

Noting that the model of Table 6-9 must represent an upper 
limit to 7’.(/?), we conclude that a value of Te near 4750 to 5000° at 
0 km on our scale is the most likely alternative. The reasoning is as 
follows : 

Consider first the result if we take our empirical estimate of 
/x 47 oo literally. If Tc is to lie in the range 4750 to 5000° at height 0 
km on our scale, then the values of Te computed from Dunn’s data 
under the assumption of an opaque atmosphere require recoo to be 
high enough that the atmosphere is indeed effectively opaque near 
height 0 km on our scale, or about —200 km on Dunn’s scale; that 
is, TG 600 > 2. Since the ratio of absorption coefEcients at Xecoo and 
X4700 is about 2, we require T 4700 > I, while the model of Table 6-9 
gives about 0.25. The required change in this model is in the cor- 
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rect direction, the question is the size of the change required. We 
have two alternative ways to introduce the change. 

On the one hand, we can arbitrarily drop Te to 4750® at 0 km, 
holding He fixed; we increase rii and r by a factor ^4.5. So long as 
we hold d In (nenpTe'~^'^)/dh = 0 , we cannot reconcile this new value 
of ni at 0 km with the value at 500 km and maintain hydrostatic 
equilibrium. To preserve hydrostatic equilibrium, we should have 
to drop Te at 500 km by about 200®; the change would carry upward 
in the model of Table 6 - 10 . 

On the other hand, we can arbitrarily drop Te to 4750® at 0 
km, but allow Ug to change, and d In {nenpTe~^^^)/dh 5 ^ 0 , with a 
positive value for this last somewhere in the interval 0 < h < 500 km. 
If we take d In {nenpTe~^'^)/dh > 0 across the whole interval, we re¬ 
quire a value about 2 X 10~^ to lower Te to 4750® from 6150® at 500 
km. But, such a value would decrease {neUpTe^^^^^) by almost the 
amount rii increased from the drop in Te\ the net rise in Ui becomes 
about a factor 2 . If we take d In {nenpTe'~^^^)/dh > 0 across 
some upper part of the interval, and less than zero across the lower, 
we can increase somewhat the rise in rii at 0 km. The extreme of 
such a procedure would result if we introduced a minimum in Te in 
the interval 0 to 500 km. 

If our empirical value of Iuioq is an underestimate, the diffi¬ 
culties discussed above increase without a corresponding gain any¬ 
where. If the empirical value is an overestimate, and our height 
zero agrees with Dunn’s scale closer to his 0 km, we again have two 
alternatives. Either we drop Te below about 4750® and retain the 
requirement reeoo > 2 at 0 km on our scale; or we hold Te at about 
4750 to 5000® and allow the atmosphere to depart from being ef¬ 
fectively opaque at X6600. The first alternative makes more pro¬ 
nounced any of the difficulties encountered above when we took 
literally our estimated Iuiqo- The second alternative is permissible 
so long as the change in /x 47 oo lies well within a factor 2 ; for otherwise 
the predicted value of /x 47 oo from the (adjusted) model of Table 6-9 
will considerably exceed the empirical value. 

Thus, we conclude that Te lies near 4750 to 5000® at our height 
0 km, with r 66 oo(tang) ^--^2 or possibly a little less. A decision be¬ 
tween these alternatives cannot be made on the basis of presently 
available data, nor can we draw conclusions on the position or size 
of Teimin). We can only conjecture, from this discussion, that 
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i/ Te(min) does not occur m the mterval 10-s < T 4700 < 0.02, then 
Te(min) 4750°. Such a value is considerably higher than that in 
current general usage. We should therefore compare our values 
with a typical model having T'e(min) ~ 4000° near ts > 0 . 01 ; for 
this purpose, we considei Pagel s model, where the behavior of Te 
near minimum has been inferred from the behavior of weak Fe lines. 

In Table 6-13 we reproduce Pagel’s model in the range 0.1 < 
Ti < 10 ~®. From hig. 6 - 1 , it is already clear that Te from Pagel’s 
model falls everywhere below that from the Pierce-Waddell model, 
and thus considerably below the predictions of Dunn’s data near the 
limb. The present obsei'vations in the continuum provide no real 
check on Pagel’s suggestions of a minimum at rj ~ 0.01; they can 
only suggest that the drop in Te given by this model for ts > 0.05 is 
too great for good agreement with the Pierce-Waddell and Dunn 
limb-darkening observations. Thus, if we are to preserve a value 
Te(min) ~ 4000° near rg ~ 0.01, we require this minimum to be 
reached essentially as a continuation of the drop from Dunn’s values 
of /x6600. 

This last result comes into conflict with the analysis of the 
infrared Fel lines (Pagel, 1955) underlying Pagel’s model. Because 
this analysis was carried out under the LTE assumption, one can 
only raiise the question of the relation between Pecker’s recent work 
(1957) on equally weak lines—which suggest non-LTE effects—and a 
possible resolution of the discrepant values of the gradient of Te sug- 


Table 6 -i 3 . Pagel’s Model of the Low Chromosphere“ 



rad 

T6000 

Te 

1-1 

( 

0 

r-i 

10-llfle 

h, km, arbitrary 
zero 

1 

X 10-" 

5800 

0.417 

2.76 

500 

1 

X 

56()() 

3.10 

4.64 

202 

2 

X 10“4 

,'5525 

5.70 

5.34 

122 

4 

X 

5430 

10.8 

5.35 

42 

8 

X io~^ 

5315 

20.1 

6.38 

-36 

3.2 

X 

4900 

72 

7.76 

-183 

8 

X 10-3 

4430 

135 

10.6 

-252 

1.5 

X 10-2 

4100 

232 

13.7 

-274 

3 

X 10-2 

4500 

305 

20.5 

-312 

1 

X 10-1 

5010 

550 

46.8 

-391 


‘ MN 116 , 608 (ly.'Se). 
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gested here. No results on this monograph on the non-LTE effects 
have been unambiguously shown to be applicable to weak sub¬ 
ordinate lines; this problem must be investigated. It is extremely 
suggestive that Pecker’s results show the same direction of effect as 
would result if we assumed that we could take over the formalism 
developed for the resonance lines. This result provides an impetus 
to the needed theoretical investigation. 

We note that the values of the various quantities in the model 
of Table 6-9 and Pagel’s, reproduced in Table 6-13, lie very close. 
Since Pagel’s model in this region is essentially based on our 1952 
observations, the result is not surprising. It does suggest again, 
however, that T'e(min) most probably occurs in the interval 10~^ < 
t 5 < 10 “ 2 , with a value as low as 10 ~^ possibly not excluded, if 
Te(min) is to have a value significantly below about 475ff^. 

The chief difference between Pagel’s model in the region 0 < 
h < 500 km. and ours lies (1) in our model being an upper limit on 
Te{h) from our use of d In /dh — 0 , and ( 2 ) Pagel’s neglect 

of departures of bi and 62 from unity, Pagel comments on the value 
of 62 , stating that the results at X 3640 prohibit 62 departing by more 
than a small factor from unity in this atmospheric region, and raising 
the question whether this result and the large values obtained by 
Pecker and Pecker (1956, cf. Chapter 9) in the region h > 1000 km 
can be reconciled. Our formula, 

62 = 0.994 X 104 (e-^VX 2 )(l + A) 

gives values about 0.5 at 5000° and about 2 at 6000°; at heights > 
1000 km, 62 can reach about 10^ at Te = 2 X 10^ if in these regions 
the condition of detailed balance in the Lyman lines remains valid. 

To resolve more completely the model in this region—^500 
km < h < 500 km, or 0.05 < 75 (rad) < 10”^ we must await more 
detailed observations in the continuum from the 1959 eclipse on the 
one hand, and a treatment of the source function for weak metallic 
lines on the other. (See further notes on this point in Appendix II.) 



CHAPTER 7 


Extension of the Model to Include Helium 
Emission 

R. Grant Athay 


The model in the preceding chapter is based upon the Balmer 
free-bound continuum of hydrogen and the continuum at X4700 
only. Since there are no direct observations of other free-bound 
continua, the model can be extended to include emission from other 
elements only by making use of line data. The line data introduce 
the additional complications of possible departures from thermo¬ 
dynamic equilibrium and non-negligible opacity. In the case of 
helium, however, several lines of the singlet and triplet series are 
observed, which makes it possible to obtain a good estimate of the 
free-bound continuum intensity from the observed line intensities. 
Also, as we noted in Chapters 2 and 3, the helium lines show no 
evidence of self-absorption either in the relative emission gradients 
for difihrent lines or in the line profiles. We may therefore obtain 
indications of departures from thermodynamic equilibrium without 
the ambiguity introduced by self-absorption. Furthermore, we 
expect the emission from helium to play a strong role in determining 
the thermodynamic state of the chromosphere. For these reasons 
we turn next to the helium data. 

1. Estimate of Helium Free-Bound Emission 

Since the helium lines are apparently unaffected by the effects of 
self-absorption, the term {abs} in Eq. (2-5) may be set equal to 
unity, in which case. 


8,, = (7-1) 


and from Eq. (2-17), 
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Sy = [1/5«][0.027 exp (-1.27 X IQr^h) 

- 4.3 exp (-3.7 X 10“®/i) + 15 exp (-4.6 X 10-«/t) 

- 680 exp (-9.2 X IQ-^/i)] (7-2) 

This latter equation is valid, of course, for A > 1100 km only, as wa.s 
the case for Eq. (2-13). The emission per unit volume S« is also 

Sty = hvAkiUk {‘-^) 

The transition probabilities Akj are known from the matrix elements 
computed by Hylleraas (1937) and others (cf. Allen, 1955), and the 
Sty’s are tabulated in the Appendix. The populations of the excited 
energy levels Uk may therefore be obtained directly from Eqs. (7-2) 
and (7-3). 

The modified Boltzmann-Saha equation for nt is 

Uk = 4.14 X 10-«nerMiTr^'^6t(«t/4)e’'*'^« (7-4) 

which may be rewritten in the form 

log (10i®nt/1.04wt) = log + log 6t (0.434xt/T,) (7-5) 

Then, since 6t—>-1 as a plot of the quantity on the left side of 

Eq. (7-5) against xk must have an intercept at Xfc = 0 ofiual to 
log netiiiTr^'^. Also, the difference between this intercept and the 
left side of Eq. (7-5) for a given k is log 6* -f (O.dAlx/c/'A). 



Fig. 7-1. Illustration of the estimate of nemiTe"^'^ and for the lie I lines 
in the normal chromosphere at h = 1500 km. (From H. G. Athay and D. H. 
Menzel, 1956, Astrophys. J., 123, 289.) 
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Figure 7-1 exhibits such a plot for the data at 1500 km. The 
lines were drawn to give most weight to the strongest spectral lines, 
whose intensities are more accurately known, and to give a common 
intercept at x/c = 0. The intercept is well defined, and gives 

n.nnre-3/2 = 1.7 X 10^' (7-6) 

at 1500 km. Since the relative intensities of the helium lines do not 
change with height, 

= 1.7 X i0i'‘{.p*(/i)/[¥>*(1.5 X 10«)]} = 1 X 10iV*(/j) (7-7) 

where is the quantity in brackets in Eq. (7-2). Again, we note 
that Eq. (7-7) is valid for h > 1100 km only. 

There are a few additional points of interest in connection with 
Fig. 7-1 that should be discussed before examining the model further. 

II. Helium Excitation 

A. Tion and Tex for Helium 

The bkS were introduced in the Boltzmann-Saha equation to 
allow for departures from thermodynamic equilibrium. Alterna¬ 
tively, they could be absorbed in the exponential terms by defining 
an equivalent set of ionization temperatures, Tion(^), for each energy 
level. Or, in the same sense, a set of excitation temperatures, 
Tex(i^) relating the populations of levels k and j could be defined. 
In general, these alternative procedures require just as many 
parameters as the 6/b’s, and do not offer any particular advantages. 
However, in some cases the populations of several energy levels are 
all related by a single Tex(jfe) or Tioxfk), and it is useliil to identify 
these cases wherever possible. The 6/c’s are defined such that 

gft/xrionCfc) (7-8) 

and 

( 7 _ 9 ) 

where 

Xjk = Xj “ Xk (7-10) 

Hence, in a plot such as Fig. 7-1 the slope of the line connecting 
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levels k and j is a measure of Tex(jk) and the slope of the line con¬ 
necting level k to the continuum is a measure of Tion{k). 

The triplet levels in Fig. 7-1 seem to define a straight line, 
which requires that TexCife) = Tion(k) for all combinations of k and 
j. Thus, a single Tex or Tion serves to specify the populations of all 
the triplet energy levels in terms of the continuum or any of the 
bound levels. For the triplets in Fig. 7-1, we find 7ex = 6300° with an 
estimated uncertainty of ±700°, which agrees rather well with the 
value 5300° ± 300 found by Goldberg (1939) from 1932 eclipse 
data. For the singlets, we cannot really tell whether a single value 
of Tex is adequate. The lower line in Fig. 7-1 was drawn on the 
assumption of a single Tex for the singlets, and we find Tox ^ 23000° 
with an estimated uncertainty of ± 10,000°. 

The marked difference between Tex for singlet and triplet levels 
is a striking and unambiguous example of departure from thermo¬ 
dynamic equilibrium in the chromosphere. For example, the 3'ts% 
3®p, and 3^d levels are over-populated by about a factor of ten 
relative to the corresponding singlet levels. 

Since only one Hell line is observed in the chromospheric spec¬ 
trum, we have no direct determination of Tex for Hell. However, 
the observed line, X4686, gives us 724 and we can set an upper limit to 
rii from the total helium density. The model in Chapter 6 suggests a 
total hydrogen density of 1 X 10^^ at 1500 km. Thus, the total 
helium density should be near 1 X 10^^, which serves as an upper 
limit for Ui. From the intensity of X4686, we find rii = 4 X 10™^ 
at 1500 km, and from the Boltzmann equation we find 7kx(l-4) > 
18,000° for Hell. 

B. The Source of Helium Excitation 

The presence of strong emission from Hel and Hell in the low 
chromosphere requires an energetic excitation mechanism. Either we 
must permit regions with kinetic temperature of at least 18,0()0° as 
low as 1100 km or we must assume that helium is excited by an ex ter¬ 
nal radiation field. Miyamoto (1947) and others have suggested that 
ultraviolet radiation from the corona is responsible for the high stale 
of excitation of helium, and Wurm (1948) has argued against exci ta¬ 
tion by collisional mechanisms. On the other hand, non-spherically 
symmetric models with alternate “hot” and “cold” columns have 
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been proposed by Giovanelli (1949), Hoyle (1949), Hagen (1954), 
Woltjer (1954), Athay and Menzel (1956), and Thomas and Athay 
(1956). 

If external radiation is assumed to produce the excitation of 
helium in the chromosphere, two conditions must be met: (1) The 
optical depths at X500 must be small down to at least 1100 km, 
where the maximum helium emission occurs, and (2) the external 
radiation must provide at least as many quanta as are emitted by 
recombinations to Hel and Hell. Since the excitation temperatures 
in the Hel singlets and in Hell are considerably greater than the 
photosp)heric radiation temperature, whereas the radiation field is 
essentially the photospheric radiation, the brackets in Eq. (5-3) 
must be very near unity. Therefore, to be consistent with the as¬ 
sumption of an external radiative excitation we must assume that 
these lines arise from recombinations and cascades back to the ground 
state. Consider first the question of chromospheric opacity. 

The hydrogen density at 1100 km, obtained from the model in 
the preceding chapter is about 1 X 10'^; and if the relative hydrogen: 
helium abundances ai-e in the ratio 10:1, the helium density is 
1 X 10“. The scale heights of the helium emission are about 10® 
cm for both Hel and Hell. Hence, the total number of helium 
atoms in a radial column of 1 cm'^ cross section is 1 X 10'®. 

If we assume spherical symmetry, Eq. (7-6), together with the 
He and Te in the model of Chapter 6 gives nn = 4 X 10® at 1100 km. 
Since nn is abou t 5 X 10'®, most of the heliiim is presumably neutral. 
The continuous absoiption coefficient of helium at X500 is 7.5 X 10~'® 
(Huang, 1948). Hence, the radial optical depth down to 1100 km is 

rsoo = Nxam ^ 100 (7-11) 

Similarly, we may argue that the total number of hydrogen atoms 
above 1100 km is about 10®“ and since the Lyman continuum ab- 
sorplion coefficieni, at X500 is about 10“'®, the optical depth is about 
10®. At X230, corresponding to the ionization of Hell, the optical 
depth due to Hel absoiption is about 25. In view of these large opti¬ 
cal depths at wavelengths where ionization may occur, coronal radia¬ 
tion could scarcely play a role in the excitation ol helium if the 
chromosphere is spherically symmetric. 

Turning now to the second point, we note that the number of 
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quanta emitted in the singlet line X6678 in a radial column of 1 cm^ 
cross section above 1500 km is 


^6678 



1600 km 


S6678(/i) dh 


(7-12) 


From Eq. (7-3), we obtain Qqg 7 s — 2.6 X 10^® quanta secr^ cm""‘-^. 
The coronal radiation at wavelengths shorter than X500 is estimated 
at about 2 X 10^^ quanta sec~^ cm”^ (Elwert, 1954; Woolley and 
Allen, 1950). Thus, even if we drop the assumption of spherical 
symmetry and allow the coronal radiation to penetrate the chromo¬ 
sphere, the number of ultraviolet quanta emitted by the corona is 
over 100 times too small to account for the observed excitation of 
helium. 

One final argument may be advanced against the assumption 
that coronal radiation produces the observed excitation of helium in 
the chromosphere. The strongest coronal radiations are highly 
localized in centers of activity associated with sunspot zones. On 
the other hand, the emission from chromospheric helium is rather 
uniformly distributed over the entire sun and shows no recognized 
tendency to concentrate systematically below acti\’e coronal regions. 


III. High-Temperature Excitation of Helium 

In view of the strongly compelling arguments against excitation 
of helium emission in the chromosphere by an external radiation 
field, we shall adopt the alternative viewpoint that it is excited by 
the thermal properties of the chromosphere. In adopting this 
alternative, we must also adopt a non-spherically symmetric model 
for the chromosphere, as the following analysis of Hel demonstrates. 
Thus, we must consider a model in which only a fraction of the 
chromosphere gives rise to the observed tiel emission. Our immediate 
interest is in the value of Te in the helium regions. The observed line 
intensities lead to an evaluation of log from Eq. (7-5). There¬ 

fore, our problem is to compute the populations of the singlet and trip¬ 
let levels for prescribed values of Te and rie following the procedures 
outlined in Chapter 4. 

Fortunately, the problem is somewhat simpler in the case oi‘ 
Hel than it is for hydrogen, because the chromosphere has small 
opacity in all the subordinate lines and the radiation field is just the 
photospheric radiation field. Hence, the problem can be solved 
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without solving simultaneously the transfer equations for the subor¬ 
dinate lines. Also, collision cross sections from the ground state are 
known more accurately for Hel than for hydrogen. 

Populations of the singlet and triplet levels of Hel have been 
computed by Jefferies (1955), Zirin (1956 and 1957), de Jager and 
de Groot (1957), and Athay and Johnson (1960). A semi-empirical 
analysis of the Hel lines has been carried out by Shklovsky and 
Kononovitch (1958). 

In the analysis carried out by Shklovsky and KononoAitch, the 
authors attempt to determine Te from the observed occupation 
number rizh by an iterative procedure in which they assume that 
bi = hz^d = r“^(X504) whenever r(X504) < 1 and bi — = 1 

whenever r(X504) > 1. Such a procedure has no physical basis, 
and, with the exception of de Jager and de Groot, who assume 
6i = 1, all other authors find hi » bz^d » 1. Furthermore, bi may 
exceed unity by a large factor even when r(X504) > 1 (cf. Chapter 4). 

The calculations by Jefferies lump the 2^' and 2p terms together, 
and they do not include enough of the excited states to allow an 
adequate comparison with observations. Zirin assumes in his 
calculations that there are no transitions between the terms of a 
given level for ^ > 3, and because of this there are strong departures 
from thermodynamic equilibrium in the populations of the various 
terms of a given level. For example, he assumes that electrons leave 
the Vd level mainly by spontaneous transitions to 2’p. However, 
if there is a strong coupling between 3^c/ and 3^p, the strongest 
transition is to Its* via 3^p. Since these transition rates differ in 
order of magnitude, this question is a critical one. From the in¬ 
tensities of the lines arising from the transitions 
3V2^p, yd-2^p, and 3^5-2^p it appears that terms of the 

same parity for the third principal levels are populated in direct 
proportion to their statistical weights, which implies strong coupling 
between terms. Therefore, we cannot accept Zirin’s calculations for 
applications to the chromosphere. 

De Jager and de Groot consider two cases: One in which ioniza¬ 
tion occurs only by electron collisions, and one in which ionization 
occurs only by absorptions of photons from an external radiation 
field. Neither of these cases can possibly lead to thermodynamic 
equilibrium for the ionization of helium. Despite this obvious 
conclusion, however, de Jager and de Groot unaccountably set 
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bi = 1. Furthermore, they claim to have too much Hell emission 
relative to Hel at a value of Te ^ 8600°. This claim is not to be 
taken seriously, however, since their own numerical results actually 
give the Hell emission too faint by at least thirteen orders of 
magnitude. 

The calculations by Athay and Johnson(1960) are for a 12-level 
atom as illustrated in Fig. 7-2. The 2^ and 2p terms are considered 



SINGLETS 


TRIPLETS 


Fig. 7-2. The idealized helium atom for which bkS are calculated. (From R. (1. 
Athay and H. E. Johnson, 1960 , Astrophys, 131, 416.) 


separately, and the terms of the 3, 4, and 5 principal levels arc^ 
assumed to be populated as they would be in thermodynamic ecpii- 
librium. It is assumed that the only coupling between the I riphils 
and singlets is via collisions to and from the ground state and via 
the continuum. Otherwise, all transitions are included. Uiuler 
these assumptions, the populations of the triplet levels are inde¬ 
pendent of the populations of the excited singlets, and, to a close 
approximation, independent of the opacities in the resonance lines 
of the singlets. Furthermore, the population of the ground state is 
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independent of the population of the excited bound states. Hence, 
the singlets and the triplets plus the 1^5 level may be treated as two 
independent atoms with six bound levels plus a continuum. 

Because there are permitted radiative transitions from the 
excited singlets to the ground state, the populations of the excited 
singlets depend critically upon the degree of detailed balancing in 
the resonance lines. The degree of detailed balancing in a line is 
given directly by the value of the bracket 

1^1 - 

which we denote in the following by NRB. Even though the NRB 
may be carried as a parameter of the calculations, the relative values 
of the NRB must be known for the different lines of the resonance 
series. Two extreme cases were considered by Athay and Johnson: 
one in which NRB oc where a is the same for all lines, and 
one in which NRB oc e“V3(€+77)To, the former case, the NRB 
increases rapidly from its value at the first line of the resonance 
series to a value near unity for the third and higher lines. In the 
latter case, however, the NRB is much smaller for the second and 
third lines than for the first line, but it increases again for higher 
lines. The effect of these approximations, then, is to vary the NRB 
for the second and (bird lines of the resonance series from values 
much smaller to values much greater than the N RB for the first 
resonance line. Extended calculations for determining NRB explicitly 
have since been carried out by Johnson (1960). 

llepresentaliv values of bk for Hel and the ratio rij/nu are 
given in Table 7-1. To a first approximation, the bk for k > 2 are 
independent of //«, and bi is inversely proportional to rie, as was the 
case for hydrogen also. However, in contrast with the results for 
hydrogen, bk < 1 for some of the singlets when NRB = 1. For 
detailed balancing in the resonance line, NRB = 0, the 6//s for the 
singlets are ('omparable to those for the triplets. 

Empirical and computed values of the quantity log 
are given in Table 7-2. The value of NRB for the first resonance 
line is chosen to give agreement between the computed and empirical 
values of log for k = '3 in the singlets. Since the intensities 

of all the He! lines decrease with height at the same rate, the empirical 
values of are independent of height. 
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Surprisingly good agreement between the computed and empir¬ 
ical values of bk is found for the triplets for all values of T*. The 
fundamental reason for the insensitivity to Te is that the popula¬ 
tions of the triplet levels are determined primarily by the radiation 
field, and because of the low opacity this does not vary with ambient 
Te. 

For the singlets, the agreement between computed and empirical 
values of bk is satisfactory for either choice of the relative weights of 
the NRB for the resonance lines, and again a satisfactory representa¬ 
tion can be obtained for any value of Te. However, the value of the 
NRB is specified by the values of rie, Te, and bi, which imposes an 
additional condition on the equilibrium populations for the singlets. 

For the Hel resonance line, r? — 5 X e — 10"® and ro = 
10 “® to 10 "'* for the ranges of Te considered in Table 7-1. However, 
the continuous opacity is due mainly to the Lyman continuum of 
hydrogen and the source function for the continuum is bi~^(H) X 
Bp{Te) rather than By{T^. Thus, the factor bi~\H)ryBv{Te) enters 
the transfer equation in place of the r„Bp(Te) considered in chapter 
4 . Since bi(H) is of the order of 10'^ when ro = 10 ~^ and of the 
order 10 '* when ro = 10 "^ br^(H)ro < e, and the approximation 
To = 0 , as used in Chapter 4, is justified. We may therefore use 
Eq. ( 5 - 7 ) to estimate values for the NRB factor. The dominant 
term in X) in Ihe third-order approximation is the term with 

y = 3 for which Ls ~ — 1 and ^3 — 3 X 10 "L We estimate c < to""*, 
in which case Eq. (5-7) reduces to NRB = 776 "-®^ for in termediate 

values of TO and to NRB = 77 */^ for small to. v increases from 5 X 10™^ 
for Lyman-a of Hel to about 5 X 10"^ for Ly man-/3 and about unity at 
the series limit. Thus, when 8 X 10“Vo < 1, the proper weighting 
resembles the case more than it does the case For 8 X 

10-4 a more detailed solution for NRB is necessary 

(Johnson, 1960). 

To estimate the value of the NRB lor the first resonance line, 
we mus t have some idea of the density in the regions responsible for 
the helium emission. To obtain an estimate of the density at 1500 km 
we consider the value of neUnTr^^'^ as given by Eq. (7-6). In all 
subsequent calculations we assume that the abundance of helium 
relative to hydrogen is 0 . 1 . However, we recognize that this 
abundance is uncertain by a factor of 2 . If, then, we replace nn by 
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0 . 1 ne[l + (ni/nn) + ^ 

and consider that only a fraction ai of the chromosphere may be 
producing helium emission, we have 

aiUe^ = 1.7 X + ni/nn + nui/nu) (7-13) 

From the values of ni/rm in Table 7-1 and Zirker’s value of nm/nn = 
0.68 at 50,000°, we find the values of given in Table 7-3. Since 
di ^ Ij we must have 10 ^^ < rie. 


Table 7-3. Estimates of Ue, ro in Xl0,830, and to and NRB in the Resonance I ane 
Tg aiUe^ ro(XlO,830) ro(X584) hiro NRH 


1 X 10^ 3.8 X 1026 

2 X 10^ 1.2 X 1022 

3X10^ 9X1021 

4 X 10^ 1.4 X 1022 

5 X 10^ 3.2 X 1022 


1.2 X 10-5 4.7 X 10^ 

0.17 2.1 X 10^ 

0.16 7.1 X 102 

0.09 59 

0.02 8 


38 

--10“^t 

17 

-^10”5 

0.70 

-^10"4 

0.047 

^io-» 

0.0064 

--IO -2 


An independent estimate of rie may be obtained from the disk 
observations of the X10,830 line (Mohler, Pierce, McMath, and 
Goldberg, 1950). The mean central intensity in this line is about 
0.95 of the continuum intensity. Since helium is no t found in excited 
levels in the lowest layers of the chromosphere, we may write to a 
good approximation 

Iq = /phC“’’o + 5o(l “ e~’’o) (7-14) 

From the calculated values of 62 V and 62^5 Sq ^ /ph/2 and we find 
from Eq. (7-14) to 0.1. Column 3 in Table 7-3 contains calculated 
values of ro for X10,830 for rie = 10^^ and a scale height of 10” <rrn. 
Since ro in X10,830 is proportional essentially to nj, the projxu' 
value of Re must be near 10 ^^ in the regions where the maxiimini 
density of excited Hel is found. This argument alone is sufrH‘i(^nt to 
exclude Te == 10,000° as a possible solution since rie > 2 X 10^'\ 

Using a value of Ue = 10^\ we may now estimate ro in the first, 
resonance line at X584. Column 4 of Table 7-3 contains the esti¬ 
mated values. Column 5 of Table 7-3 contains estimated values of 


t See footnote on p. 241. 
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fero. For Te < 30,000"^, fesro is large etnd the NRB is considerably 
smaller than the empirical values in Table 7-2. These estimates of 
the numerical values of the NRB together with the empirical 
values in Table 7-2 suggest that Te > 40,000^. Because of uncer¬ 
tainties in the NRB, collision rates, helium abundance, rie, etc., we 
might admit values of Te as low as 30,000°. However, under 
no reasonable circumstances could we admit Te as low as 20,000°. 
Furthermore, these results are not invalidated by our neglect 
of intersystem transitions between excited singlets and triplets. 
Since the triplets are overpopulated with respect to the singlets, 
the net exchange must be from triplets to singlets; in which case 
the empirical values of the NRB in Table 7-2 represent lower 
limits and the inferred value of Te is also a lower limit. The good 
agreement between the computed and empirical values of bk for the 
triplets suggests that the intersystem transitions are indeed of little 
importance. If we attempt to raise Te to much higher values, say 
80,000°, Hell becomes much less abundant than Helll and we again 
run into unreasonable values for rie. Therefore, Te seems to be limited 
to the range 40,000 to 80,000°.f 

At first impression, this seems like a surprisingly high value for 
Te in the regions emilting Hel radiation. However, there are several 
independent indications of similar values of Te in the regions of the 
chromosphere that are known to emit strongly in Hel and or Hell. 
These may be listed as follows: (1) Mohler and Goldberg’s (1956) 
observations of the X10,830 profile indicate a Doppler broadening 
corresponding to m equivalent Te of about 50,000°. (2) Ha, 

i/y, and Di line profiles for individual spicules indicate 45,000 
to 55,000° (cf. Chapter 3). (3) The theoretical model in Chapter 5 

suggests that 7\. should jump to a value >40,000° at the base of the 
Hell plateau. (4) Zirker’s (1959) calculations of the excitation of 
X4686 in the chromosphere indicate Te = 40,000° if the coupling 
with Lyman-o: of hydrogen is not of major importance. All of these 
indications of 7’, are uncertain to some extent. Nevertheless, they 
are consistently in the range 40,000 to 50,000°. 

t Since completion of this manuscript, Johnson (1960) has carried out a self- 
consistent solution of the transfer erpiation and statistical equilibrium equations 
to evaluate the NRB and 6 a’s for the helium singlets. His detailed calculations 
confirm the preliminary conclusions stated here. The relatively large value of 
NRB at Te = 10,000'^ is a niathematical peculiarity resulting from a particular 
choice of numbers, and is probably not physically realistic. 
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The constant ratio of intensities for singlets and triplets at 
different heights in the chromosphere implies that the NRB is a slow 
function of tq in the X584 line, since tq must change with height. 
This will be the case if hra is small and the NRB cc rj. On the 
other hand, if kzTo is large, the NRB oc which varies rapidly 

with Tq. Thus, the constancy of the singlet .-triplet ratio also indicates 
that Te > 40,000°. 

In subsequent considerations of the model, we shall consider 
the regions producing Hel radiation to be isothermal at some mean 
value of Te. In view of the calculations above we expect T,. ^ 
40,000° at the base of the regions producing Hel radiation, which 
agrees with the predicted values of Te at the base of the Hell plateau 
in the theoretical model of Chapter 5. Since the top of the Hell 
plateau is predicted at Te > 60,000°, we shall adopt a mean value 
of Te of 50,000°. This value of Te is sufficient to explain both the 
Hel and Hell radiations, and we need not consider a rnor-e compli¬ 
cated model for the Hell data. 

IV. General Formulation of Model 

A. Defining Equations 

We have indicated in the discussion above that, we must t.urn 
to a model which departs from spherical symmetry. Actually, ()(‘ 
course, this is not a surprising development. Limb observations of 
the upper chromosphere show hydrogen, helium, and otlier (diromo- 
spheric-type emissions concentrated in spicules covering bul. a small 
fraction of the solar surface. Also, disk observations of l.lu^ (‘hromo- 
sphere and photosphere, in both white light and in t he (xnes of the 
Fraunhofer lines, show surfaces that are mottled by relativtdy liglit 
and dark features. These light and dark features are often assocdat (hI 
with Doppler displacements of the spectral lines (McMath, Moldcu-, 
Pierce, and Goldberg, 1956). Thus, we have many indic^alions of 
departures from spherical symmetry, and any (extended <lis(‘ussion, 
which includes enough data, must inevitably lead to a non-s[)h(‘ri(‘ally 
symmetric model. 

As a first step toward a new model beyond evaluating T,, in th(‘ 
helium regions we make the simplest possible assumption, v iz., thaf, 
the chromosphere, at any fixed height above t.h(^ pholosidnmv 
consists of two types of regions with fractional areas Ui and a-i 
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( _ ^ ®i)> so defined that all the helium emission arises from 

regions of type 1. We further assume that the emission per unit 
volume obtained by assuming spherical symmetry can be represented 
by 

S = ai8i + a2£2 (7-15) 

This latter assumption implies that the individual structures are 
(1) randomly distributed over the solar surface, and (2) homogeneous 
within themselves at a fixed height. Note that we do not require 
that the hydrogen and helium emissions arise from separate volume 
elements and we do not specify that either type of region is cold or 
hot relative to the other. Also, we do not assume any particular 
geometrical shape for the individual regions. Later on we shall 
identify the two components in the upper chromosphere with spicules 
and the interspicular regions. However, we have specifically avoided 
this association at this stage. 

The emission from helium is restricted to region 1. By virtue 
of the assumptions above, Eq. (7-7) becomes 

aiTieinurer'^f^ = 1 X 1017 ^*(/i) (7-16) 

Eq. (6-16) becomes 

= /(/i) (7-17) 

and K((. (6-77) becomes 

ai[nei + 8.3 X exp (-1.31 X lOV^^i)] 

4- a 2 [ne 2 + 8.3 X exp (-1.31 X lOVT^s) 

+ 2.9 X 10~Vi.2'6ia.2V/‘' exp (1.26 X 107 ^ 2 )] = g{h) (7-18) 

where the term containing arises from the Paschen continuum 
and the term containing Ue^ arises from the H” emission. Since, 
with increasing height, rie decreases and Te increases, the H“ and 
Paschen terms decrease relative to the electron scattering term. 
Above the height where both the and Paschen terms become 
negligible relative to electron scattering, Eq. (7-18) reduces to the 
simple form 

aiUei + a 2 ne 2 = g(h) (7-19) 

The spherically symmetric model in Chapter 6 suggests that Eq. 
(7-19) should hold for h > 2000 km. 
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Below the maxima in the helium emission, the observational 
data are not adequate to determine the emission per unit volume 
with a reasonable degree of precision. The data suggest that the 
emission drops very rapidly at lower heights, and we have no com¬ 
pelling reason to indicate a pronounced non-uniformity in chromo¬ 
spheric structure for h < 1000 km. So far as our data are concerned, 
the model in Chapter 6 is adequate at these heights. Hence, we 
need consider the model for h > 1000 km only. 

The Equations (7-16) to (7-19) contain six unknowns: Ui, rieu 
Teu Te 2 , uud / 2 ii. Heuce, in order to solve for these unknowns 
we must either find additional relationships between them or we 
must make additional assumptions. On the basis of the calculations 
in the preceding section we may set Tei = 50,000° with reasonable 
assurance that it is not in error by a large percentage. From Zirker's 
calculations, nni/nn = 0.7 at Tc = 50,000°, and from Table 7-1 
nijnii <$C 1. We may therefore set ni + nu + ruri = 1.7nn = OA rie. 
Equation (7-6) then becomes 

= 1.7 X WV{h) = ^{h) (7-20) 

and the problem is reduced to four unknowns. 

Before considering a fourth relationship between these un¬ 
knowns it is instructive to consider the gross leatures of the rnodi'l in 
somewhat more detail. 

B, Comments on General Structure 

The assumptions under which we are working in (his chaptei’ 
say nothing about the detailed form of the model either Irom a 
thermodynamical or geometrical standpoint. We could, o(* cours(‘, 
deduce some of these details from numerical computations based on 
the quantities/(A), g(h), and <p(/i), which are derived (rom the obser¬ 
vational data. However, it is helpful to consider th(^ getuvral 
conclusions that can be arrived at independently of the detaihxl 
model. 

Consider the relative importance of regions 1 and 2 in pro¬ 
ducing the hydrogen emission. From Eqs. (7-17) and (7-2()), we 
can determine both aineiTei~^'^ and independently of 

the model. Table 7-4 contains the percentage of the Balmer con¬ 
tinuum emission arising in region 1 according to the two approxi¬ 
mations to/(/i) given by Eqs. (2-lla) and (2-12). Below 3000 km. 
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Table 7-4. Percentage of Hydrogen Balmer Continuum Emission in Region 1 


h 1500 2000 3000 4000 5000 6000 

% 5 6 9-12 40-46 76-100 100 100 


the hydrogen Balmer continuum emission originates mostly in region 
2, whereas above 4000 km it originates almost entirely in region 1. 
Hence, in the low chromosphere the hydrogen and helium emissions 
are separated, and in the high chromosphere they are merged. 

In the low chromosphere where hydrogen emission is in region 
2 and helium emission in region 1, region 1 must be hotter than 
region 2. However, in the high chromosphere, where both hydrogen 
and helium emissions are concentrated in region 1, we have two 
possibilities. We have defined ai as the fractional area of the sun 
giving rise to helium emission. On eclipse spectrograms exposed 
above 5000 km, spicule structure is clearly evident in the early 
Balmer lines of hydrogen as well as in the helium lines. The detailed 
structure is the same in both the hydrogen and helium lines (Athay 
and Roberts, 1955; Athay, 1958a), which is also suggested by the 
results in Table 7~4. Thus, by definition, region 1 is to be identified 
with the spicules al)ove 5000 km. From our analysis of spicule 
slatislicsin Chapter 3, we estimate (h 0.003 and a 2 1 at 5000 km. 
Therefore,, the emission in region 2 may be weak either because n «2 
is low or Te 2 is high. We noted in Chapter 2 that there is evidence 
for strong emission from FeXI in the upper reaches of the chromo¬ 
sphere. This observation, if correct, strongly implies that is 
much higher than T^i in the upper chromosphere. Also, since the 
spicules, which constil.utc region 1 in the upper chromosphere, are 
observed as jets shooling into region 2, it seems necessary that the 
density in the spicules exceeds the density in region 2. Thus, we 
conclude that 7\,2 > 7 u and rie^ < rui in the high chromosphere. 

Up to this point, we have made no assumption about the geo- 
metiical form ol* the chix>mospheric elements othe.r than to identify 
region 1 wilh spicules in the upper chromosphere. The simplest 
assumption for the low chromosphere seems to be that of vertical 
columns, which we now consider. We note from Table 7-4 that the 
hydrogen and helium emissions cannot both be in vertical columns, 
since thesci emissions are separated in the low chromosphere and 
merged in the high ehrornosphere. Thus we consider the following 
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two possibilities: (1) helium emission is in vertical columns, and 
(2) hydrogen emission is in vertical columns. These two alternatives 
are illustrated schematically in Fig. 7-3. In the first alternative 
[Fig. 3(a)] regions 1 and 2 consist of vertical columns. Since 7\i > 
Tel in the low chromosphere and Tei < Tei in the high chromosphere, 
this first alternative requires a reversal in the direction of the hori¬ 
zontal gradient in Te between adjacent columns in the middle layers 
of the chromosphere. In the second alternative [Figure 3(b)], 
neither region 1 nor region 2 forms vertical columns, and the hori¬ 
zontal gradient in Te between adjacent atmospheric columns may 
have the same direction at all heights. 

Our considerations of the chromospheric energy balance in 
Chapter 5 indicate that in a vertical column of the solar chromo¬ 
sphere the predominant energy loss by radiation should shift first 
from hydrogen to Hell then from Hell to some coronal ion. This 
sequence is followed in Fig. 3(b), but not in Fig. 3(a). Thus, we 
favor the assumption that the hydrogen emission is in vertical 
columns. One must realize, that the non-uniform structure of the 
chromosphere may consist of hot or cold cloudlike features, as sug¬ 
gested by McMath et al. (1956), rather than vertical columns. 
However, the spicules observed in the upper chromosphere suggest a 
columnar structure, and the introduction of cloudlike features is an 
unwarranted complication at this point. 

V. Calculation of Model 

A. Evaluation of ai 

Since we still have four unspecified parameters and only three 
relationships between them from observational data, we cannot 
derive a detailed model without either adding more obsc'rvalioual 
data or making further assumptions. We proceed by (U)nsi(l(M‘ing 
the parameter ai. 

For heights of 5000 km and greater, we have direct eviclencc^ 
that region 1 is to be identified with spicules; and from the analysis 
of spicule statistics in Chapter 3, we obtain an estimate of ai 0.003 
at 5000 km. There is, of course, uncertainty in such an estimal.e; 
however, there is little chance that Ui is in error by as much as a 
factor of 3, and we may safely limit Ui to the range 0.01 to 0.001. 
These limits on Ui serve as the desired fourth relationship (‘or h = 
5000 km, and they apply equally well at 6000 km. 
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4' . . . Direction of increase in Tq 

Fig. 7-3. Two alternative geometrical models of the chromosphere. 


At lower heights, we also have estimates of the surface area 
covered by spicules. Ilowever, we cannot be certain that region 1 
is to be identified with spicules for heights below about 5000 km. 
In fact, we cannot be certain even that spicules are the only manifesta¬ 
tion of non-spherical symmetry at these heights. The absence of 
pronounced structure in either the hydrogen or helium emission at 
heights below 3000 km requires that ai be greater than about 0.01 
and less than about 0.99. We expect therefore that ai will increase 
above the limits given for h = 5000 km. 

For h < 1000 km, as we have noted earlier, there is no compelling 
evidence from the hydrogen and helium data to consider departures 
from spherical symmetry. The model in Chapter 6 is therefore 
adequate at these heights, and, by definition, Ui must again decrease 
to a value near zero. 

In adopting Fig. 3(1)) as the most plausible geometrical model, 
we ado|)ted implicitly a model in which Te and are inversely 
related between regions 1 and 2 in the upper chromosphere. Thus, 
we have a tendency towards pressure equilibrium with the high- 
temperature regions associated with low density and vice versa. 
In order (,o evaluate Ui in the middle layers of the chromosphere, we 
assume that the pressure in region 1 is of the same order of magni¬ 
tude as the pressure in region 2 at the same physical depth. This 
assumption may be expressed in the form 

n.x7Vi = WnMl + M2ne,)] (7-21) 

where rim/2nr/> may be expressed as a function of Te^ and Uei using 
the expressions for bi given in Chapter 4 and W is of order unity. 
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This equation together with Eqs. (7-16) and (7-17) serves to specify 
ai as a function of Te 2 and Tei. 

The observed dynamic phenomena in the chromosphere suggest 
that there are probably differences in gas pressure from one region to 
another at the same depth. Ideally, our model should yield the gas 
pressure in the two regions of the atmosphere, but this is not possible 
with the limited data available. For the present, we can derive a 
detailed model only by assuming some such relationship as expressed 
by Eq. (7-21). 

B. Calculations of the Model 

Even though we now have four equations in four unknowns 
the model is still not uniquely defined. We have endeavored to 
keep the geometrical and physical model as simple as possible. 
Nevertheless, the model places severe requirements on the observa¬ 
tional data. In order to derive the equations defining the model, 
we have been forced to differentiate the data. In addition, we have 
introduced an approximate value for Tei, nu and the hydrogen :helium 
ratio. All these steps introduce uncertainties in the final equations, 
the most serious of which arises from the differentiation of the data. 

Unfortunately, we have no reliable means for estimating the 
probable errors involved. Some idea of the relative errors can be 
obtained from alternative analy tical representations of the data, 
which we differentiate to obtain the emission per unit volume. As 
an example, we consider six alternative representations of the data 
from which we derive the function g (Athay el al., 1955). The six 
representations yield values of log g between the limits 11.01 to 10.84 
at 2000 km and 9.63 to 9.91 at 6000 km. This suggests that the 
errors introduced from the differentiations of the data are of the order 
of a factor of two. 

In addition to the errors resulting from the derivation ol‘ ,f, 
cp, and g, there is a possibility of absolute errors in the phol,om(d ri(* 
calibration, which also affect the model to some extent. In (Tuipt-cn- 
3, we indicated that our absolute intensities may be too high by 
about a factor of two. However, we have no conclusive evidence 
that this is actually the case, and we shall use the irUcnsil,i(‘s as 
given. Fortunately, the absolute errors are of less importaiu'c (ban 
relative errors of the same magnitude. 

Because of the aforesaid errors there are a range of values for 
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each of the four parameters of the model that will satisfy the equa¬ 
tions. In solving the equalior s, we arbitrarily vary /, and g by 
factors of two in either sense, i.e., we allow each function to change 
from its prescribed value by factors of 2 and 3^ independently of the 
values of the other two functions. Since a^rie^T = y 
changes in / and have much more effect on the results than changes 
in the parameter W. Hence, there is no point in varying W inde¬ 
pendently of / and cp. In order to set limits on ai, we take W = 1. 
However, the permitted ranges in the remaining parameters of the 
model permit values of W considerably different from unity. 

For some of the permitted values of the /, p, and g functions 
the equations defining the model have no formal solutions. However, 
for a prescribed value of Te 2 Eqs. (7-16) and (7-17) together with 
either Eq. (7-18) or (7-20) may yield a solution. If so, we adopt 
this solution as a possible one. On the other hand, if it turns out 
that nei ther of these two sets of equations has a solution for a given 
Te 2 and the permitted ranges in /, p, and g, we reject this value of 
Te 2 from the set of possible solutions. 

Since the spherically symmetric model in Chapter 6 gives 
Te = 7500® ± 500 at 1000 km and Te increasing outward at the 
rate of about 1000® per 500 km, we place a lower limit of 7000° on 
Te 2 at 1500 km and higher. At 1500 and 1000 km, the /, p, and g 
functions place an upper limit on Te 2 and both upper and lower 
limits on ai, and /Lu- At 3000 and 4000 km, however, the per¬ 
mitted ranges in the / and p functions allow a 2 ne‘fTe 2 ^^^^ = 0 or 
ai - 1. From Eqs. (7-16), (7-17), and (7-21) with nH/2n.2 < 1, 
we have 

^/Cf - ^) = (ai/l - ai){lWTeiyi^ (7-22) 

and as ui approaches unity 

/uiu - -> ^.nax(l ^ ai) {TJ 7,2^ (7-23) 

or 

(7-24) 

Thus, for a given value of Te 2 we may place an upper limit on n« 2 - 
liquations (7-22) and (7-19) may be used to place lower limits 
on Ui and ^,. 2 . By letting p have its minimum value and / its maxi¬ 
mum value, we have, from Eq. (7-22), 
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ne2^ > (cpr.MTen2-^ (7-25) 

Also, from Eq. (7-19) we have 

^e2 ^ Qmsi.x.f (1 ^l) (7-26) 

which leads to 

ai/{l - aiY > (^nnn/^\ax)rel^/27; »2 (7„27) 

Unfortunately, we cannot set an upper limit on Tei for h > 4000 km 
due to the permitted range of uncertainty in /, and g. 

We proceed with the calculations for h < 4000 km by choosing 
a value for Te 2 , then finding the limits on the remaining free 
parameters. For > 5000 km, Te 2 is too high to be determined by 
the data we are using, so we evaluate iiei and rie^ from the limits on 
tti placed earlier. Table 7-5 exhibits the results. At first glance, 
the model seems poorly defined indeed. However, a closer inspection 
of the results in Table 7-5 reveals features that can be used to refine 
the model considerably. In discussing Table 7-5, we must remember 
that the columns in the table do not necessarily represent vertical 
columns in the chromosphere for h < 5000 km. 

At 4000 km, region 1 may be an extension of either region 1 
or region 2 at 5000 km. For stability, we require that n.e does not 
increase outward. If region 1 is continuous from 5000 to 4000 km, 
then log Tiei > 11.3 at 4000 km, which requires that Te 2 '> 50,000°. 
On the other hand, if region 1 at 5000 km joins with region 2 at 4000 
km, then log ne 2 > 11.3 at 4000 km, which requires that IVi 
20,000°. At 3000 km, the same two alternatives place essentially 
the same restrictions on Te 2 - Furthermore, since 7^2 < 30,000° at, 
2000 km and <15,000° at 1500 km, we have a clear indication of 
two distinct temperature regimes in conformity with the predic'-tions 
of Chapter 5. 

Since we observe spicular structure at 4000 km, which is an 
extension of the spicular structure at greater heights, it is very 
probable that Ui is continuous in this height range. At 3000 km, 
however, the continuity in Ui is open to question. At 2000 km, the 
restriction of Te 2 to less than 30,000° clearly indicates that ai is not 
continuous down to this height. Furthermore, the results in Table 
7-4 suggest that the transition height indicated in Fig. 3(b) lies 
between 2000 and 4000 km. Inasmuch as several of the neutral 
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Table 7-5. The Initial Model 


h 

Te, 

«i 

log riel 

log n «2 

1500 

7,000 

0.80 0.55 

11.4-11.2 

11.4-11.6 


7,500 

0.96-0.80 

11.4-11.1 

11.8-11.7 


8,000 

0.98-0.85 

11.4-11.1 

11.9-11.8 


9,000 

0.99-0.80 

11.4-11.1 

12.4-11.9 


10,000 

0.98-0.73 

11.4-11.2 

12.2-11.7 


12,000 

0.97-0.65 

11.4-11.2 

12.2-11.7 


15,000 

0.93-0.40 

11.4-11.3 

12.3-11.8 

2000 

7,000 

0.995-0.98 

11.0-11.3 

12.2-11.8 


8,000 

0.997-0.95 

11.0-11.3 

12.4-11.5 


9,000 

0.996-0.92 

11.0-11.3 

12.4-11.4 


10,000 

0.995-0.89 

11.0-11.3 

12.4-11.4 


15,000 

0.98-0.67 

11.0-11.4 

12.2-11.3 


20,000 

0.94-0.43 

11.0-11.5 

12.0-11.3 


25,000 

0.85-0.26 

11.0-11.6 

11.9-11.3 


30,000 

0.78-0.15 

11.0-11.6 

11.8-11.3 

3000 

7,000 

1-0.99 

10.8-10.8 

12.0-11.7 


8,000 

1-0.98 

10.8-10.8 

11.9-11.6 


10,000 

1-0.96 

10.8-10.8 

11.9-11.6 


15,000 

1-0.87 

10.8-10.9 

11.6-11.1 


20,000 

1-0.72 

10.8-11.0 

11.5-10.8 


30,000 

1-0.58 

10.8-11.2 

11.4-10.6 


50,000 

1-0.40 

10.8-11.3 

11.2-10.4 


100,000 

1-0.20 

10.8-11.5 

10.9-10.3 

4000 

7,000 

1 0.996 

10.6-10.6 

11.8-11.5 


10,000 

1-0.99 

10.6-10.6 

11.7-11.3 


15,000 

1-0.95 

10.6-10.6 

11.4-11.2 


20,000 

1-0.86 

10.6-10.6 

11.3-10.9 


30,000 

1-0.60 

10.6-10.9 

11.2-10.4 


50,000 

1-0.40 

10.6-11.3 

11.0-10.2 


100,000 

1-0.20 

10.6-11.8 

10.7-10.1 

5000 

— 

0.01-0.001 

11.3-12.1 

9.7-10.3 

6000 

— 

0.01-0.001 

11.3-11.8 

9.6-10.2 


metal lines are observed up to heights of about 3()0() km, we assume 
that the transition height where region 1 joins with region 2 lies 
between 3000 and 40()() km. 

At 1500 km, the model in Table 7-5 permits continuity with 
the spherically symmetric model in Chapter 6, viz., Te 2 ~ 7500 to 
9000"^, and we adopt these limits. Assuming that Te 2 does not 
decrease outward, we adopt 7^2 > 7500"^ for h > 1500 km. Aside 
from these limit-s, any Te 2 ^ 30,000° is possible at 2000 and 3000 
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km. However, since we have definite indications for two distinct 
temperature regimes, we limit Tei to less than 11,000 in accordance 
with the considerations in Chapter 5. For h < 1000 km, we adop t 
the model of Chapter 6. 

Before proceeding further with our discussion of the model, i t 
is advantageous to consider an alternate designation of componen ts. 
The separation into regions 1 and 2 was convenient for computation, 
but it is not convenient for further discussion. The vertical struc tnre 
resulting from our discussion of Table 7-4 and Fig. 3(b) suggests 


Table 7~6, Adopted Model 


h 

T.c 

log Tlec 

Teh 

log rieh 


500 

6,250 

11.7 

— 

— 

— 

1,000 

7,500 

11.5 

— 

— 

.— 

1,500 

7,500 

11.8-11.7 

50,000 

11.4-11.1 

0.04-0,20 


8,000 

11.9-11.8 


11.4-11.1 

0.02-0,15 


9,000 

12.4-11.9 


11.4-11-1 

0.01-0.20 

2,000 

7,500 

12.5-11.8 

50,000 

11.0-11.3 

0.002-0.02 


8,000 

12.4-11.5 


11.0-11.3 

0.003-0.05 


9,000 

12.4-11.4 


11.0-11.3 

0.004-0.08 


10,000 

12.4-11.4 


11.0-11.3 

0.005-0.11 

3,000 

8,000 

11.9-11.6 

50,000 

10.8-10.8 

0-0.02 


9,000 

11.9-11.6 

50,000 

10.8-10.8 

0-0.03 


10,000 

11.9-11.6 


10.8-10.8 

0 0-04 

4,000 

50,000 

10.6-11.3 

>50,000 

<11.0 

CO.CS 

5,000 

50,000 

11.3-12.1 

>50,000 

9.7-11.3 

0.01 0-001 

6,000 

50,000 

11.0-11.8 

>50,000 

9.6 10.2 

0.01-0.001 


“hot” and “cold” columns. In the following we will use siilosex'ipl 
c to designate “cold” columns, and subscript h to designate "“hot” 
columns. With this notation and the above reslriclions, the allo wed 
solutions in Table 7-5 reduce to those in Table 7-6. 

The adopted model in Table 7-6 shows an initial rapid decrocise 
in ac from at 1000 km to <0.11 at 2000 km, and Ihereaftor a 
rather slow decrease. In Chapter 3, we estimated that a frac tioxiL of 
about 0.01 of the solar surface was covered by spicules at 3()O0 kni. 
Thus, the model suggests that for h > 3000 km, the cold compotxeri Is 
of the chromosphere are to be identified with spicules. Indeed, t,his 
seems to he a reasonable explanation at 2000 and 15()() km as w<„dl. 
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Below 1500 km, where the cold component fills the entire chromo¬ 
sphere, such an association has no meaning. 

Within the cold component there seems to be little, if any, 
change in Ue with height except in the interval 3000 to 4000 km 
where the jump in Te occurs. Since spicules are observed as an up¬ 
ward ejection of matter, it is entirely reasonable that the density 
should remain relatively constant with height. Also, we note that 
for hydrostatic equilibrium at Te = 50,000°, log Ue should decrease 
by about 0.2 each 1000 km. The hot components of the chromo¬ 
sphere may therefore be in approximate hydrostatic equilibrium. 
Thus, the model in Table 7-6 is close to a hydrostatic equilibrium 
model everywhere except in the spicules above 1500 km. 

Since log iioh may be as low as 9.7 at 5000 km and equally as 
low at 4000 km, 77;, may rise to a value near 10^^ at 4000 km before 
the electron pressure exceeds that at 3000 km. The indications of 
FeXI emission in the upper reaches of the chromosphere are therefore 
consistent with the model. 

The model in Table 7-6 must be regarded as an average work¬ 
ing model only. The jump in Tec from the hydrogen plateau to the 
Hell plateau between 3000 and 4000 km could not be expected to 
hold for all spicules. Indeed, there may be some spicules that have 
Te ^ 50,000° much below 3000 km, and there may be spicules with 
Te < 11,000° above 4000 km. The consistently wide line profiles 
observed for spicuiles at h ~ 5000 km indicates, however, that 
spicules with 77 much less than 50,000° are rare at this height. 

We note that the model above gives relatively cold, dense 
spicules imbedded in a relatively hot, tenuous medium. Models in 
which tlie spicules are hotter than the sun'oiinding medium as sug¬ 
gested by Woltjer (1954) and more recently by Michard (1959) are 
not compatible with the data used in deriving the above model. 
Also, we note that situ^e the observed spicules are imbedded in a 
medium in which 77 may be as high as 10^7 in which case the velocity 
of sound IS about 200 km secrh we do not require that the observed 
spjicule velocity of 30 km sec"“^ be supersonic. Finally, we note that 
since the line profiles in (lie upper chromosphere indicate a Doppler 
broadening corresponding to a 77 of about 50,000°, there is no basis 
for the often-quoted “turbulent” velocities of about 15 km secr^ in 
the upper chromosphere (cf. de Jager, 1959). 
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VI. Active Regions 

It is of interest at this point to consider the data for the active 
regions discussed in Chapter 3. Unfortunately, these data are not 
adequate to carry our discussion of models to the same degree of 
refinement that we have for the normal regions of the chromosphere. 
For the 1932 and 1936 regions there are no continuum data and only 
restricted line data. For the 1952 region, there are no data for the 
Balmer continuum. However, by extrapolating the Balmer line 
data to the series limit by the same method employed in Fig. 7-1 for 
extrapolating the helium line data, we can estimate the intensity of 
the Balmer continuum for heights below 1600 km. We can then 
proceed to discuss the model for this region in much the same way 
that we discussed the model for the normal chromosphere. Our 
discussion of the 1932 and 1936 regions will necessarily be somewhat 
more qualitative, however. 

A. The Functions g{h), f{h), and (p{h) in the 1952 Active Region 

We begin our discussion of the model for the 1952 active region 
by deriving the functions g'(h), f{h), and (p(h) for this region. We 
use the prime notation to distinguish these functions for the active 
regions from the corresponding functions in the normal chromo¬ 
sphere. The function g'(h) follows immediately from the empirical 
representation of the data for E 4700 , and Eq. (2-5) 

g'(Ji) = 1.6 X 10^^ exp ( — 4.6 X 10”®) 

+ 5.7 X 10i« exp (-3.5 X 10"%) 

-I- 1.6 X 10® exp (-1.7 X 10”'®/0 (7-28) 

We obtain <p'{h) just as we did (p{h) by extrapolating the data 

for the helium lines to the series limit. Figure 7.4 exhibits the 
necessary plot. From the intercept in Fig. 7-4 and the observed 
scale-height, we find 

= 1.1 X 101® exp (-0.55 X 10-®/i) (7-29) 

The straight lines drawn in Fig. 7-4 give excitation temperatures of 
^7200° for the triplets and ^18,000° for the singlets. The probable 
errors in the excitation temperatures are about the same as they 
were in the normal chromosphere, and within these probable errors 
the excitation temperatures in the two regions are consistent. Hence, 
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Fig. 7-4. Illustration of the estimate of rieniiTc"^^'^ from the liel lines in the 
active region at h = 400 km. (From R. G. Athay and R. N. Thomas, 1957, 
Asirophys. J., 125, 798.) 

the singlet .-triplet ratio is about the same as it is in the normal 
chromosphere. The Hell line X4686 is enhanced relative to the 
nearby Hel line X4713 by about a factor of two over their normal 
values. This relative increase in Hell radiation corresponds to an 
increase in nni/riu by a corresponding factor since any change in 
must be small compared to changes in Ui at high tempera¬ 
tures. From Zirker’s calculations, an increase in niu/nu by a 
factor of two corresponds to a change in Tei from 50,000 to 53,000° 
only. We may therefore set Tei ^ 50,000° just as we did for the 
normal chromosphere. However, we must now set 2.4nii = 0.1n«, 
and Eq. (7-29) becomes 

= 2.6 X 10'« exp (-0.55 X 10“%) (7-30) 

In order to derive f(h) from the Balmer line data we must 
allow for the effects of self-absorption. From Eq. (2-5) we obtain 

= hvAkjHk = ( 7 /fc/^ 7 {abs} 4 y)[£^A,-/( 27 ri?)‘/ 2 ] (7.31) 

and from the non-equilibrium form of the Boltzmann-Saha equation, 
we find 

log {KCujE,,) = log + log ih{ abs },y) + (0.434x77.) (7-32) 

where 
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K = [2/h{2wRy^^](2wmk/h^yi^ = 1.1 X lO^^ 

and 

Chj == yky^^/vkjAkj^k 

We then plot, in Fig. 7-5, the quantity on the left side of Eq. (7-32) 
versus x/c assuming that jkj = fikj- This assumption is certainly not 
good for the early Balmer lines since the negative slopes of the plots 
in Fig. 7-5 show unmistakably that self-absorption is important for 
these lines. However, for the later lines self-absorption should be 
small and the assumption above should be good. From the intercepts 
at Xfc == 0 in Fig. 7-5, we obtain 

f(h) = 1.9 X 10'^ exp (-1.3 X 10“S/i) (7-33) 

Figure 7-5 also contains plots of the Paschen line data for the 
active region. The Balmer and Paschen lines should give the same 



Fig. 7-5. Illustration of the estimate of rieUpTe-^i^ from the Balmer and 
Paschen lines in the active region. (From R. G. Athay and R. N. Thomas, 1957, 
Asirophys. J., 125, 797.) 
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intercept at x/t = ^ since all factors depending upon the quantum 
numbers are supposedly removed. We note, however, that the 
Paschen lines appear to be too faint relative to the Balmer lines by 
factors of about 2 to 3. This discrepancy does not appear to result 
from photometric errors, since the coronal continuum intensities at 
the wavelengths of the two series are in same ratio as the photo- 
spheric intensities. Furthermore, the infrared Call triplet lines, 
which are at the same wavelengths as the Paschen lines, have just 
the right intensities relative to the H and K lines, which are at about 
the same wavelength as the Balmer lines. A possible reason for the 
discrepancy between the Balmer and Paschen line intensities sug¬ 
gested by Athay and Zirin (1957) will be discussed in the concluding 
chapter. Here, we use the f(h) derived from the Balmer line data. 

B. The Active-Region Model 

Our primary interest in the active region is to determine how 
it differs from the normal chromosphere. We could derive a model 
for the active region by following the same procedure and assumptions 
employed in the derivation of the model for the normal chromo¬ 
sphere. In the final analysis, however, any indicated changes in 
the model would be conditioned by the validity of the assumptions 
made. For this reason, we proceed in a different way. 

At 1000 km, d In g^/dh = —3.8 X 10“"^, whereas d Inf/dh = 
-1.3 X 10~-« and d In <p^/dh = -0.55 X 10~\ Without the H" 
term, g' oc rie. Thus, since g^(h) is a stronger function of height than 
either/(/i) or (p'(h) which is proportional to rie^, the H” term must 
dominate g^Qi), If we express g'(h) in the form 

g'(h) = UiUei + ci 2 ^U 2 [l + (7-34) 

We conclude that \^(H"“) > 1 and a 2 ne 2 \^(H"') > aiUeh These two 
inequalities together with the functions f and are useful for 
placing lower limits on ai. The first inequality is the more im¬ 
portant of the two in limiting Ui, and when combined with Eqs. 
(7-30) and (7-33) it becomes 

2.9 X 10-^{(/' - - ai)]bia.{Ta,)Te, 

exp (1.26 X 10V7V2) > 1 (7-35) 

Since the 11“ term is important and the data are for the low chromo¬ 
sphere, the opacity should be sufficiently high to insure detailed 
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balancing in the Lyman continuum. Thus, Eq. (4-45) for hi is 
applicable. As before, f and <p' are allowed to vary by factors o l 
two in either sense from the explicit values given by Eqs. (7-,^0) 
and (7-33). The effective limit on Ui is then set by f max min- 
The limits on ai at 1000 km for selected values of T ,2 are given in 
Table 7-7. 

Table 7-~. Lower Limits on ai at 1000 km 

5500 6000 6500 7000 8000 

a, > 0 0.64 0.90 0.97 0.997 


Before discussing the results in Table 7-7, we consider the 
nature of the changes between the active region and the normal 
chromosphere. Table 7-8 contains values of g(h), airui^Ter^'- and 
in the two regions of the chromosphere. In the low 
chromosphere, the active region is characterized by larger values of 
aiUei^Ter^'^ and lower values of g\h) and with the 

largest effect in ainei^Ter®'^. 


Table 7-®. 

Comparison of Active Region with Normal Chromosiihere 

71 — 3 / 2 

i 1 

K 

km 

log g{h) 

log ai n\ 

log a 2 fi;:.. 

Normal 

Active 

Normal 

Active 

Normal 

Active 

1,000 

11.7 

11.3 

— 

16.2 

17.2 

16.7 

2,000 

11.0 

10.5 

15.1 

16.0 

16.2 

16.0 

4,000 

10,3 

10.2 

14.4 

15.5 

13.9 


6,000 

9.9 

9.9 

13.3 

15.0 

0 


10,000 

9.4 

9.5 





20,000 

8.9 

9.0 





50,000 

8.2 

8.8 






The results in Table 7-7 indicate that ai has increased rnarkedl y 
over its value at 1000 km in the normal chromosphere, and this i.s 
suggested also by the changes in aiUei^Ter^i^ and ITie 

decrease in g'(h) is consistent with an increase in ai. 

Above 10,000 km, g(h) is greater in the active region than in 
the normal chromosphere. Since, at these heights in the normal 
chromosphere, the ^(H-) term is negligible and n.i > 11 ^ 2 , the in- 
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crease in g^{h) could be due to an increase in Ui. However, since the 
increase in g'(li) persists to heights far above the upper boundary to 
the observable hydrogen and helium emission, ai drops to zero, and 
there must be a real increase in 

In summary, the 1952 active region suggests a much larger 
fraction of hot components in the low chromosphere and a density 
increase at heights above 10,000 km. The density increase together 
with the greater vertical extent of the chromospheric-type emission 
suggests a large spicule-like ejection of matter from the low chromo¬ 
sphere or photosphere. 

The region of reduced chromospheric-type emission adjacent 
to the active region is probably due to a still greater increase in the 
hot components and an invasion of the corona into the layers 
normally occupied by the low chromosphere. 

C. The i936 and 1932 Active Regions 

From considerations of the thermal stability of the radiation 
field in a steady-state energy balance (Chapter 5), we expect all 
modifications of the temperature model of the chromosphere to 
result in a lengthening or shortening of the temperature x>lateaus 
rather than changes in the temperatures at which they occur. It is 
significant that the 1952 active region can be interpreted as such an 
effect, and it is natural to ask whether similar interpretations are 
possible for the 1936 and 1932 regions. We must recognize, of 
course, that changes in density gradients and geometrical structure 
may overshadow the changes in temperature structure. 

The 1936 active region appears to be similar to the 1952 active 
region in the metal lines and later Balmer lines but more like the 
normal chromosphere in the helium lines. Thus, we cannot account 
for the region simply by changing ai, as we did for the 1952 region. 
However, we could account for it by increasing Ui and lowering Uei 
and ne 2 slightly. The similar behavior of Fel, Fell, and hydrogen 
lines argues against a change in 7'«2, and the similar behaviour of 
Hel and Hell lines argues against a change in Tei- The greater 
vertical extent of the hydrogen and metal emission again suggests a, 
spicule-like ejection from the low chromosx)here or photosphere. 

The 1932 active regions is ax)parently of a different nature 
Irom either the 1936 or the 1952 active region. The main effects 
in this case are smaller scale heights and greater helium emission 
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relative to hydrogen and metal emission in the low chromosphere. 
This suggests, as in 1952, that ai is larger in the low chromosphere. 
Since all emissions are larger at low heights in the active region, Uei 
and ne 2 must be slightly larger also. Both the continuum and 
the X5303 emission in the corona are bright above the active region 
in the chromosphere. Hence, it seems unlikely that the smaller 
scale heights result from an increase in the density gradient in this 
region. This would imply that Te increases more rapidly to coronal 
values in this region than in normal regions and would make it 
difficult to interpret this region as a spicule-like ejection of matter. 

The foregoing arguments indicate that we can interpret all the 
active regions as regions of larger Ui without resorting to changes in 
the Te at which the temperature plateaus occur. These interpreta¬ 
tions are consistent with the assumption of steady-state energy 
balance and thermal stability of the radiation field. Admittedly, 
however, other interpretations may be possible. 



CHAPTER 8 


An Extensiom of the Model to Inclmde 
Radio Noise I33.ta 

R. Grant Atka-Y 


t Noise Emissioxx 


Radio frequency radiation at mm and cm wavelengths, where 
the apj^arent temperature of the sun is less than 50,000"^, originates 
primarily in the chromosphere. Observational data at these wave¬ 
lengths, although somewhat limited in scope, contribute further 
iufoi'mation on the chromospheric model. Two aspects of the radio 
noise data stand out as particularly ixseful in deriving or testing 
(empirical models. Firstly, we may use the continuous spectrum of 
(uu!!rgy versus wavelength at the center of the disk, and secondly, we 
may nse center to limb variations of the emitted energy at a fixed 
wavelength. The former' approach has heen used by Hagen (1951) 
and Riddington (1954), and the latter hy Hagen (1954) and Coates 
(1957). 

The radio data alone do not provide sufficient information to 
(Ixu'ive a detailed chromospheric model independently from optical 
dal a. Unfortunately, the models referreci to above have either used 
inadeqnate optical data or they have used invalid conclusions drawn 
from optical data. The procedure used here is the same as that 
us<kI by Athay (1958a), and iiK’orpomtes optical data with radio 
data. 

Unlike the optical ciontiniium where the primary source of 
(‘unssion in the middle and upper chromosphere is by electron 
s(NaI taring, the radio continuum arises from free-free transitions of 
(‘l<u!(;rons in the fields of pcrsilive ions, which are mainly protons. 
Ilcru'e, the radio continrrum is a thermal property of the chromo- 
S{>lHvre, whereas the optical cnntinuum is a density property. Since 
we have assumed a Maxwellian veloci ty distribution for the free 
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electrons, the radio continuum is presumably formed in thermo¬ 
dynamic equilibrium. 

At radio Avavelengths, the Planck function reduces to the 
Rayleigh-Jeans approximation. The source function is, therefore, 
given by 

S\ = 2kc\~^Te ergs sqc~^ cm"^ (8-1) 

The integral form of the transfer equation gives the observ ed intensity 
as 

h = r dr^/ix (8-2) 

•'o 

where rx is the optical depth and /x = cos 6. The angle 6 is measured 
from the solar radius intersecting the center of the disk to the radius 
intersecting the point in question. 

The free-free absorption coefficient ax at radio wavelengths, 
including stimulated emissions, is (Martyn, 1949) 

ax = 2.5 X 10-23(X2neVn/r//2)(3^23 + log Te - 1/3 log n.) (8-3) 

The term in parenthesis is the Gaunt factor, and /?/ is the index of 
refraction. For the wavelengths and densities of interest in the 
chromosphere, rij may be taken as unity. The optical depth is 
defined by 

rv 

Tx= ax dy (8-4) 

J 00 

where y is the coordinate in the line of sight measured positively 
outward from the sun. 

Since in a spherically symmetric atmosphere the emission at 
radio wavelengths depends upon Ue and Te only, in principle a unique 
model can be determined by varying two independent parameters 
of the observations. Two such parameters, viz., X and 6, can be 
varied. However, in practice, several difficulties arise. On the 
observational side, the angular resolution of radio telescopes is 
severely limited because of the mechanical difficulties of constructing 
large antennas. On the theoretical side, the unknown geometry of 
the chromosphere adds an additional set of unknowns which compli¬ 
cate the analysis just as they did in the case of optical data. Because 
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of these difficulties, we can use the radio data only as a supplement 
to optical data. 

Central brightness temperatures for the solar disk are available 
at several wavelengths, but only the shortest wavelengths are of 
interest in connection with the chromosphere. At wavelengths 
above about 3 cm, active coronal regions contribute to the observed 
emission in such a way as to make the sun markedly asymmetric. 
This asymmetry must be known, as well as any systematic variations 
across the solar disk, before the observational data can be reduced to 
central brightness temperature. In the absence of sufficient tele¬ 
scopic resolution, observations made during total eclipse provide the 
most reliable data for the determination of central brightness and the 
variation of brightness across the solar disk. Table 8-1 summarizes 
the central brightness temperatures obtained between wavelengths 
of 4 mm and 21 cm. 

Central brightness temperatures at different wavelengths 
effectively map the radial temperature structure of the middle and 
upper chromosphere. However, they tell us nothing concerning the 
spicule or non-spherical nature of the chromosphere. For this, we 
must have data on the center-to-limb variations in brightness tem¬ 
perature. The most useful data are those at X < 10 cm from the 
“quiet’' sun where the emission is almost exclusively chromospheric. 
Figure 8-1 shows the limiting values of brightness temperature 

Table S-1. Central Brightness Temperatures 


Brightness temperature 

X at center of disk, Method Reference 

degrees 


4 mm 

7,000 

1954 eclipse 

Coates (1957) 

8.6 mm 

8,500 

1954 eclipse 

Coates (1957) 

3 cm 

19,000 

1954 eclipse 

Hachenberg, Furstenberg, and 
Prinzler (1956) 


16,000 

1952 eclipse 

Blum, Denisse, and Steinberg 
(1952) 


17,400 

Non-eclipse 

M innett and Labrurn (1950) 

10 cm 

23,000 

1954 eclipse 
Non-eclipse 

Haddock (1957) 

Covington and Broten (1954) 

21 cm 

47,000 

Non-eclipse 

Christiansen and Warburton 
(1955) 
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Fig. 8-1. Observed (dashed) and computed (solid) center-to-limb curves of 
brightness temperature at 8.6 mm. (From R. G. Athay, 1959, Paris Symposium 
on Radio Astronomy, R. N. Bracewell (ed.), p. 99, Stanford University Press.) 

across the solar disk at 8.6 mm as derived by Coates (1957) from 
1954 eclipse data (dashed lines). We shall use these data in 
conjunction with the central brightness temperatures. 

The most striking features of the center to limb data is the 
apparent constancy of brightness temperature out to R/Bo ^ 0.98. 
Models derived from central brightness temperatures alone all 
predict an increase in brightness temperature from center to limb 
that should be readily observed for R/Rq > 0.80. The absence of 
limb-brightening out to R/Ro ~ 0.98 can be logically explained only 
by resorting to models which depart from spherical symmetry 
(Hagen, 1954; Coates, 1957). 

II. A Model From Radio Data 

Since the radio data are to be used in conjunction with optical 
data, we shall adopt some of the features from the optical models. 
Schematically, the optical model including spicular structure can be 
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4000 km 


1000 km 


0 

Fig. 8-2. A schematic model of the chromosphere from optical data, with 
the widths of the hot and cold components proportional to their fractional vol¬ 
umes. This illustration should not be interpreted as a cross section of a chromo¬ 
spheric sample. (From R. G. Athay, 1959, Paris Symposium on Radio Astronomy, 
R. N. Bracewell (ed.), p. 100, Stanford University Press.) 

represented as shown in Fig. 8-2. At each height there are five 
adjustable parameters: rie and T,, in each component, and the relative 
proportions of each component. Some of these parameters cannot 
be determined from existing radio data. For example, if we use the 
optical model as a guide, the cold component is opaque to the radia¬ 
tion at 4 mm and all higher wavelengths. Hence, we have no way 
to determine iie in the cold, component. Furthermore, the radio 
data are insufficient in both quality and quantity to specify the 
remaining parameters at all heights. 

From a practical point of \iew, we can determine only as many 
parameters as are required to represent the data. Just how many 
are required can be determined only by a trial and error method. 
Because of the small fractional area of the disk covered by spicules 
for h > 4000 km, the spicular structure at these heights has a meas- 
ureable effect on the observed emission at the extreme solar limb 
only. Below 4000 km, however, the cold components of the atmos¬ 
phere may become more abundant. In fact, the absence of limb 
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brightening at 8.6 mm for R/Ro 0.98 requires that this be so. 
Since the only information on geometrical structure comes from 
center-to4imb observations, we must use these data to determine 
the relative proportions of hot and cold elements. Preliminary 
calculations indicate that the data can be represented sufTiciently 
well by using a single value for the fractional area of cold components 
between 1000 km and 4000 km. Thus, we can determine only the 
average fractional area of cold components in this height interval. 

Central brightness temperatures do depend upon the geometry 
even though they do not help in specifying the geometry. In 
addition, they depend upon the temperatures and opacities of the 
different components. Since we have central brightness tempera¬ 
tures at five wavelengths only, we can determine no more than five 
additional parameters of the model. As we have already noted, the 
opacity of the cold components is high, so it does not enter the 
problem directly. Assuming that the hot and cold components can 
each be characterized by a single value of Te, and that the hot compo¬ 
nent can be characterized by a single value of r, we already have 
three additional parameters to specify. Furthermore, the corona 
contributes to the apparent temperature at 21 cm, so we must 
consider the coronal temperature and opacity. In this case, how¬ 
ever, T must be small, and the contribution to the apparent tempera¬ 
ture is Ter. Thus, we need only one parameter for the corona. 
Presumably, we could still add one parameter to the model, but, as 
we shall see, the data do not really justify it. 

Using the optical model as a guide, we adopt the working 
model given in Table 8-2. 

Table 8-2 


Cold component 


Hot component 


Te = Ta, h < 4000 km 
Te = TKyh> 4000 km 
ac = I, h < 1000 km 
Ue = ttc, 1000 < h < 4000 km 
ttc = tta, /i > 4000 km {as = spicular area) 


Te = Th, h < 4000 km 
T = TH, h < 4000 km 
TeT = (T<,T)cor, h > 4000 km 
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The values of the parameters Tc, Th, Uc, and th given by the 
model in the preceding chapter predict too much emission at all 
wavelengths except 21 cm. Thus, we expect some modification tc 
the model. 

The brightness temperature at wavelength \ and position 
angle 6 may be expressed in the form 

r(6, X) = 7;[1 - 

+ 1\[1 -- ama - 

+ Tl,ae(e)a - C-^^hC^X)) + TnUsie) + (T.r)eor (8-5) 

where we have set r « 1 for the corona. The factor f multiplying 
TH in some of the terms accounts for the decrease in m from the 
base of the hot components at 1000 km to the top of the cold compo¬ 
nents. Assuming that Ue varies expenonentially with height with a 
reciprocal scale-height of I3e, we have ^ In the hot compo¬ 
nent of the chromosphere 1 X 10~® cm"\ and, since we are 

using ttc to represent the average area covered by cold elements in 
the height range 1000 to 4000 km, we pick Ah = 1.5 X 10®. Thus, 
^ ~ 0.05. 

The line-ol-sight optical depth at height h above the base of 
the hot component is 

rii((9, X) == 2ftrii(0, X) f dy (8-6) 

h/coaO 

To a good approximation 

h == (y^/2R) -H y cos 6 

For R/Ro < 0.99, we may use h = y cos 6, and at the limb h 
Hence, on the disk 

Tn(e, X) = [rH((), X)/cos 

and at the limb 

rH(90, X) = 2rH(0, X)(27r/?/5«)i/VW^ (8-9) 

Since the cold elements are presumed to have a columnar 
structure dc(d) increases toward the limb. The rate at which it 
increases depends to some extent upon the distribution and di¬ 
mensions of the cold elements. For simplicity, we assume a random 


(8-7) 
== yy2R, 

( 8 - 8 ) 
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distribution and that the average diameter is of the same order as 
the average height measured above 1000 km. With these assump¬ 
tions, the total area covered by cold components, ignoring the fact 
that one cold element may lie in front of another, is Uc/cos 0. Then, 
since we have a random distribution, 

a,{e) = 1 - e-"c/eos 0 (g_10) 

Since as < 0.01, as{d) is important only at the extreme limb. 

Solutions for the five unknowns in Eq. (8-5) may readily be 
obtained through trial and error methods. As is to be expected 
with a simplified model containing fewer parameters than the number 
of observational data, the data can not be fitted precisely, and there 
is a choice to be made as to which data should be fitted best. The 
data for X < 3 cm are the most sensitive to the chromospheric 
model, so we adopt the model that gives the best representation of 
these data. 

The adopted model is given in Table 8-3 and the computed 
central brightness temperatures are given in Table 8-4. The center 

Table 5-^. Adopted Model 

Tc Th th (X = 1 cm) iTeT)coT (X = 1 cm) ac 

6500 25,000 0.36 34 0.4 


to limb variations in brightness temperature at 8.6 mm are shown in 
Fig. 8-1 as the solid curve. Equally satisfactory representations of 
the data can be obtained for Th in the range 20,000 to 30,000°. 

Table 8-^. Computed T(0,X) 

X 4 mm 8.6 mm 3 cm 10 cm 21 cm 

T(0,X) 7100 8500 16,000 26,000 40,000 


Similarly, each of the other parameters may be varied to some 
extent. However, since th and ac appear in exponents, these 
parameters are rather well defined by the model. 

III. Discussion of the Model 

In comparing the adopted model with the model of the preceding 
chapter, we note two outstanding differences: (1) ac is much larger 
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than in the preceding model and also much larger than spicule 
statistics would indicate, and (2) the adopted value of tr (X = 1 cm) 
corresponds to Ueii ~ 2 X 10’®, which is smaller than in the preceding 
model by about a factor of ten. Both Tc and Th differ significantly 
in the two models. However, the values of these parameters inferred 
from the radio model are rather sensitive to the values of ac and th. 
In broad outline, the two models are, of course, rather similar. 

There seems to be little hope of completely reconciling the two 
models without a basic change in one or the other of the models. 
This is particularly true of since both the radio and optical 
data give nlu rather than Uen. Thus, it seems that some basic 
revision of the model is necessary. Since the most uncertain aspect 
of both models lies in the geometry, this is the logical place to question 
their validity. 

The separation of the / and g functions of Chapter 7 in the 

form 

= f ( 8 - 11 ) 

and 

aiTici + a 2 ne 2 = g (8-12) 

is rigorously valid only if nfi = riTi- and ni^ == This condition 

is likely to be obtained only if and ne 2 are strictly constant at a 
given height. The model in Chapter 7 suggests that the emission 
from region 2 is concentrated almost entirely in spicules in the 

height range 1500 to 4000 km. It is possible that this is also true 

of the emission from region 1, i.e., there may be some spicules at 
these heights in which rie is relatively high and Te — Th* If so, 
then we should not insist that ai + a 2 = 1. In fact, as we have 
used ai and a 2 in Chapter 7, it is quite possible that ai + a 2 « 1. 
If we adopt this type of model in which some of the spicules below 
4000 km have 7", = 7 h and some have Te = Tc, but both have 
relatively high density, we may fill the interspicule regions with 
relatively low density hot or cold regions in any proportion we wish. 
If rie is a factor of 10 below that in the spicules as indicated, these 
interspicular regions could cover well over 90 percent of the surface 
area without contributing a large percentage of the optical emission. 

Such a model as the above is not entirely unexpected. The 
spicule phenomenon is an upward surging of mat ter from regions of 
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high density to regions of lower density. We should expect then, 
that once the motion starts the spicule is characterized by a higher 
density than the ambient medium regardless of its temperature. 
We have no reason for supposing that the spicules originate only in 
the cold components of the low chromosphere. In fact, the data on 
line profiles in spicules suggests that they are characteristic of the 
hot components of the middle chromosphere. Their high density, 
on the other hand, suggests that they come from the lower, denser, 
cold components unless they undergo considerable compression in 
their formative stages. The model in Chapter 7 definitely suggests 
a spicule-like phenomenon in the cold components of the low chromo¬ 
sphere. Thus, we have indications of spicule structure in both 
components of the chromosphere, and a model in which there are 
two temperature regimes each showing spicular structure as illustrated 
in Fig. 8-3 is not implausible. 

The (p and g functions in Chapter 7 lend some support to this 
picture. For heights of 2000 to 4000 km, where hydrogen and 
helium emission apparently arise from different volume elements 


□corona 



Fig. 8-3. A revised schematic model of the chromosphere from radio and 
optical data. The columnar features represent spicules of greater density than 
their ambient medium. This illustration may be interpreted as a schematic 
cross section of a chromospheric sample. The observaid hydrogcm and Indium 
spectrum arises mainly in spicules. 
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and where ai ^5=: 1, the upper limit to Uei given by the g function is 
systematically below the value of given by the <p function. 

This suggests that > rh\, which is accordant with the suggested 
revision of the model. 

We also note that it is not at all improbable that should drop 
as low as 10“ in some fraction of the middle layers of the chromo¬ 
sphere. For Te = 7000°, the hydrostatic equilibrium scale-height is 
of the order 200 km. Thus, an extension of the cold elements of 
the low chromosphere to somewhat greater heights than indicated 
in the model of Chapter 7 would accomplish the necessary reduction 
in Ue. 

It seems evident that such a model as illustrated by Fig. 8-3 
could easily reconcile the optical and radio data. However, we are 
now considering a model in which there are at least four fractional 
areas, lour densities and two temperature parameters at each height. 
Therefore, any quantitative attempt to reconcile the models is 
somewhat meaningless until far more data are available. 

Irrespective of the major uncertainties in the geometrical 
structure, it seems clear that a two-component temperature model is 
sufficient to represent both the optical and radio data. Even though 
the adopted radio noise model in Table 8-3 suggests values of 7’» 
that are considerably different from those adopted in Chapter 7, this 
does not necessarily mean that the former values are wrong. The 
added geometrical complexity of the model in Fig. 8-3 readily permits 
a radio noise model with the same values of T* as in Chapter 7. 
Furthermore, since the inferred values of Te are far more precisely 
determined from optical data than from radio data, there is no good 
reason from the radio data to suppose that the values of Te indicated 
in Chapter 7 are in error by a large percentage. The basic agreement 
between the values of Te inferred from optical data and. the values 
predicted from the considerations of thermal stability in Chapter 5 
supports this conclusion. 



CHAPTER 9 


Data in Whose Analysis the Effects of Both 
Self-Absorption and of Departures from a 
State of Local Thermodynamic Equilibrium 
Must Be Included 

R. N. Thomas 


Observations of the height variation of the line spectrum per¬ 
mit a direct inference of at most two quantities: the occupalion num¬ 
ber of the upper energy level of the transition, if sell-absorption ef¬ 
fects are completely negligible; the distribution in optical depth 
along the line of sight of the source function for the transition, if 
self-absorption effects are very large. For intermediate values of 
self-absorption, we may, under conditions of optimum data, obtain 
both quantities. By contrast, we obtained in Chapters 6 and 7 
direct information on the space distribution of rie, rip, tie, nndi, 

Te from the height-variation of the free-bound emission li-om H, 
H~, and Hel under conditions of negligible self-absorption in the ob¬ 
served emission. It is these latter quantities, plus the other ionic 
concentrations, which we require to specify the thermodynamic 
structure of the chromosphere, its energy balance, and its origin. 
To proceed from the quantities directly inferred from observations 
of the line spectrum to these other quantities just specified requires 
an analysis in terms of the non-equilibrium state along the lines of 
Chapter 4, modified by the effects of self-absorption. 

As discussed in Chapter 4, any non-LTE analysis based even 
upon a perfect set of data must at present admit a considerabh^ d(‘- 
gree of inadequacy because of uncertainty on atomic cross s(H‘.l.i()ns 
and incompleteness of theoretical solutions for the variations of 
source function through an atmosphere of specified struck,ur(\ Our 
question, then, is twofold: (1) How much can we infer on th(‘ ac'liial 
chromospheric structure from presently existing data on the line 
spectrum, making realistic estimates of this a priori inadequacy? 
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(2) How far can we go in developing general methods of analysis 
which may be more completely applied to later, more complete data? 
We proceed by asking first, what would be an ideal set of data for the 
desired analysis, and second, what can we obtain from the actual 
data available? 


I. General Principles Underlying the Analysis of the Line 
Spectrum 


We may express the specific intensity emergent from the chromo¬ 
sphere in terms of an integral over either geometrical depth or over 
optical depth, viz.. 


IvulQ^) = {AuLl^TT)hvuLji 


^UL 


[ nu{Ky)e- 

J~CQ 


■TpOi ,y) 


dy (9-1) 


or 


(h) = / drv 




(9-2) 


where 


Tp — OLpQipp 


f nL{h,y)[l — (Sii,/ccu)(nc;/nL)] dy (9-3) 
Jy 


The subscripts U and L refer to upper and lower states of the transi¬ 
tion, cpp and jp represent the profiles of absorption and emission co¬ 
efficients as discussed in Chapter 4, and Sp is the source function given 
by Eq. (4-38). The occupation numbers rik are given by the non- 
LTE form of the Boltzmann-Saha equation (4-3). The choice of 
which equation, (9-1) or (9-2), to use in the analysis depends upon the 
particular circumstance, usually governed by the size of Tmax. For 
very small r, the emission essentially measures riu, and Eq. (9-1) is 
preferable. For very large r, we see only a portion of the atmosphere, 
the emergent h is essentially Sp near ^ 1, and Eq. (9-2) expresses 
more directly this opacity effect. 

From Eq. (9-1), we see the basic difficulties implicit in an analy¬ 
sis of an observed intensity to infer occupation numbers. Each 
observed quantity, the emission at a particular wave length in the 
line, depends upon two parameters, riu and ul, together with their 
distribution through the atmosphere. Thus, we see that the prob- 
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lems fall into two classes: on the one hand, the problems which would 
arise even if the occupation numbers were individually constant 
throughout the observed atmospheric region; on the other hand, the 
problem of the variation of an occupation number through the at¬ 
mosphere. Consider these two problems in turn. 

The case of an atmosphere within which the occupation numbers 
are individually constant permits, in principle, a unique solution for 
the occupation numbers from a given set of observed line intensities 
only in three situations: one, where local thermodynamic equilibrium 
exists, bk = I for all a second, where enough lines are observed 
that some energy level serves as both an upper and a lower level; 
and the third, where rmax is completely negligible for all lines. The 
first case is obvious, because only three parameters are unknown, 
Me, Hi, and Te, and the observation of at least three lines suffices, 
in principle, to specify the unknown parameters. In the second case, 
the observation of a set of m lines having a common lower level in¬ 
volves m + 1 unknowns. Adding more lines involving a diflerent 
lower level does not make the problem determinate, unless we add a 
line whose upper and lower levels have both occurred as upper or 
lower levels in lines of the group already considered. If this situa¬ 
tion occurs, as, for example, in the Balmer and Paschem lines of hy¬ 
drogen, we then have at least as many observed quantities as un¬ 
known occupation numbers. In the third case, when is completely 
negligible, an observation depends only upon the occupation number 
of the upper level, and has been illustrated in Chapters 6 and 7. 

At the outset, we may state that the present state of observa¬ 
tions of the chromosphere is such that none of the three alternatives 
may be generally satisfied. Because the whole chromosphere-corona 
phenomenon seems to occur as a result of the existence of the cyclic 
process—mechanical energy in radiative energy out—we cannot 
a priori assume local thermodynamic equilibrium. Although essen¬ 
tially all of the work preceding our investigations of the chi’omosphere 
from eclipse data (Thomas, 1948, et seq.) was done under the as¬ 
sumption of a negligible Ty in any but a very few of the strongest lines, 
we feel that the full weight of evidence rules against this assiimp tion 
in most cases other than the material discussed in Chapters 6 and 7. 
(This evidence is discussed in detail during the final analysis.) 
Finally, although we made every effort at the 1952 eclipse to obtain 
data involving the same energy level in several lines, notably through 
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simultaneous observations of the Balmer and Paschen series of hy¬ 
drogen, we were unsuccessful. 

Although the remarks above are correct in so far as determining 
empirically the occupation number of each energy level, they over¬ 
state the difficulty of the situation. In principle, even in the non¬ 
equilibrium case, we should require only a finite set of the occupation 
numbers in order to specify the whole set. Given Te, the abun¬ 
dance of the atom relative to hydrogen and the radiation field in those 
parts of the spectrum to which the chromosphere is opaque, we should 
be able to compute the occupation numbers. Unfortunately, as 
discussed in Chapter 4, we do not have complete sets of calculations 
of the bk because of uncertainties in the various atomic cross sections 
entering the calculation and because of the magnitude of the com¬ 
putational task to cover a wide variety of conditions on the value of 
the local radiation intensity at the frequencies to which the chromo¬ 
sphere may be opaque. One wishes, then, to infer empirically as 
many occupation numbers as possible. Thus, the analysis must 
represent an attempt to compromise between the demands of an 
uncertain theoretical representation and an incomplete set of data. 

Consider next the problem of determining the variation of oc¬ 
cupation number through the atmosphere. If we do not assume 
spherical symmetry (and our analysis of the continuum reported in 
Chapter 7 exhibits the doubtful nature of this assumption) we have 
two unknown functions to determine, the distribution in h and in 
r^. Ideally, we have two observable functions, the height variation 
of the emission and the variation in emission over the line profile. 
Thus, in principle, we may determine the variation of occupation 
number through the atmosphere from observation of line profiles at 
a sequence of heights. 

There are several practical difficulties in this scheme. First, the 
approach presumes observations of profiles for a sufficient variety of 
lines to meet the conditions for the determination of occupation 
numbers in a homogeneous atmosphere. Second, the resolution of 
our observing equipment rarely discriminates below 1", or some 750 
km on the sun, and is usually considerably more gross. For example, 
the analyzing slit of the microdensitometer used in reducing the 1952 
observations corresponded to about 10,000 km on the solar limb. 
Since the diameter of the chromospheric spicules is < 1000 km and 
their actual spacing ^ 10,000 km apart, it is not at all obvious that 
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the observed emission can be reduced to the actual emission per cm^ 
by simply introducing an area factor into the measured emission. 
What is actually obtained is an average over the small-scale struc¬ 
ture of the chromosphere. 

Turning to the vertical resolution, we note from the data in 
Chapter 2 that 1" of arc, which is about the limit of resolution of 
eclipse instruments, corresponds to one or two scale heights lor the 
emission in most lines. Thus, in effect, even a slit system behaves as 
a slitless system, performing a height integration over the chromo¬ 
sphere. 

We shall return to this point at the end of the chapter. Here 
we wish only to make it clear that the empirical data on height 
variation consist of an integral relation, even in the most favorable 
case, and that the observed line profile reflects this height integration. 
In effect, we obtain information on the line profile at a given height 
only by differentiating these integral relations, which means, in 
practice, subtracting observations made at two successive heights. 

It is evident that there are two desirable characteristics of a 
slit system in eclipse observations, once we recognize that it is im¬ 
practical to have such a sufficiently small slit that the observed slice 
of the chromosphere is effectively homogeneous. First, we should, 
have a slit which observes the whole effective radiating atmosphere 
above the moon’s limb. For in forming differences between suc¬ 
cessive observations, either directly, or analytically when cuirve 
fitting, such an arrangement ensures that the effective upper limit 
of the integral over height remains constant and we have a variation 
introduced by the lower limit only. Second, because the height 
resolution is fixed entirely by the exposure interval under these con¬ 
ditions, the exposure should be kept as small as possible. In par¬ 
ticular, the height resolution should be kept within the scale heigh t of 
the emission that is measured. 

When we now consider our data from the 1952 eclipse, we find 
that we have satisfied only one of the following three criteria; (1) 
many lines, overlapping in energy levels of origin; (2) line-protile ob¬ 
servations with an effective observation of the whole chromosphere; 
and (3) high height resolution. Our major effort to satisfy the 
criteria of many overlapping lines was an attempt to obtain the 
Balmer and Paschen series of hydrogen, but most of the Paschen 
data were lost as explained in Chapter 2. We tried only for slitless 
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spectra, wishing to obtain a complete set of data on the later Balmer 
and Paschen lines, whose intensities are small. We did, however, 
obtain good height resolution, some 100 km, about a third of even 
the lowest scale heights. Thus, we expect our analysis to be in¬ 
complete on two counts. First, we have no unique empirical solu¬ 
tion for the occupation numbers of the energy levels unless we can 
show either that LTE holds or that self-absorption effects are com¬ 
pletely absent. Second, we have no direct approach, from data re¬ 
lating to one ion alone, to inferring departure from spherical sym¬ 
metry. 

The first effect, non-uniqueness in specifying occupation num¬ 
bers empirically, is the problem of separating non-LTE from self¬ 
absorption effects, viz.: observed emission in m lines with the occupa¬ 
tion numbers of m + I energy levels involved as the unknowns. It is 
possible to at least partially overcome this indeterminacy by supple¬ 
menting the observed height variation of the emission with the theo¬ 
retically expected general form for the variation of occupation, numbers 
and source function through the atmosphere. Such a procedure 
sacrifices the wholly empirical nature of the result. At the same 
time, however, if we require only the general form of the height varia¬ 
tion of the source funclion, the form can in certain cases be checked 
empirically by existing observations of disk and limb profiles. Thus, 
the approach to occupation numbers becomes again essentially em¬ 
pirical for the case of an assumed spherical symmetry. 

The second effect, departures from spherical symmetry, pro¬ 
vides a more diflicult problem. Zirker (1956) has attempted to in¬ 
vestigate the situation by looking for multicomponent models in an 
approach similar to that adopted for the continuum in Chapter 7. 
Such an approach rests upon the assumption that spectral emissions 
corresponding to considerably different levels of excitation may be 
isolated and ascribed to different gaseous configurations—in this 
case, to different atmospheric regions—within which the gas differs 
in thermodynamic state. While it is obvious that this assumption 
must be true under certain conditions, the problem is to determine 
these conditions. It is plausible, for example, that a simultaneous 
observalJon of the Fel and FeXlV spectra would strongly suggest, 
that we were observing two separate regions along the line of sight, 
but the situation is not so obvious l‘or excitation levels less widely 
separated such as in Fel, Fell, and H. The problem lies in our lack 
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of detailed knowledge of non-LTE effects. Until we can treat, with 
reasonable completeness, at least one non-LTE configuration for a 
multicomponent gas which is non-degenerate in the sense that both 
collisional and radiative processes are included, it is difficult to assess 
the reliability of any assumptions on the separation of sources of 
emission. We attempted to investigate this problem in the Wolf- 
Rayet atmosphere (Thomas, 1949), which offers the classic example 
of the simultaneous presence of a wide variety of spectral excitation, 
but the effort is rudimentary. Considerable attention must be paid 
to Zirker’s investigation as representing the only systematic attempt 
thus far to separate the effects of multi-component structure and 
non-LTE distribution functions. 

Despite the uncertainties and difficulties just summarized, an 
analysis of the line spectrum, utilizing only presently available data 
but insisting upon consistency with the non-LTE approach of Chap¬ 
ter 4, does appear to provide considerable information. In particu¬ 
lar, such analysis has led to the conclusion that there is much more 
absorbing material in the chromosphere, and that in consequence the 
chromosphere has much more influence upon the observed Fraun¬ 
hofer spectrum, than was previously thought to be the case. From 
a conceptual standpoint, the result of working with the non-LTE 
approach has been to also extend an understanding of the mechanism 
of line formation and to show that the non-LTE approach must be 
extended to non-chromospheric as well as chromospheric components 
of the line spectrum. It must, however, be admitted that the great 
body of astronomers has exhibited considerable reluctance to accept 
the results of such an analysis, and thus our conclusions upon non¬ 
equilibrium effects and the resultant greater influence of the chromo¬ 
sphere upon the Fraunhofer spectrum. (For the most coherent and 
detailed summary of this opposing viewpoint, see van de Hulst, 
1953.) 

It must also be emphasized that the outlook in the application 
of these non-equilibrium concepts to the analysis of chromospheric 
spectra has evolved very considerably as our awareness of the optical 
opacity of the chromosphere has grown. Our first studies (Thomas, 
1948b, 1949) of non-equilibrium effects in the solar chromosphere 
were aimed simply at computing the emission to be expected from a 
chromospheric model differing from the classical one in having a high 
kinetic temperature but similar in being optically transparen t in any 
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but the very strongest lines. We had two purposes: one, to compare 
this computed emission with the energy input from the system of 
spicules; the other, to explain certain empirical regularities in the 
departure of the observed emission from that which would be pro¬ 
duced by an optically thin chromosphere in thermodynamic equi¬ 
librium. These empirical regulaiities have been observed since the 
days of the earliest analyses of eclipse data and have been categorized, 
but never successfully explained, as “anomalous excitation effects” 
involving the upper level of the transition. In comparing these initial 
computations of ours to the empirical regularities in the higher mem¬ 
bers of the Balmer series of hydrogen, we were greatly surprised to 
find self-absorption effects, rather than only non-equilibrium effects 
associated with the upper level, as a major cause (Thomas, 1949, 
1950). 

The High Altitude Observatory group planned an eclipse pro¬ 
gram (Khartoum, 1952) to obtain more comprehensive data in order 
to provide the basis for a more careful study of these notions. Again 
to our surprise, the self-absorption effects appeared to be much 
stronger—even among the metals (Zirker, 1956)—than supposed, 
and to explain even more of the empirical regularities noted. On 
the basis of these results on chromospheric opacity, at least the cen¬ 
tral portions of a great many of the Fraunhofer lines of even inter¬ 
mediate strength would be expected to be formed in chromospheric 
regions. 

Thus, we find a shift in the direction of emphasis in these non- 
equilibrium calculations. We cannot consider only the case of a 
gaseous atmosphere upon which is incident a radiation field whose 
characteristics we know because the atmosphere does not in itself 
materially alter this incident field. We must, in addition, consider 
an atmosphere from which may emerge a line spectrum differing very 
considerably from that incident upon it from the underlying photo¬ 
sphere. The reversing layer, once considered to be the essentially 
isothermal upper regions of the photosphere, must now be considered 
to be a composite of upper photosphere and chromosphere. 

For these reasons—the reluctance of most astronomers to accept 
the results of this non-equilibrium approach to the analysis of chro¬ 
mospheric data, and the evolution of the non-equilibrium analytical 
viewpoint through the course of the chromospheric studies—we adopt 
an evolution-of-concej)t approach in this chapter rather than be- 
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ginning directly with the expectations from Chapter 4. We follow 
the same procedure in bringing together results obtained from eclipse 
observations and from the Fraunhofer spectrum. Because of the 
greater amount of data available, the greater emphasis lies on hy¬ 
drogen. 

II. Analysis of the Hydrogen Lines 

The data on the Balmer lines are the most complete, and as al¬ 
ready mentioned, the very small amount of data on a very few 
Paschen lines are essentially useless. In terms of the discussion in 
Section 9-1 and in Chapter 4, we may divide these Balmer-line data 
into three classes: 

(1) Disk observations of the lines up to lilO. By combining the 
several lines, we span a considerable radial optical depth measured, 
say, in the center of Irla; call this optical depth Tar- 

(2) Eclipse and limb observations of the “early” Balmer lines. 
Here, we have a reasonable expectation that we may observe regions 
that are opaque in a tangential direction, but thin in a radial direc¬ 
tion Thus, we may extend upward the atmospheric region over 
which we can study empirically the variation of source function. 

(3) Eclipse observations of the “late” Balmer lines, up to about 
H35. Here, we have a reasonable expectation that the chromosphere 
will not be wholly opaque in the tangential direction. Comparison 
of the observed emission to that expected from a thin atmosphere in 
LTE should provide a direct assessment of non-LTE effects if we 
can remove the self-absorption effects. 

From (1) and (2) we may hope to map the variation of Sifrar) 
empirically. If our analysis in Chapter 4 is correct in assigning the 
hydrogen Balmer lines to the photoelectric category, then we expect 
the dependence of Sl to be second order on Te relative to the first- 
order dependence on opacity and the radiation field in the Balmer 
continuum. Thus, an empirical determination of leads pri¬ 

marily to an empirical comparison of the expectation from Chapter 
4 on this functional form with that actually observed. In Sections 
9-IIA and B, we present the results of such a comparison, in order to 
gain some idea as to the confidence we may have in the methodology 
established in Chapter IV. The chief difficulty in comparing the 
prediction from Chapter 4 with the empirical results, especially as 
regards the Te dependence, is to relate Tar to the distribution of Te, 
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We utilize the results of Chapter 6 to relate Tar and rgooo (optical 
depth in the continuum at X5000), and Tar and linear height scale, 
as a first estimate of this relation between line and continuous opacity, 
and linear and optical depth scales. The results of this section make 
possible some extension of the results from Chapter 6 on the distribu¬ 
tion of Balmer opacity. 

From (3), we may hope to gain information on both the Balmer 
opacity and the departure of occupation numbers of energy levels from 
an LTE distribution. Thus, we obtain further information on the 
relation between the linear and optical-depth scales, which measure 
the distribution of absorbing material in the chromosphere. The 
first question in proceeding to the analysis of the data is how to treat 
the line data in relation to the results of Chapter 6 obtained from 
the continuum. Should the line data be treated completely inde¬ 
pendently, and the results of the analysis compared with that from 
the continuum? Or, should the line data be analyzed making use of 
the results from the continuum, to extend the kind of information 
obtainable? We first summarize existing analyses, which essentially 
adopt the independent-treatment standpoint; then ask the results 
of intercomparison. We treat these data in Section 6-IIC. 

A. Disk Observations of the Early Balmer Lines, lia -- El 10 

Our primary concern in this discussion of disk observations of 
the early Balmer lines is an empirical evaluation and application of 
the theoretical background developed in Chapter 4 on the form of 
SiXrf). Earlier analyses of this material are based on a wide variety 
of viewpoints as to the thermodynamic quantities upon which Sl 
most strongly depends. The most extensive treatments have been 
those by de Jager (1952, 1957) and Bohm-Vitense (1954), aside 
from our own initial attempt (Athay and l^homas, 1958) to rediscuss 
their woi’k. 

Bohm-Vitense simply assumes Si = Bvq{Tc) as obvious. Both 
Unsold (1955), in summarizing Bohm-Vitense’s work, and de Jager, 
in his first analysis, claim to have proved Si = by essen¬ 

tially comparing relative rates for the various transitions from the 
levels in volved bu t urithoiit actually computing Sl from the equations 
of statistical equilibrium, de Jager and Neven proposed (1954) to 
use the early Balmer lines to inler TAr) in the outer parts of the gen¬ 
eral stellar atmosphere, under this assumption Sl == Bpo(Te)> In his 
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later work (1957), de Jager drops this position, stating that his prooi 
applied only to photospheric regions and it is now clear that the lines 
have their origin in the chromosphere. Unfortunately he attemp ts 
to evaluate the non-LTE effects by using Giovanelli’s first non-LTli 
computations, which are valid only for an optically thin model o( 
the chromosphere. He later (1959) tries to justify his use of these 
thin-atmosphere non-LTE values by asserting that even if the ab¬ 
solute values of the bk are not correct, the relative values probably 
are. Such an assertion overlooks the point of the large relative change 
in bi, 62 , and the higher bk with the Balmer and Lyman opacity. Al¬ 
though a good part of the rather extensive attempts to investigal e 
the non-LTE configuration in a chromosphere of non-negligible 
opacity (summarized in Chapter 4) were in the literature prior to 
these analyses by Bohm-Vitense, Unsold, and de Jager, these authors 
seem to have overlooked this material in their investigations. 

In our own initial analysis (Athay and Thomas, 1958), we 
recognized that Sl for the Balmer lines depends mainly upon the 
local value of the radiation field in Ha and only secondarily upon Te. 
Subsequently, our investigations of the source function have pro¬ 
duced (Jefferies and Thomas 1959) an algebraic specification of the 
quantities upon which Sl for Ha depends, as outlined in Chapiter 4 
and applied in Chapter 6 . We wish, then, to recast our initial in¬ 
vestigation along lines wholly consistent with these later investiga¬ 
tions of the source function. 

The most extensive data available for discussion are those of 
de Jager (1952), with similar, but not so extensive, material coming 
from Gollnow, ten Bruggencate, Gunther, and Strohmeier (1949). 
The two sets of data are in fair agreement, as judged on the basis of 
the internal consistency of each set, although the Gottingen data lie 
systematically higher than the Utrecht. Figure 9-1 exhibits /xo 
versus m = cos 6 for the two sets of data, for the lines Ho: — H 5 . In 
the following, because of its greater completeness, we restrict our 
attention to de Jager’s data. 

We consider separately the center of the line, and positions oflL 
center because the latter require an assumption on the profile of the 
absorption coefficient. In the center of the line, the relative absorp¬ 
tion coefficient varies as Xo/, so that we readily establish the relative 
optical depth from line to line. Thus, we first consider disk obser¬ 
vations made in the line center, attempting to combine data from 



SICLF-ABSOrU'TION AND DKi^MlTMRES FROM LTE 


283 



mvmd linrs (o oljtain a rang<‘ in *S/.(r«,.), ilHni turn to the 

liin* |)r<)filns. 

L InveHlignti<»ii of ^SV,(r«,) from Dink Obsc^jrvalioiiH Made 
ill the line Center, a. The Hektion between ISiXr) and h^(n, 0) 
in a Spherieally i^ymmetric Alrnosphere. 1"}h‘ (irsi, stxrp is (o (^sUihlish 
tin* par(i(*ular form of (he <‘orr(\spon<l<‘ae<' 

/x(m) <.> *Sx(rx) (9-4) 

i'h<' (aiipirieal data of Fig. 9-1 sliow snllicitml seaDer (hat an al/Leinpl, 
to (lepniuiiie (la* analytic! form of I{n)i by invcvrsion (,ha(. of 

S{t\, simply by eurv(‘ litting promises only low reliability. Thus, 
om* (‘an sne(‘(M‘(l only by sue(‘<\ssive a|)|>roximafion, r(H|iiiring that 
th(‘ finally <l(9<*rinin<‘<l rtiation aS^t) hc‘ (‘onsist.cmi. with (h<! algciiraic 
form of I(ii) us(‘<l in analy;i^ing the data. 

The usual iiiifial apiu-oximation is to assume! 

Sx{tx) — Ux + hxrx 

W'liic’h leads to 


/x(m» h) — 


( 9 ^ 6 ) 
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or the relation between observed I\ and inferred S'x 

S\(t\ = ix) = (9-7) 

Bohm-Vitense used this relation throughout her discussion, not 
asking whether it was consistent with the final Sxi-r). (As we shall 
see, it is not.) 

On the other hand, de Jager adopted the form 

Sx(r\) = a\ — exp ( —cxrx) (9-8) 

which leads to 

S\(tx = cx~‘ In [cxM -h 1]) = 7 x(m) (9-9) 

and tabulates the quantities ax, fix, cx determined to give the best 
fit to the smoothed data of Fig. 9-1. From our discussion in Chapter 
4, we would indeed consider a relation of the form of Eq. (9-8) to be 
more compatible with Szir) than one of the form of Eq. (9-5); we 
might expect only that several more exponential terms would be re¬ 
quired. Consider this point in more detail. 

As in equation (4-92), we recognize that the source function 
entering the expression for the emergent radiation, is 

-Sx = (Sl -f- rx5c)/(l -|- r\) (9-10) 

We have already discussed the value of ro in Chapter 6, Eq. (6-28), 
and found it to be small for Flo;, less than 10-“ for T, >■ 6000°. From 
Tables 6-5 and 6-8, we see that for Tf, < 6000°, Tar ^ 10^; so we may 
confine our attention to Te > 6000° and ro(Ho;) < 10-“. From Fig. 
9-1, we see that /xoCHa) at = 0.12 corresponds to Trad ~ 3700°. 
Thus, if we set a lower boun(i on Sz by Sz > B^(Traa), we see that 
for Ha, Sz > lOroS'c for Tg < 1.10®. Thus, we may use iSx = Sz. 
We have also, in Table 6-5, shown that the solution for Sz{tq), in 
the case of a photo-ionization-dominated source function, is insensi¬ 
tive to To in such cases, and effectively equal to the solution under 
the limiting case co = 0. This solution is, for constant B* and ??, 
given by Eq. (4-102) 

Sz = B*(l -h (9-11) 

and leads to 


IxoCM) 0) — B*(l -|- 2Z/y [1 -[- fej-yn]—■!) 


(9-12) 
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Expressions (9-11) and (9-12) resemble expressions (9-8) and (9-9) 
used by de Jager, except lor the several rather than single exponential 
terms. 

The formal solution given by Eq. (9-11) for Si,(ro) has been 
derived in Chapter 4 on the basis of the definition of B* and v given 
by Eqs. (4-90) and (4-91). This derivation also rests upon the use 
of Sl given by Eq. (4-101). As shown in Section 4-IIIC2, Eq. (4-101) 
may only be applied to a subordinate line, like Ha, if detdled balance 
holds in the resonance lines. A priori, we have no guarantee that 
detailed balance in the Lyman resonance lines, does hold in the region 
where the center of Ha arises. Indeed, from Table 6-10 and the dis¬ 
cussion centered around the region of the abrupt rise in Te, we see 
that the effective region of fonnation of the central parts of Ha may 
lie very near the transition region between detailed balance in Ly-a 
and its absence. Thus, we ask what modifications we might expect 
in Eq. (9-11) from such a situation. 

We rewrite the expression for the general case, Eq. (4-87), in the 

form 


where 


Sl = 




(1 + m) 


Vi 


B,* = B*(l + 5 li/Fl2) 

FutFL^e-^^ IFliFu, 
(Eur+ FLi)Kur WiFl, " ^ 



(9-13) 


(9-14) 

(9-15) 


We have taken the F to predominate in the expression for the 
and for R, in conformity with f.he expression used for Ha when de¬ 
tailed balance has been assumed. (If the reader will compute the 
various terms entering fF and R from the data given in Chapters 4 
and 6, he will find the procedure correct for Ida.) Thus, the transi¬ 
tion between detailed balance and its absence hangs upon the value 
of (note that ro refers to Ly-a) 


SiA _ ^21 _ 2 

Fl2 “ Fm ~ 3 .+ 


(9-16) 


To evaluate b%iJF-n, we have used eqiiafions (4-83), the definitions 
following equations (4-41), Eq. (4.-90), and Equations (4-110), the 





286 


PHYSICS OF THE SOLAR CHROMOSPHERE 


result that 77 > € and eByo{Te) > 77 J 5 * for Ly-a, and the numerical 
values for the Balmer continuum given in Chapter 6, just preceding 
Eq. (6-20). For Ly-a, we have 77 = 4 X 10~^ thus the values, for 
the case c = 0 [but cf. Section 9-IIIB3]: 

ki _ ^2 __Li_L 2 _ Lz 

0.665 0.0455 0.000601 -0.004 -0.066 -0.924 

An upper limit for the right side of Eq. (9-16) is 2/(Z\^r}2i) the 
case c = 0 (cf. Section 4-IIIC4). In the event that we are looking 
right into the region of a steep rise in T , and must consider c 7 ^ 0 , 
this upper limit can increase to Bv^{Te max)/B,Q(Temm), if this last 
ratio is larger. From Chapter 6 , we see that in the vicinity of that 
rise which is of interest in discussing the Balmer lines, ^^(min) > 
SOOO'^ while ^^(max) < 10^; so this ratio is less than 50. Thus, the 
last term in the bracket of the numerator in Eq. (9-15) is always 
very much less than the first term, and 77i(Ha) always equals 77 (Ha). 
However, jBi* can increase over B*, by a factor up to about 110. 
We have the following values for the case c = 0: 

ro(Ly-oi) _ m _103_^ 

521 /F 22 0.002 0.7 5 

We may examine the behavior of Ha across the transition region 
of detailed balance in the Lyman lines in one of two ways. Because 
the change in J5i* is small until To(Ly-a) < 10^ we may make an 
approximate estimate by using Eq. (9-11) with B* replaced by Bi*. 
Alternatively, we may make a more detailed solution by expressing 
Bi* as 

Bi* = B*(l 4- (9-17) 

and proceeding to a solution as in Chapter 4. The behavior now 
mimics that of the collision-dominated case, but we must recognize 
the difference between B^^iTe) and Bi*. We obtain, in place of the 
expression of Eq. (9-11), the following for the case ro = 0: 

Sl = B^II + yd(l + (r[l - ) ( 9 .I 8 ) 
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(1 - T) E 


1 — _ 


(9-20) 


_ ’7 

rhe Ay for H« are the same in Eqs. (9-H) and (9-18); the U differ 
ciepending upon the value of «. As far as fitting the data are con- 
<‘crned, however, the chief difference between Eqs. (9-11) and (9-18) 
lies in the effective value of the coefficient B*. If the observed in¬ 
tensity ol the line lies above the value predicted by Eq. (9-12) we 
eecognize that the transition from a condition of detailed balance in 
the Lyman lines is making itself felt. If the observed intensity lies 
t>elow the value predicted by Eq. (9-11), either something is wrong 
Wi th the theoiy we have developed, or possibly departure from spheri- 

< ml symmelry in the atmosphere is at fault. In Section 9-IIAlb we 

< .xarnine the possible influence of this last effect before turning to the 
<lata. 


hiisl., we ask the behavior of Si, for the other Balmer lines. 
We may write, from Eq. (4-38), 


SiXlii) ^ Sn(Ha)(X23/X2t)5 {hue-^^/h) (9-21) 

noting that 1. We see from Eq. (9-21) or from a gen- 

oralizatioii of Eq. (1-87) that the principal correction factor describ- 
iiig the tiansition between detailed balance in the Lyman lines 
iirid its absence is the same factor discussed above for Ha. We have 
already notecl (,hat »S'/.(Ha) has no explicit dependence on T^, the 
influence of 7), on its value entering only indirectly through the 
opacity, where dr^ varies as 7’„“k Thus, we also see from Eq. (9-21) 
t-luit any explicit dependence of Si^bh) on T, enters through the 
Ijxctor bkbr^ exp (-A''m). 

Consider the generalization to a multi-level atom of Eq. (4-87), 
wfiich results from summing over a and 1 in the quantities defined by 
<*•< fnations (4-86). So long as Fui dominates ffci, Fu 2 dominates (R, 
jind the approximation of the value of the exponential integral enter¬ 
ing the reiximbination rate by exp {-Xk) remains valid, ^^(Hi) 
1 1 <is tlui same form as S/,(Ha:) and shows no explicit dependence upon 
I f,. I h(^s(^ eoiiditions already begin to fail for H;3, however; for 
crxampk^, }'.i = 1.40 and Xtt •—' (10~^T'c)~*. Thus we write 


1)1.1! ~ \Fti!{.F L\ + ff(/i)]((Re 


(9-22) 
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B* ^ ^ = ^( — (9-23) 

Fli (R \2Yi) 0^ 

and recognize that the essential question is the behavior of S?c/i/(R- 
The quantities of largest numerical value entering these two terms 
are 5y,y_i and C'j j+i. We have not as yet properly explored the be¬ 
havior of the former; values of the latter are as yet unavailable, al¬ 
though computations on them are in progress by a group at, St.. 
John’s University under S. N, Milford. Thus a discussion of the 
behavior of rj and for the remainder of the early Balmer lines would 
not be particularly rewarding at this stage; it would he at most qual¬ 
itative. We note only that any explicit dependence upon Te oI 
either rj or invol v es no exponent larger than Xu-u if collision terms 
dominate; and Xu^i, if they do not. Thus, any approximation 
scheme for the analysis of the Balmer lines that adopts even as a 
first-order approximation Sl B^(Tc) introduces a lie ti l ions T,r 
dependence with error approximating exp ( —X 2 ). A better first- 
order approximation would be to take independent of Te, 

introducing the r«-dependence as the second-order approximation. 
(We reserve zero-order approximation to refer to that of a constant, 
source function, which has often been used in the literature.) We 
proceed on this basis, whenever the occasion for such an approxi¬ 
mation scheme arises. 

6 . The Effect of Departures from Spherical Symmetry on an 
Inference of Sl(to) from /xo(At,0). On the basis of very-high-dis¬ 
persion studies of line profiles on the solar disk, McMath, Mohler, 
Pierce, and Goldberg (1956) conclude that the usual direct procc^ss ol‘ 
inferring Sl(tq) from /xo(m,0 ) is invalid. These high-dispersion ob¬ 
servations show fluctuations in intensity along the length of the ol)- 
serving slit, at a fixed position, AX, on the spectal line. In conse¬ 
quence of these observations, they picture the chromosphere as a 
broken shell of partially opaque, cloudlike features interwoven with 
transparent regions. These cloudlike features are “hot,” are dis¬ 
crete rather than continuous in form, and are enveloped on all side's 
by a “cool” medium. Center-limb observations would, in c‘otiS('- 
quence of this model, refer to a mixture of cloud and inter-cloud 
media, whose relative proportions would change, in general, as tlie 
line of sight changed from center to limb. Moreover, a given geo¬ 
metrical thickness corresponds to a considerable difference in optical 
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thickness from one line to another. In consequence, they suggest 
that an inference ol Sl(tq) from /xo(m?0 ) for a given line is misleading, 
and a combination of Sl(to) for several lines into one over-all SL(Tar) 
is invalid. 

We believe that this interpretation of the high-dispersion ob¬ 
servations is overly simplified, and that the conclusion regarding the 
use of limb-darkening observations is overly pessimistic. We do not 
wish to argue against the possible existence and influence of in¬ 
homogeneities in the atmosphere; we wish only to place the possi¬ 
bilities of such influence on any particular observationally-inferred 
parameter into proper focus. We believe that limb-darkening obser¬ 
vations of the early Balmer lines, even low-resolution observations, 
can—when properly interpreted—lead to a reasonable first approxi¬ 
mation to an empirical measure of the form of SL(rar)- High- 
resolution observations will, of course, add to the data available and 
give more informalion. Consider our reasoning. 

First, we do not find this picture of hot clouds in a cold medium 
convincing, because it is based on an unjustified physical approach 
to translating observed emission into inferred thermodynamic proper¬ 
ties of the emitting region. These authors reach their model by 
interpreting the self-reversed emission cores of Ca+ H and K as 
requiring cooler regions in the highest layers contributing to the line 
formation, underlain by hot regions, which in turn have cool regions 
under them. This interpretation forms the basis for their suggestion 
of hot, discrete clouds enveloped in a cold medium. As we have 
shown in Chapter 4, a perfectly spherically symmetrical distribution 
of both therino(lynami<^ parameters and material suffices to produce 
the self-reversed cores in these Ca"^ lines, with Te following a simple 
monotonic increas<3 above its minimum at the photosphere-chromo- 
s|:)here interface. 

When considering results inferred from observations of the early 
l^alrner lines in compai'ison with those inferred from observations of 
the Ca+ H and K Iin(‘,s, one must be very cognizant of the results 
emphasized in Clia])lrM' 4, that their Sl depend quite differently upon 
the atmospheri(‘, pjirameters. Both kinds of line are strong—small 
To; in each, the predominant, term in the expression for Sl is the local 
value of the I'adiation intensity in the line; they differ, however in the 
'‘source” term. For Caf“, the source term is the local value of 
for Ha, it is a function of the intensities of the Balmer 
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and Paschen continua, which are essentially phoiospheric radiation 
fields. We therefore expect the possible influence of atmospheric 
inhomogeneities on the observed emission to differ considerably be¬ 
tween the Balmer and Ca+ lines. For Ca"^, a variation in may 
be reflected directly in the term For the Balmer lines, the 

effect of any kind of an inhomogeneity must, to first order, be re¬ 
flected only in a change in opacity. Thus, in addition to challenging 
the basis upon which physical characteristics of atmospheric in¬ 
homogeneities have been inferred by McMath et al., from the Ca+ 
observations, we would caution that one cannot even consider their 
suggested model as having only pseudo-reality, to be used wholly in 
empirical prediction of the influences acting on some other kind of 
line. Each kind of line must be considered by itself, properly ev aluat- 
ing the influences determining the behavior of Sl and of the opacity. 

An influence of atmospheric inhomogeneities upon the Balmer 
line emission through their effect upon opacity may enter in two 
ways, based upon our discussion in Section 9-IIAla. First, there is 
the effect of a changed opacity in the Balmer continuum upon the 
value of B*. Second, there is the effect of a changed opacity in 
Ly-a upon the condition of detailed balance in the Lyman lines, 
thus upon the value of the correction factor, ^li/Fl 2 , relating B* 
and Bi*. 

A fluctuation in Balmer line-intensity resulting from a fluctua¬ 
tion in Balmer continuous opacity is much more likely to arise Irom 
an inhomogeneity in opacity near the level t« 10 ^ to W than from 
a cloud-like inhomogeneity near the level ^ I to 100. B* is pro¬ 
portional to the integrated, over direction, value of the intensity in 
the Balmer contiuum. Thus a local cloud can effectively shield the 
radiation from all directions. However, to induce a fluctuation in 
B* of 15 to 30 percent, the value of the local fluctuations in I\q re¬ 
ported by McMath et al., one requires at the level ^ 1 to 100 
increases in no by factors of 10^ to 10^. From our discussion in 
Chapters 4 and 6, this change in n 2 must result from the factor 
thus requiring increases of 100 to 10 in n, in the inhomo¬ 
geneity. In contrast, a fluctuation in B* of 15 to 30 percent asso¬ 
ciated with a columnar-type inhomogeneity extending upward from 
the level 10^ would require a homogeneous increase in n 2 , thus 
m throughout the column of only about this same 15 to 

30 percent. Because B* varies as the integrated intensity over all 
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directions, not just th-at coming from the base of the column, the 
actual chang-c in effective at the base of the column must exceed 
the observed fluctuation in Jxo- One must investigate the problem 
of the varia tion in Sl, and /xo, associated with a checkerboard distri¬ 
bution of radial columns for a detailed quantitative answer. 

A fluctiaation in Balraer line-intensity resulting from a fluctua¬ 
tion in Ly-oj opacity, thus a significant increase in jBi* over B*, dif¬ 
fers from the preceding in that it depends upon the opacity of the 
overlying, rather than uriderlying, material. Thus the relevant in¬ 
homogeneity must occur at and above the level 1; it may or 

may not be associated with an inhomogeneity below this level. As 
may he seen from the numerical values cited in Section 9-IIAla, 
the size of the fluctuation in Ly-a opacity required to produce a 
fluctuation in jBi* of 15 to 30 percent depends very strongly upon the 
Ly-a opacity* corresponding to the level 1 in the “average” 

atmosphere. 

Finally, -we note as an over-sdl effect, that the presence of either 
type of inhoxnogeneity will produce a greater center-limb contrast 
than in the case of a spherically symmetric atmosphere. The low- 
resolution observations represent a mean of the several regions having 
variation in lialmer opacity below a given height, and in Lyman 
opacity above a given height. In either case, as the line of sight 
shifts toward the limb, the relative contribution of the regions having 
larger opacity increases, 3.nd the larger opacity is, again in either 
case, associated with a smaller value of £i*. 

c. Analysis of the Observed /xo(m,0) to Infer the Behavior of 
SiXrar)^ (i) TAa. If we BLSsnme the applicability of Eq. (9-12) for 
Ha—i.e., that lia is fdrrrxed in a region satisfying local opacity in 
the Lyman lines—the values of ??, JS*, Ly, and kj used in Section 
6-IIIAl, give 

Ha: /xo(/^,0) == 2.68 X 

0.042 0.513 0.385 1 

1 + 07668>u 1 + 0.058m 1 + 0.004mJ ^ " 

Thus, Eq, (9-24) predicts 2.87 X 10^^ for /xo(l,0) compared with the 
observed value ~ 5.5 X 10^^; and it predicts a limb-darkening ratio 
of 0.71 be! w( 3 eii cos 6 == I amd 0.12 compared with the observed ratio 
~0.5 


X 
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On the basis of the discussion in Section 9 -IIAla, we would 
interpret this underprediction of Ixq( 1 , 0 ) to imply that at the center 
of the disk, Tar ^ 1 occurs in a region where significant departure from 
detailed balance in Ly — ckj occurs. The numerical value of the 
under-prediction, coupled with the relations quoted between 
To(Ly — a) and 621 /^ 22 , suggests ro(Ly — a) ^ 0.8 X lOL Al¬ 
though these results do not give any direct measure of Te, the dis¬ 
cussion of Chapter 6 suggests that Te may be high, 2 X 
Thus we ask whether the numerical approximations used in Chapter 
6 for the quantities entering rf and £*, replacing the exponential 
integrals by exp (—A), are sufficiently accurate to permit these 
conclusions on the value of 5 i 2 /i^ 22 . If we replace these values by the 
actual values of the exponential integrals in evaluating F 21 , F 31 , F 22 , 
and F 32 , we introduce the small, second-order dependence of 82 ^ on 
Te already mentioned. We compute the following: 

_1_ 1.5 2 _3_4_ (Chap. 6) 

10-i^B* 2.48 2.39 2.32 2.22 2.1^" (2 .74) 

V 0.00312 0.00316 0.00319 0.00324 0.00327 (0.0036) 

Thus 7 } shows a maximum departure of about 30 percent below 
the values used in Chapter 6 , for < 4 X 10 ^. The result leaves 
unchanged the conclusions reached above, except to decrease slightly 
the inferred value of To(Ly-o!). 

On the basis of Eq. (9-24), the decrease in effective Tar between 
M = 1 and 0.12 in a spherically symmetric atmosphere would be 
about a factor 4. Since \d In 1x2/dh\ < |d In ni/dh\, the decrease in 
To(Ly-a) is at least this factor. Then the increase in (1 -h bn/Fn) 
by a factor 3 between To(Ly-a) 0.8 X '10^ and 10'^ would imply 
limb brightening by about a factor 2 . Because limb darkening is 
observed, we conclude on the basis of Section 9 -IIIAlb that in¬ 
homogeneities are present. The size of the effect—converting a 
predicted limb brightening of about a factor 2 for a spherically sym¬ 
metric atmosphere into a limb darkening of about 50 percent in the 
actual atmosphere—implies that the opacity effect in these in¬ 
homogeneities must lie in largest part in increased Ly-a opacity. 

It is of interest that our predicted value for the center of the 
disk under the assumption of detailed balance in the Lyman lines 
lies so close to the observed value at cos d = 0.12, ^ 2.5 to 3 X 10^^ 
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If y^e visualize the inhomogeneities as being of a columnar type, pro- 
,1^0ting up through the chromosphere as regions denser and cooler 
‘than the enveloping atmosphere, thus having higher opacity, then 
We; might expect such a result. That is, our solutions such as that 
of Eq. (9-11) have been derived for a spherically symmetric at- 
3tiaosphere. On the other hand, we might expect very nearly the 

solution for the distribution of in a radial column, near 
^~ 1, provided the column was optically thick enough in a trans- 
V"erse direct ion and that we measured r perpendicular to the nearest 
Bnarface. We return to this point in Section 9-IIB. Here, we would 
only remark that on this basis we might expect fluctuations up to 
nbout 50 percent in /xo(l,0) rather than the 15 to 30 percent reported. 
Since this difTerence only corresponds to fluctuations reaching a 10 
|>ei'cent residual intensity in Ha rather than the reported 14 percent, 
<in.cl because any sy stematic radial motion of the more opaque column 
would shift- the line off-center and raise the observed /xo, it is prob¬ 
ably best tx> wait for more detailed investigations following these pre- 
liminary reports by McMath et al. 

We stress that the proceeding predictions and interpretations of 
t.bc 3 behavior of rest upon a theoretical Sl that is extremely 

irusensitive (x) the value of Te in the region of line formation, except 
l.b rough its dependence upon Ly-a opacity. The explicit Te depend- 
ivjrioe enters through the departure of Ei( — Xu) from the value 
cvxp( — yYf/)We emphasize the contrast in behavior of this 
llic^oretical Sl and one based either upon the assumption that Sl = 
f^Xo(Te) or upon the assumption of an Sl derived from non-LTE 
x^ialcvulalioTis in a thin atmosphere. Under the assumption Sl = 
/?xc> (?'•)» tlie observed /xo(At,9) would require T« as low as 3700° in 
f .b o region of line foiunation. A result derived under the assumption 
of ^ thin atmosphere would require much higher values of 512 /F 22 , 
t litis predicting a miicb higher central intensity for Ha. Because the 
l>redi(‘-tions mad(^ on the basis of our theoretical Sl agree well with 
ixbservatioiis when values of Ly-a opacity are adopted that accord 
til the r(\sult.s of Cliapter 6, we consider that we have found strong 
support for the basic i^hysical treatment underlying our theoretical 

Finally, although a discussion of plages and flares lies outside 
ibo scope of this monograph, we note the direction of an investigation 
of their behavior suggested by the considerations above. Any in- 
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crease in the central intensity of Ha must come from one of three 
causes: (1) a decrease in effective Ly-a opacity in the region of 
line formation, (2) an increase in the Balmer continuous intensity, or 
(3) a sufficiently large increase in Te and rie to make eB^^^Te) > 
for Ho:. Of these three alternatives, a little calculation quickly shows 
that (1) and (3) are the easiest to accomplish. Indeed, even without 
further calculation, we see from the numerical values already quoted 
that the central regions of Ha are formed at such values of Ly-a 
opacity that Sl(Hoi) is extremely sensitive to change in To(Ly“a). 
Having ro(Ly-a) near a value ^10^ to 10^ increases Sl(Ho^) by a fac¬ 
tor about 1.5. Investigations along this line are in progress, and 
will be reported elsewhere, later. 

{ii) H/3 — H5, Hf, and their Relation to Ha. From the pre¬ 
ceding results on Ha, we expect that /xo(l,0) for H/3, and > 

0.12,0) for the other Balmer lines, should effectively originate in 
regions locally-opaque in Ly-a. Our estimates in Section 9-IIAlc 
lead to ro(Ly-a) slightly less than 0.8 X 10^ for the effective place 
of origin of the center of Ha at the center of the disk. The absorp¬ 
tion coefficient drops by a factor 7 from Ha to HjS, by a factor 20 to 
Hy, and by a factor 80 to H5. /xo(0.12,0) for H^ may admit a meas¬ 
urable increase arising from the decrease in Ly-a opacity. We 
consider the behavior above the limb in Section 9-IIB. Depending 
upon the optical thickness of the inhomogeneities at the limb, their 
effect may or may not be consequential for Hi(3-H5. 

As discussed in Section 9-IIAla, we have not sufficiently ex¬ 
plored the behavior of Sl and the NRB for subordinate lines of multi¬ 
level atoms to have confidence in theoretical values for Sl in the 
cases of H|3-H5. At least at the time this is written, we do not 
have a sufficiently precise knowledge of the quantities entering 
^ui and (R to compute reliable numerical values for them. We recog¬ 
nize only that Fui and Fu 2 provide lower limits for ^ui and (R. An 
inspection of the other terms entering these quantities suggests that 
the relative underestimate is probably larger for ^ui than for (R, 
thus that B* is underestimated and tj overestimated, but this is a 
conjecture rather than an established result at this stage of our in¬ 
vestigations. If we do use these lower limits to estimate B* and 77, 
use the approximation ro = 0, and apply Eq. (9-11), the predicted 
values of /xo(l,0) lie below the observed by about 25 percent for H/3 
and about a factor 2 for Hy. Thus the underestimate increases as we 
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go higher m the series, which is the direction of the effect of the 
neglected terms and opposite in direction to the effect of Ly-a opacity. 
Since the value of /no varies roughly as we believe that our 

conjecture is a sound one. 

We note that were the above lower limits the correct values, we 
could immediately judge the size of the second-order explicit de¬ 
pendence o^ on 1 e- They would show about 15 percent decrease 
in ^S/XIIo:) tom ' 7500® to Te ~ 4 X 10^ about 30 percent for 
S7^(I1/3), and about 45 percent for SL(H.y) over the same range in Te* 
Such variation is very small compared to that of The im¬ 

portant dilFerence, as already noted, is the disappe6u*ance of the term 
exp (A 2 ) from \ this term will not reappear when these lower limits 
on ^ui and^ 51 are I'cplaced by the actual values, since none of the 
terms entering them depend upon it. 

Because these numerical uncertainties on the quantities specify- 
ing Sl for Il/S and ( he higher Balmer lines preclude a detailed numeri¬ 
cal intercomparison bet\veen predicted and observed /xo(m,0 ), we 
can only ask whether theory and observation agree on the general 
form of SiXt). It is useful to distinguish three stages of conceptual 
evolution in this kind of an inquiry, which has characterized empirical 
analyses both of hydrogen-Balmer and of other strong solar lines for 
information on the source function. First, there is the stage de¬ 
fined by the assumption Sl = Rather than inquiring into 

the form of S/,, the inquiry focuses on the use of /xo(/i,0) to extend 
the empiri(‘al 7V(r) model constructed at greater depths from limb- 
darkening ohs(u*vali<)ns in the continuum. The cited investigations 
by the Kw\ and Hl.ixudit groups typify this stage. Second, there is 
the sl,ag(^ char-a<4 (u*iz(^(l by the recognition that Tex 5 ^ where Tex 
is dcifincd by AV. = Bx()(7\,x)—hxit by the assumption that at a given 
point in t he alrnosphcrc, T(>x has the same value for several spectral 
lines of a given atom, possibly even for lines from several atoms. 
The melhodology bascid on this assumption has been mainly aimed 
at interc()mparison of line profiles (cf. Section 9-IIA2). In the third 
stage, 011(3 r(3(!<)gniz(3S that 7\,x must in general differ from one line to 
another. W(3 rnay (3aH upon the quantitative theory developed for 
Hu;, and llu’; s(uui-<|uanlitative theory for the other Balmer.lines, as 
a guide to (lie; tn<)s(, loasible checks on the theory. 

The most, direct empirical argument against the form Sl = 
and in favor of the form resulting from our non-LTE theo- 
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retical approach, results from a comparison of the signs of dTe^/dvar 
and dTeJdrar- Bohm-Vitense and de Jager established the empirical 
relation Te^iro) for each line by applying, respectively, Eqs. (9-7) 
and (9-9). A shift along the log ro abscissa by applying the differ¬ 
ential logarithm of absorption coefficient, A log \ 2 kf 2 k, combines the 
results on a common log Tar scale. Figure 9-2 shows these results 
for = 1. There is an uncertainty in origin for the abscissa corre¬ 
sponding to that in kinetic temperature, of amount log we have 
used Tk = I X 10^. We have represented the uncertainty in choice 
between Eq. (9-7) and (9-9) by plotting the results as a line parallel 
to the log Tar axis rather than individual points. We have also added 
de Jager’s values for H8, and for HlO, Hll, H12, H15. de Jager’s 
analysis does not treat HlO to H15 by Eq. (9-8); so we use Eq. (9-4) 
and indicate the uncertainty in effective origin by an arrow. So 
long as the single expontial term in Eq. (9-9) provides a reasonable 
representation of the data, the addition of more exponential terms, 
such as in Eq. (9-12), will give a result lying on the line segment 
linking these two extremes from Eqs. (9-7) and (9-9). Thus the 



Fig. 9-2. Comparison of TexIHa] theoretical with empirical Tex for early Balmer 

lines. 
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sign, of the slope of dTe^/drar is well fixed in Fig. 9-5, even though the 
precise value of the slope at any point is not. It remains to deter- 
xniTxe dTe/dtar at corresponding points. 

The essence of the Bdhm-Vitense and de Jager arguments lies 
in Uhe a priori identification of Tex with Te, thus Tex{rar)i^ assumed 
to join continuously to Teirc)- In consequence, they regard the 
moTiotonic outward decrease of Tex as reflecting a continued outward 
decrease of T^, and the slopes of Tex and Te agree by assumption. 
By analysis of eclipse observations of the later Balmer lines, Bohm- 
Vitense (1956) offers arguments for the validity of the adopted junc- 
tioin point for the two curves, Tex(rar) and Teirc)- We have at- 
teirupted to show (Athay and Thomas, 1958a) that such joining of the 
two curves requires an underestimate by two orders of magnitude in 
Balmer opacity of the chromosphere, as measured by the results of 
our own analyses of these later Balmer lines (Thomas, 1949, 1950; 
Ma-tsushima, 1952; Athay and Thomas, 1955). We treat these late 
Balxner lines in Section 9-IIC. Here, we need only draw upon our 
analysis of the continuum in Chapter 6, which provides values of 
Te and Tar at the same chromospheric heights. The dashed curve in 
Fig*. 9-2 represents these results from Chapter 6. There is no ques¬ 
tion but that dTex/drar and dTe/drar have opposite signs in the region 
of l\)rmalion of the centers of Ha-Hy, and that Tex ^ Te- Some 
rneasure of uncertainty lies in the values of Tar above 1000 km be¬ 
cause of the abrupt rise in Te and the resulting uncertainty on the 
qiiesLion of detailed balance in the Lyman lines. However, the 
rcsnlts in Section 9-IIAlci suggest only a change by a factor of 2 in 
1)2 resulting from this effect, at Tar ^ 1. 

The dotted curve in Fig. 9-2 represents the results of our predic- 
iiori of Tex(Roi) from Eq, (9-11). The dot-dash increase near tar 1 
rcvp resents a rough measure of the effect of departure from detailed 
^)atialu^e in Ly-a, as discussed in Section 9-IIAlci. We emphasize 
tha t the only parameters entering the dotted curve are the observed 
iiitensilies of Balmer and Paschen continua. The estimate of the 
(lot-dashed curve rests on the observed underprediction of /xo(l,0) 
for Ha (Section 9-IIAlci), and the value of To(Ly-o;) required to 
raise the prediction. To the extent that we might assume a common 
for all Balmer lines at a given point in the atmosphere, predicted 
and observed Tex lie in remarkably good agreement. Thus, we might 
say that the empirical data substantiate through the second stage of 
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empirical analysis our theory for the source function for the Balmer 
lines. Finally, we recognize that the uncertainty in the value of 
bk through uncertainty in the values of 5*^1 and 6t prohibit an. ex¬ 
tension to the third stage of analysis and an inquiry into the fiixrc- 
tion Tex{k). From the definition of Tex., we see that 

Tex = Te[l + 0.456(10-4Te)(X/XHa) In fh/bk]-^ (9-35) 

We may attempt to set an upper limit on Tex by assuming bk: ^ f 
and taking its lower limit in Eq. (9-25). The results in Chapter 6 
give the values for these upper limits shown in Table 9-1. 

If we could assume these upper limits to be a measure of the actuml 
variation Tex{k), we would expect Tex to increase toward later naem- 
bers of the Balmer series. However, if we use Texiro) derived from 
/xo(m,0 ) to obtain Tex from several lines at the same Tar, thus evaln^te 
Tex(k) empirically, we apparently find indications of a decrease in 
Tex toward later series members. A definitive investigation of C^) 
must await further theoretical work, and a more detailed analysis of 
relative center-limb observations in the lines based on a more cor¬ 
rect form than that of Eqs. (9-5) or (9-8). We are hardly justified, in 
embarking here on the latter before carrying out the former. 

2. Comment on the Use of Limb-Darkening Observoli¬ 
tions of the Line Profile to Infer SiiTar) and/or r(AX). Once it 
has been established that over some part of the line profile S x. is 
independent of AX, that part of the observed line profile may be com¬ 
bined with a known jSl(to) to specify r(AX). Conversely, an obser v ed 
line profile may be combined with a known function r(AX) to specify 
S'L(ro). If one stalls with no a priori knowledge either of SjXto^ or 


Table 9-1 



h 

500 km 

1100 km 

1300 km 

10-*T, 


0.615 

0.74 

0.90 



60 

20 

5-10 

A 

H 

« rV 
.o 


3.0 

12 

38 

Ha 


4700 

4050 

3600 

H;3 


5000 

4600 

4300 

Hy 


5100 

4750 

4500 

H5 


5150 

4850 

4650 
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of r(AX), wishing to perform a wholly empirical analysis, further as¬ 
sumption must be introduced. 

11 one assumes that he is analyzing a spherically symmetric 
atmospheie containing no macroscopic velocity fields, he may try to 
replace an a priori knowledge of Sl(to) by an empirical function 
derived iiorn limb-darkening observations. We have 

^ [Si(to) + rxSc{roTQ)](dT\/ (9-26) 

Consider point.s on the profile of a strong line for which Sl » rxSc* 
If it is possible to define corresponding points, AXi and AX 2 , on pro¬ 
files obtained at different ii such that for all ro, then 

we should observe /x,(/zx, 0 ) = Set 


('^ 0 ) -/2A;Xo 

nieC 


LasfJ L“wJ 


Ihiis Xi r(‘.presen Is the ratio ol actual to Doppler absorption coefficient 
at A\i. M:i and are, respectively, the mass of atom and electron. 
If we consider t wo such points of equal intensity, we obtain 

from Eq. (9-27) an expression for AXd, viz.. 


= / (AX2)^ - (AXx)^ 
\in + In X 2 /X 1 


(9-28) 


If we consider the Doppler core of a line, Eq. (9-28) with a:,- = 1 
givers us an estimal e of AXd. If by mistake we go outside the Doppler 
core, x%/zi > 1 and the neglect of this term will give an overestimate 
of AX/j. 


In Fig. 9-3, we have plotted de Jager’s limb-darkening obser¬ 
vations for Ho:, and Hy, for AX = 0 , 0 . 2 , 0.4, 0.6 A. Applying 
Itq. (9-28) with Xi = 1, by starting with IxEEO) and seeking the same 
intensity at the next larger AX, we obtain the values for AXd given in 
Table 9 - 2 . 


If we take these results literally, thus accepting as valid the 
assumplions underlying them, we obtain both internal contradiction 
among tlic^ results for Ha — H 7 , and disagreement with the results 
from Chapter 6 and from Section 9-IIAl. The computed AXd sug¬ 
gest Tk ~ 600()° in the efiective region of origin of the central core 
of Ha at the cent er of the disk, and Tk'^ 1.5 X 10^ for the correspond- 
ing parts of 11/3 and Hy. Moreover, AX© increases downward, from 
all lines. 




lx 10 ‘ 
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We have already remarked on the cause of the discrepancy for 
JEIa—the likelihood, based on a comparison of theoretical prediction 
«^rid the results from Chapter 6, that the line is formed in a region of 
I'apidly changing Ly-a opacity and strongly influenced by inhomo- 
^eneities toward the limb. Thus none of the assumptions under- 
l ying the derived AXd, save those of a frequency-independent Sl for 
AX < 0.4, and small rxSc, are trustworthy. 

For and H 7 , it cannot be immediately excluded that the 
observational scatter combines with departure from spherical sym- 
imetry to suggest 1.5 X 10^ rather than the value Ta; < 1 X 10^ 
obtained from the analysis of an assumed spherically symmetric 
^itmosphere in Chapter 6 . It is not possible, however, to accept an 
iiic*,reuse in AXjd downward. There is no question, on the basis of 
tbe analysis of Chapter 6 , but that Tk —even a mean value averaged 
over an inhomogeneous atmosphere—decreases downward in the 
region 20 > r^r >7. We also saw that no significant macroscopic 
motions arc required to explain the observed emission gradient. We 
riot.e, however, that in the interval AX ~ 0.4 to 0.6 we are certainly 
leaving the Doppler core, thus require non-trivial values of Xi, and 
tk decrease in ihe derived values of A\d in this interval. To analyse 
tluj dat a in tins region, we require not only values of Xi but a recon- 
Hi<l(U’alio:n of the frequency dependence of Sl- Thus, we must defer 
It <letail(Hl (!()nsiderat;ion of these results until such time as a considera- 
t ion of l.he Balmer lines in the combined Doppler and Stark cores 
lias been (‘ompleled. (On this point see note 9-1 in Appendix 
IL) 

This metliod of inter-comparison of profiles of a given line at 
cliifering g is the only approach to analysis of the line profile having 
t,lieor< 3 l,ical jnslificalion. In our earlier analysis (Athay and Thomas, 
1 955 ), we pn^scrnted an approach based on the assumption of a com- 
iiiijn and attempted to show the assumption led to a contradic- 
iion. Coldberg (1958), Goldberg, Mohler, and Mueller (1958), 
kind Umio (1959a, 1959b> have applied this method of an assumed 
c *<iiiunon 7 \.x to two lines having a common lower level (Ca^-, H, and 
K ), or to several lines from a multiplet, without investigating its 
vali<li(.y. We wish to emphasize that the method should not be 
iippli(Ml without investigating the question of a common Tex- We 
atunmml in Section 9-111 on the procedure as applied to Ca+ H 
tkxid K. 
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In this earlier analysis of ours, we again restricted our attention 
to an assumed Doppler core. Then the procedure was: ( 1 ) choose 
the center of one line as reference, and determine the number of 
Doppler half-widths required to reduce the absorption coefficient 
from its value at the center of each earlier line to that at the center 
of the reference line; ( 2 ) arbitrarily choose Tk, thus fixing A\d . These 
two steps determine a point on each of the earlier lines, from which 
we obtain Tex by lx(l,0) = BxoCTex). Plot the so-determined 
versus the assumed Tk- For each Balmer line there will be a graph 
consisting of several lines, one corresponding to each of the earlier 
lines. If there is indeed a common Tex, the several lines on the graph 
should intersect at Tex corresponding to the center of the reference 
line. We reproduce in Fig. 9-4 our results for H 7 , 115, H 8 , UK). 

Essentially, these results reconfirm the results reached earlier 
in this chapter. There is a scatter in intersection of the lines on a 
given graph, thus suggesting the assumption of a common to be 



Fig. 9-4. A test of the assumption Tox = from Balmer line proiiles at 
the center of the disk: (a) center of HIO as reference, 7«x = 5450 and r = I for 
iVa = 6 X 1014; (b) center of H8 as reference; (c) center of H5 as ref(‘r(in<uu (d) 
center of H7 as reference. [From Astrophys. J. 127, 102 (1958).] 
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invalid, but the data are not adequate to really substantiate this 
conclusion. The values of 7\in near the intersection region are es¬ 
sentially the same as those found for H/5 and Hy by the method dis¬ 
cussed first in this section, lying between 1 X 10"^ and 2 X 10^. Our 
conclusions, and the suggested direction of further work, are the same 
as already mentioned, viz.: (1) more detailed consideration of the 
dependence Tcx(k), for which we require further cross sections; (2) a 
consideration of Sl —and of course a 2 /c —in the Doppler-Stark core; 
and (3) more detailed observational material, particularly of the high- 
resolution variety. 

B. Limb Observations of the Early Balmer Lines 

Equation (9-2) gives the emergent intensity to be expected 
from a strip of the solar atmosphere, viewed tangentially, of vanish¬ 
ingly small height. Any actual observation covers a non-zero height 
range, owing either to the exposure time for the case of eclipse ob¬ 
servations or lo the effect of seeing for out-of-eclipse observations. 
Thus the observed emission represents a height integration, and is 
given by 

poo /•rXih) 

Ex{h) = / / Sx(rx', dW dh' (9-29) 

Jo Jo 

where ${E) is the “seeing” function. In the case of slitless eclipse 
observations, we replace §>(h') by an integral over h' ranging from 
h to CO. For slit observations at an eclipse, we have an effective 
upper limit to the integration over h\ fixed by a combination of slit 
width and seeing. For extra-eclipse observation, there exists the 
seeing prohk^rn at both upper and lower limits on h'. Thus, it is 
extremely difficult to specify with any certainty the atmospheric 
region to which the observations apply. The exception lies in the 
case mentioned at the beginning of the chapter, eclipse observations 
covering the whole chromosphere above the moon’s limb and having 
sufficient height resolution to permit accurate differencing. Such 
data do not presently exist; we hope to obtain them at the 19?? solar 
eclipse. 

We illustrate the problem of interpretation by considering the 
oversimplified case of a constant source function, a seeing function 
that can be represented as giving a uniform in tegration over a height 
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range hi, and an optical thickness varying exponentially with height. 
Under these assumptions, Eq. (9-29) integrates to give 

Ex = Sxy~^[yhi - E,(zx) + Ei(Cx)] (9-30) 

where 

rx == TQ<p\e~'^^ = z\ = T\(hi) (9-31) 

We compute ^x by assuming only Doppler plus natural broadening to 
occur, the relations 

(p\ == Hq -f- dHi', (I = AXiv/AxD (9-32) 

and Harris’ tables (1948) to evaluate Ho and Hi from AX/AXd. We 
compute the profile, using the constants for Ha: AXat == 6.46 X 10“^^ 
and AXd = 0.281(10“^re)^/2, In Fig. 9-5(a), we plot the computed 
profiles of Ex, normalized to unity at the line center, as functions 
of AX/AXd for several values of yhi and tq as parameters. Figure 
9-5 (b) shows a typical profile observed at such a height that the 
double-peak characteristic of lower heights does not appear. Figure 
9-5(c) shows the profiles of Fig. 9-5(a) in terms of AX, AXjd having 
been chosen such as to make the normalized value of Ex agree with 
the value 0.4 for the observed profile in Fig. 9-5(1)) at AX = 0.9. 
It is clear that an interpretation of the observed profile in terms of 
one of the several alternatives permits a wide range in ro, even if the 
parameter yhi is well-fixed. Usually, however, we require also a 
value for yhi to be determined from the data. Thus, rather than 
determining an atmospheric model from such observations, we can 
usually only ask whether the observations are in general accord 
with a model determined otherwise. This point has been stressed 
by Zirker (1956), in connection with attempts to match eclipse pro¬ 
files observed by Redman (cf. Section 9-III). 

The profiles actually observed are incompatible with the as¬ 
sumption of a constant source function throughout th(^ r('gion of 
line formation. Figure 9-6 reproduces typical observations (aflcr 
correction for scattered light) of extra-eclipse line profiles (F. v. P, 


Fig. 9-5. (a) Computed profiles for constant scale beight y~^ I’or o[>ti<^al 
thickness; seeing function = integration over height range hi. (h) ()bs(U’ved 
profile for Ha at sufficiently great height that double peak is al)s<uit. (Courtesy 
E. V. P. Smith, Sacremento Peak Observatory.) (c) Profiles of {)art (a) nuiichirig 
Ex at AX = 0.9 A. 
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Smith, 1957). ^ /1 o r found in the work of Keenaji 

(1932), and Krat (1955), Clube (1958), and 

Kanonovic 1 ( ^the investigations of spicules in the high 
chromosp cue, t ^ ^ and Athay (1958); and in eclipse ob¬ 

servations, Hcdn an^ (1J42) ^4 Redman and Suemoto (1954) to¬ 
gether with RcKiinaii 8 largely unpublished 1952 eclipse data. These 
results, save ( o ' a^ei s and Clube’s, agree in the general trend ex¬ 
hibited by VIZ.: double-peaked profiles in the low chromo- 



cos 6 AdO^km.) 

Fig. 9-7. l\nd <i<iterniiu<Ml from central intensities across the disk and in the 
chr<)rii<)sph<ire, [From Astrophys. J. 127, 98 (1958).] 


sphere, with 1 lu^ ix^aks decreasing in relative amplitude at greater 
heights, finally reaching the single peak. De Jager and Clube con¬ 
cluded that th('S(^ double peaks, observed in uncorrected data, repre¬ 
sented the elhMrtB of scattered light. The other investigations, how¬ 
ever, agree in tludr reality, even after proper correction for scattered 
light. Thus, we must conclude that the source function varies over 
the region of liiU3 formation. Whether this variation has its source 
in the general outward decrease predicted in our theoretical results, 
or whether it arisc^s from an inhomogeneous atmosphere, cannot be 
decided on an a priori basis. We require a detailed analysis of tbe 
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prediction on the basis of each alternative, and a detailed comparison 
with observations having good height resolution. 

At the time of this writing, we believe that the combined un¬ 
certainties of region of origin for the observed line profiles, relative 
Sl for Ho; — H5, and structure of the chromosphere for /i > 1500 
km argue against presenting here what could only be an uncertain 
analysis of these data. We only caution against any analysis based 
on the assumption of a constant source function, and note that the 
methodology of a more correct analysis lies explicit in our develop¬ 
ment thus far. The first point of analysis must lie in a resolution 
of the factors producing the double peaks in the low chromosphere; 
the balance of outward decrease of Sl in the regions locally opaque 
in the Lyman lines against the effect of decreased Lyman opacity . 
Superficially, as noted in Chapter 4, the double-peaked appearance 
in the low chromosphere is exactly what we would expect on the 
basis of our theory for an atmosphere locally opaque in the Lyman 
lines. The rise to the ‘"peak” would correspond to the inward in¬ 
crease of Sl; and the presence of the peak, to increasing transparency 
of the atmosphere; thus Tx(tangential) 1 at the peak. In conse¬ 
quence, we should be able to combine these results with theoretical 
prediction to map out ,taiig(/i, AX). The directness of this approach 
must be modified by the influence of Lyman opacity, thus an investi¬ 
gation in terms of a source-function of the form of Eq. (9-15) with 
a more careful quantitative investigation of the relative importance, 
of scattering and Lyman terms than we presented in Section 9-IIAla. 
Also, the relative behavior and properties of the spicule and inter- 
spicular components with respect to iSi, and t(AX) must be included. 
Work is in progress on these points, as well as on the problem of 
better-defined observational material, within the NBS-HAO-SacPeak 
group. 

Reference should be made to the attempts at analysis of such 
extra-eclipse profiles by Kononovich (Ha - lid, 1958) and Clube 
(Ha, 1958). We do not discuss these analyses in detail here because 
each makes assumptions which, on the basis of the theory developed 
in Chapter 4, vitiates the analysis. Clube assumes a constant source 
fraction throughout the region of line formation. Konono vich con¬ 
siders a source function compounded of two terms; one, representing 
coherently scattered photospheric radiation, thus with a position- 
dependence given by exp(-r, sec 6 ); the other, frequency-independ- 
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TT 1 '? a«d constant in 

depth under the inetUoa of analysis used. There is also the same 

°i ‘ '’TXe^oorreotion, mentioned 

n r Ji tttderesumate ot the Bahner opacity, which 

IS the. clirection ol thou- results relatite to ours in Chapter 6 and in 
our oarher work on the later Bahner lines. The difference is about 
two orclers of magiulude lor n, near 500 lun, so it is not insigniiicant. 

Pmally as one piece of empirical evidence on this question of 
the effect of Lyman opaci ty on source function in the Bahner lines 
we may summarize! a result from our earher analysis of these lines! 


The 1952 eclipse dala provide values of = JEx dx for Ha — H5 
and HlO (cf. Appendix) determined from slitless observations. We 
estimate f h d\ by computing Ed In E/dh from these data, assum¬ 
ing these two quantilies to be equal. Then, we use extra-eclipse 
observations of Llu! irroliles of Ha - H5 (Athay and Smith, 1956) to 

estimate the ratio ho f ix d\^-^ for these lines. These ratios are 

0-55, 0.92, 1.26, and 1.67 fox- Ha — H5, showing no strong change 
with height. Goinl)iiung those data, we obtain an estimate of I\q 
for each of these Iin<\s at several heights above the limb. All the 
numerical factors enUving; are only roughly determined, and syste¬ 
matic effects are iiol. at. all ■unlikely. Nonetheless, the results show 
inarkcxl limb brightcrMing: for - Rd, marginal limb brightening 
for Hex, and only a iri<)Ti(>tonic limb darkening for HlO. 

We reprodiKHi (,h(^ resul ts of our original discussion in Fig. 9-7, 
where we plot l\iui ( ^ in the discussion of Section 9-IIAl) for 
bo th disk and li:rnl> ol>Her vnti<:>ns. 

In our original disc/nssion, we arbitrarily reduced all eclipse 
intensities by a factor 2 For the reason discussed in Chapter 6. If 
we remove the facdor 2 correction, all values of T^ad above the limb 
increase, by abou t, 5()()‘^ near the maximum and somewhat less at 
greater heights, ddms, there is support for our conclusion reached 
in the disk study ol* Ha that near Tar ~ 1”3 we have entered the 
region where det>?u‘t,iu*(* (*rom detailed balance in the Lyman lines 
irKinc(3S a rise in AS'/Xlhil;mer). Since Tatang/rar ~ 50, the induced 
limb-brightening sliould heg^in to disappear about at H5; its ob- 
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served presence at H5 but complete absence at HIO lies in rough 
agreement with the above value of Tar where we noted its effect. 
In this earlier work, we conjectured that the change in Lyman opac¬ 
ity might underlie the observed limb brightening, but we had not 
the supporting evidence of the discussion in Section 9-IIAl. At 
that time, we did not have the theoretical prediction of /xo(l,0) for 
Ha with which to compare the observations. Thus, we might re¬ 
phrase our conclusion to state that these results on the disk analysis 
of Ha now support our earlier-obtained conclusions on limb brighten¬ 
ing for H/3 — H6. 

We have ignored the influence of the spicule structure, which 
in Section 9-IIAl we invoked to explain the limb darkening in Ha. 
So long as the optical thickness of these spicules lies between about 
1 and 10 in r(Ha), we do not change the qualitative nature of our 
results. Also, we note that our scanning slit embraces an area on 
the limb which must include both spicule and interspicular regions, 
based on the spicule statistics discussed earlier in Chapter 3. 

We again emphasize that we regard this discussion of the early 
Balmer lines as most incomplete, but we do believe that we have 
outlined the methodology required to extend both the theoretical 
structure for the analysis, and the analysis proper of more complete 
data. 

C. Eclipse Observations of the ''Later'' Balmer Lines: f110-1 ISO 

Since we expect moderate or small self-absorption in the later 
Balmer lines, we use Eq. (9-1), which gives for the total emission 
per unit solid angle in the line Hk observed with a slitless system: 

a.(*) . /■" • y. * f • rf. /•" ■ ,, („.1) 

HiTT J—oo Jfi J^oo 

Introducing the modified Boltzmann-Saha Eq. (4-.‘i), we rewrite 
Eq. (9-33) as 

Eki(h) = CiAkik^hvki 

X y j, dr y dx j dy (9-34) 

We also write the corresponding expression for the emission per unit 
-frequency at the head of the Balmer free-bound continuum as 
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£■3640 dv — (Kh/8) f dx f rieUpTe dy ( 9 - 35 ) 

J h J — oo 

We have already discussed the inherent ambiguity in solution result¬ 
ing from the restricted nature of the data, thus the necessity of limit¬ 
ing the range of possible solution by other considerations. We pro¬ 
ceed, then, to establish such limits. 

Although we have in earlier chapters laid much foundation for 
the belief that the chromosphere is actually in a non-LTE state, 
much of the early substance for this conclusion came from a consid¬ 
eration of these later Balmer lines. Thus, in the following develop¬ 
ment, we attempt to avoid prejudging the state of the chromosphere 
but to develop an independent check on the conclusions reached in 
preceding chapters. Such an approach is particularly important in 
view of the critical discussion of the validity of our approach to the 
analysis of these later Balmer lines, and the conclusions drawn from 
these treatments (cf. van de Hulst, 1953, for a good summary on this 
point; de Jager’s more recent summary, 1959, does not consider the 
problem). We particularly wish to consider the various analyses of 
these later Balmer lines in the light of the more explicit theoretical 
understanding we now profess to have. Such an approach is of in¬ 
terest not simply as a matter of history, but to stress the conceptual 
e volution of thinking on the problem with the hope of possible wider 
application to the general stellar atmospheres. 

1. Character of the Solutions of Equation (9-34) That 
Are Compatible with Various Empirical Data. First, we ask 
whether the data are compatible with a solution that neglects both 
self-absorption and departures from local thermodynamic equi¬ 
librium. If we neglect both these effects, then hk and drop out 
of Eq. (9-34), and horn Eq. (9-35), leaving the right sides of the 
two equations to dilfer only by the factor exp(Xk) and a numerical 
constant. From the data in Chapter 2, d In Eh^/dh = appears 
to be constant with height for k > 13. For 10 < ^ < 13, de¬ 
creases with decreasing height for h < 1000 km, but appears to be 
constant for h > 1000 km. For the free-bound data, constant 
appears satisfactory above about 500 km. In Fig. 9-8(b) we plot 
versus k for the Balmer lines observed at four eclipses. We 
note that approaches asymptotically, but differs significantly 
and systematically from it for k < 25. Either we must attribute 
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Fig. 9-8. Logarithmic emission gradient —3* for the Balmer lines HIO to H.BO 
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this behavior of the to the term exp(^A:), or we must conclude that 
at least one of the quantities 6* and exp( —r^) cannot be neglected. 
If the effect arises from exp (Xk), we must have 

^oc - ft == —Xk(dln Te/dh) (9-36) 

This alternative is unsatisfactory for two reasons, f First, we note 
that a plot of pk versus should be linear under this alternative. 
Figure 9-9 illustrates the departure from this expectation. Second, 



01 23456789 10 

Fig. 9-9. Logarithmic emission gradient—for the Balmer lines HIO to H30. 


considering the 1952 data, we note that the numerical value of 
ranges from + 0.5 X 10”^ at Iil2 to ~ + 0.1 X 10“"^ cm“^ at 

t For such numerical considerations as this, ‘we restrict our attention to 
the 1952 data. Our arguments were originally developed on the basis of the 
1932 data (Thomas, 1950a, 195()b), and were criticized as reflecting overanalysis 
of the data, so we planned the more extensive 1952 program to remedy this 
possible defect. 
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H30. Thus, were the differential values of ft to originate from 
Xjc, Te must decrease outward over the whole height lange up to 
about 2500 km, and at such a rate that Te halves in less than 100 
km. (Since, even for Te = 5000^ X, < 0.3 for k > 10.) Such a 
result is incompatible with any other information on the chromo¬ 
sphere. 11 / 

Thus we conclude that it is not permitted to neglect both Ok 

and exp (—r^) in analyzing the later Balmer lines. Ihis conclusion 
rests on what we may call the first characteristic ol the depaituic o 
the emission in the Balmer lines from that expected trom a thin at¬ 
mosphere in LTE, viz., a lesser height gradient for line emission than 
for free-bound emission in the Balmer continuum. 

If it could be assumed that only one of the fact ors bk or exj) 
(—r^) were significant, the analysis could be simplified very con¬ 
siderably. We now show that the data require the presence of both 
factors in the analysis. 

Consider the effect of self-absorption. The first attempt at, 
empirical analysis of departures from LTE in the chromosphere, 
by Cilli^ and Menzel (1937), rests upon the assumption of negligible 
self-absorption in all the later Balmer lines. Although their analysis 
is inadequate in several respects, particularly their discussion of the 
expected theoretical values for the ft as indicated in (Jlhapter 4, ils 
results have been often quoted and have been adopted by van d(^ 
Hulst (1953) as proving that self-absorption eflects are indeed iib- 
sent. Thus a summary of the analysis and its deficiencies is usc^lul 
for orientation. 

Setting Tv — 0 in Eqs. (9-34) and (9-35), we see that the ob¬ 
served constant slope, Pk, for log Ek 2 versus height implies that llu^ 
occupation number, Uk, varies with height as exp ( — fik); we ob¬ 
tain: 

Ek2{h) = (9-37) 

EuAoih) = (9-38) 

The observed quantities, Ek 2 and Emo, together with the known 
numerical values of C 2 and C 3 , permit an empirical determination 
of the quantity bk exp (X&) from Eqs. (9-37) and (9-38). From the 
1932 eclipse data, Gillie and Menzel obtained values of this quantity , 
which lay between 0.1 and 1.0 for 63 to 620 , and were about 1 for 
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k > 20 . Since exp {Xk) > 1, these results imply hk < 1. The direc¬ 
tion of this empirical inequality on bk agreed with the theoretical 
calculations carried out by Gillie and Menzel, under the assumption 
of a pure capture spectrum. The numerical agreement was, how¬ 
ever, not good, computed bk always lying below the observed, with the 
difference about a factor of 2 at H20. 

The actual numerical disagreement is worse than found by 
Gillie and Menzel; for they used in their analysis the total emission 
observed at X3640. One must, however, separate out the actual 
Balmer free-bound emission from the electron-scattered photo- 
spheric continuum, thus raise Gillie and MenzeFs empirical bk by 
the ratio of total emission to Balmer emission. On the basis of an 
assumed 35,000® value for Te, we estimated a correction of about a 
factor of 2 for these 1932 results (Thomas, 1948,1950; cf. also Zanstra, 
1950). Our 1952 data would suggest a correction factor 1.3 to 1.6 
rather than 2 . 

The systematic nature of this discrepancy between the em¬ 
pirical and theoretical results of Gillie and Menzel attests to a real 
difficulty in the analysis. Gillie and Menzel recognized this situa¬ 
tion, and placed the blame on the theoretical values, conjecturing 
that some unknown source of excitation from the lower to the higher 
levels must be the explanation but not investigating the problem 
further. From our discussion in Chapter 4, we recognize that the 
additional excitation mechanism is radiation from the chromosphere 
itself in the Balmer and Lyman lines, and collisions, particularly from 
adjacent levels. Indeed, the existence of an appreciable self-absorp¬ 
tion effect is equivalent to stating the importance of excitation by 
chromospheric radiation in the Balmer lines. On the other hand, 
van de Ilulst^—differing vigorously with our then-current attempts 
to draw attention to the importance of the self-absorption effects— 
considered only the ratio 610 / 625 , and found good agreement between 
the Cillie-Menzel empirical values and their theoretical ones. He 
ignored the discrepancy in absolute values, also the numerical error 
in the use of the total observed emission at X3640. In discussing 
non-LTE effects, one should pay careful heed to this analysis by 
Gillie and Menzel, particularly to its subsequent use and misuse, as 
an object lesson. Both absolute and relative effects must be con¬ 
sidered. It is simply unfortunate that in Gillie and MenzeFs treat¬ 
ment an inadequate discussion of observational data was combined 
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with an incomplete theoretical analysis to give a superficial agree¬ 
ment. 

Thus, on the basis of the Cillie-Menzel 1932 data, we recognize 
a second characteristic of the departure of the observed emission 
from that expected from the thin, LTE atmosphere, viz., loo low 
an emission in the line relative to that in the free-bound continuum. 
Quite apart from inconsistencies in the Cillie-Menzel non-equilib¬ 
rium calculations, we reject their interpretation of the efiect as com¬ 
ing from non-equilibrium effects afone. For, we must either assume 
that self-absorption is so small as to be negligible or it is not. If it 
is negligible, then the results of Chapter 4 demonstrate < Te, 
bk > 1 for either kind of source function, collisional or photoelectric 
(cf. Figs. 4-3 and 4.5). For the photoelectric source function, we can 
obtain Tex > Te, bk < 1 but only in regions of significant opacity 
(Fig. 4-5). Thus, granted the validity of the results of Chapter 4, 
we must admit the presence of self-absorption effects whenever the 
empirical bk obtained from Eqs. (9-37) and (9-38), uncorrected for 
self-absorption, are less than unity. Such a conclusion accords 
with what we would expect from the values of n ,2 determined in 
Chapter 6. 

The 1952 data show the same results. We present these data 
in Table 9-3, uncorrected for the ratio The^ value of this 

ratio is given in the first column of the table; the value of Xk, lor 
two different values of Te, in the last two columns. If i t be assumed 
that there is no self-absorption, hence that the (3 effect comes wholly 
from non-equilibrium effects plus the eflect of a luught gradient in 
Te, then the value given in the first column must Ixi subtracted 
from the tabular entries. In such a case we would obtain, for these 
empirical values neglecting self-absorption, bk < 1 up to somewhere 
just below 2400 km. For ^ > 20 to 25 the scatter in the data be¬ 
comes too large for any very definite conclusion. 

Thus, we conclude that self-absorption effects must be in¬ 
cluded when analyzing the latter Balmer lines, at least for lines up 
to H20 to H25. The effect can be presented in an alternative way 
by contrasting the observed Balmer decrement with that expected 
theoretically from a thin, LTE atmosphere. Figure 9-10 (a) illu¬ 
strates the effect in the 1932 data; Fig. 9-10(b), in the 1952 data. 
For comparison, we plot also the theoretical decrement, wi th Xk = 0, 
corresponding to infinite Te, which is thus a lower limit on the dec- 
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remeiit. The flatter decrement in the observed data at the lower 
heights, and the gradual increase with height of this observed dec¬ 
rement, illustrate graphically the self-absorption effect. It was 
this difference between observed and theoretical decrements which 
formed the basis for our first assessment of the importance of self¬ 
absorption (Thomas, 1949, 1950). 

The 1952 data show, at greater heights, an effect not present in 
the 1932 data. The empirical decrement becomes steeper than the 
lower limit on the theoretical one. Comparing the size of this dif¬ 
ferential steepness with Ak In Xk in Table 9-3, we recognize that we 
can draw no completely certain inference that the empirical decre¬ 
ment exceeds the theoretical one for a thin atmosphere in LTE, 
unless we can be certain > 1 X 10^. However, taking into ac¬ 
count the developments in previous chapters, we would indeed ac¬ 
cept Te to be sufficiently great that the term exp cannot be 
responsible for the steepening of the decrement at these greater 
heights. Then, we would conclude that the data require hk > bk + A, 
at least for h > 2000 km. 

There is one final bit of evidence coming from the uncertain 
observations of the Paschen lines described in Chapter 2. In Fig. 
9 -10(c), we compare theoretical lower limit with observed decre¬ 
ment for these lines. From our results in Chapter 6, we expect self¬ 
absorption effects to be negligible for the Paschen lines, and indeed 
we observe in Fig. 9-10(c) that the empirical decrement is the larger 
by a considerable amount, even at the lower heights. Thus, these 
data—recognizing their unreliability but noting the systematic 
nature of the effcn^l—argue for the conclusion bk > bk + A, even at 
these lower heights. Thus, again, the empirical evidence for a self¬ 
absorption effect in the Balmer lines, and for departures from LTE is 
s’trong. 

Summarizing these comments on the character of the solution 
for the occupation numbers—or the bk —-permitted by the empirical 
data, we see that we can neither assume LTE nor neglect self-ab¬ 
sorption. Therefore the data are insufficiently comple te for a wholly 
empirical solution, and we must add auxiliary conditions. We have 
also seen that the over-all empirical behavior of the data---height 
gradient of tlie line emission relative to that of the continuum, 
magnitude of the line emission relative to that of the continuum- 
accords with expectation from the non-LTE analysis of Chapter 4 
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and the results on self-absorption to be expected from the population 
of the Balmer ground state found in Chapter 6. Therefore, we con¬ 
sider it legitimate to draw upon the results of Chapter 4, and of 
Chapter 6, to provide auxiliary conditions required for the analysis. 
In essence, we ask for an approximation scheme to be used in the 
analysis of the data, which emphasizes at each stage the physical 
ideas developed in Chapter 4. Given such a scheme, we can sum¬ 
marize the work that has been done thus far on these later Balmer 
lines in terms of the degree to which it may represent physical reality. 

2 . An Approximation Scheme for the Analysis of the 
Later Balmer Lines, Based upon the Background of Chapter 4 
and Its Subsequent Application. We actually have two prob¬ 
lems to solve: how to treat the difference in behavior of 7i2 and 
and how to take into account effects of non-spherical symmetry in 
chromospheric structure. Since the data are inadequate for a unique, 
wholly empirical solution to even the first of these problems, a 
scheme of successive approximation will refer both to differential 
variation of n^. and rik and to the introduction of atmospheric in¬ 
homogeneity. We ask first into an approximation scheme in a 
spherically symmetric atmosphere, then the influence of departures 
from such symmetry. Empirical analyses of the later Balmer lines 
have thus far considered only the spherically symmetric atmosphere. 

a. Approximation Scheme in a Spherically Symmetric Atmos¬ 
phere. There are two extremes from which to start an approxima¬ 
tion scheme: either by considering the depth dependence of some kind 
of mean source function for the Balmer lines to be primary, and the 
variation from line to line to be secondary; or, the converse. In a 
wholly opaque atmosphere, one obtains as the first, approximation 
under these two schemes, respectively, the depth d(-q>end(UKu^ of a 
^-independent Sl, or the k dependence of a depth-imhqxuHliuil. Sl* 
From the analysis of Chapter 4, and its application to the early 
Balmer lines in Section 9-nA, we conclude that the former extreme 
lies much closer to reality than does the latter. It would be useful 
to obtain independent confirmation of these conclusions fi‘om the 
later Balmer lines, but this does not appear feasible with the data 
presently available. We note that eclipse observations in these later 
Balmer lines refer to an atmosphere of finite opacity, with the opacity 
varying with k. Thus, the assumption of a ^-independent Si does 
not require that a k dependence in the observed emission imi)ly a 
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depth variation of Si ; nor does the assumption of a depth-independent 
Sl require that a k dependence in the observed emission imply a 
k dependence in Si. In consequence, we adopt the approximation 
scheme suggested by the theoretical development of Chapter 4, 
and its application in Section 9 -IIA. 

(i) Zero-Order Approximation: No Variation of the Source 

Function through the Chromosphere. Making reference to Eqs. (9-11) 
and ( 9 - 21 ) and Fig. 4-5, we see that this approximation corresponds 
to one of two atmospheric regions: either ( 1 ) Tar is so large that 
Sl(Ho;) is constant, also bk exp (Xk)/bz ex'p(Xz) is constant in height; 
or ( 2 ) the opacity is so small that there is no variation of the Balmer 
radiation field either in lines or continuum. Alternative ( 2 ) would 
make the analysis wholly determinate; for the self-absorption term 
would be negligible. Our arguments in section 1 show this alterna¬ 
tive to be inapplicable to the chromosphere. Alternative (1) re¬ 
quires Tar > 10'^ and d hi(rik/mi)/dh = 0 = — y*. The latter of 

these conditions would be satisfied by bk ^ q{h)p(k) exp( — Xk), 
which is the qualitative form of variation established for 62 in Chapter 
4 , and which would be the form for the other bk if no terms were 
important in ^ui and 6 i (Section A, this chapter) save Fuu Fu 2 
and if Ei(—x) = exp( —x) for all Xk, Yk of interest. The dif¬ 

ference in qiiantnative form lies in q(h) generally being dependent 
upon k, and in the violation of the conditions just stated. More¬ 
over, bk exp(AA0 must approach 1 at the series limit. Thus, we would 
require q{h) to be constant. But since we have from our analysis 
in Chapter 4 that 62 exp(““X 2 ), we cannot simultaneously 

preserve Siitia) constant and bk exp{Xk)/bz exp(X 3 ) constant, with 
constant q{h), unless Te remains constant. Thus, we require an 
isothermal atmospheric region. Because we have both a constant 
Ha radiation field and constant all the and the Balmer 

continuum vary with height in the same way, depending only upon 
UeUp, and this variation is as 

This zero-order approximation permits a determinate solution 
by reducing th (3 vai’iation of all occupation numbers to the same 
function. Thus, we obtain y/c = y 00 , and U/c. 

(ii) First-Order Approximation: Source Furictiori May Vary 
through Atmosphere Only as a Result of Variation of b 2 - dSi/dr 9 ^ 0, 
but Akd]n(bke^^)/dr = 0 for k > 2 , This first-order approximation 
differs from that discussed in connection with the early Balmer lines, 
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where first-order referred to a permitted variation of Sl with radia¬ 
tion field but not with Te- The second condition above would be 
satisfied by the same form for hk discussed above, q{h)p{k) exp(—; 
and for the reasons discussed, we require q{h) = constant. However, 
because Sl may vary with we need not require the atmosphere 
to be isothermal. We have 72 7 ^ = Too = /3 qo- Thus, this first- 

order approximation requires 6* exp(X&) to be independent of 
and radiation field, for fe > 2. Actually, since we apply the analysis 
only to the later Balmer lines, we need the restriction only for k > 12. 
By applying the approximation to the later Balmer lines, we are in 
effect attributing the differential values of to self-absorption. 
Note that the approximation does not prohibit variation in Sl, in 
bk exp(Xfc), nor in Tex, from line to line; it requires only that the 
ratio of each of the first two of these quantities for any pair of levels, 
k > 12, be depth-independent. 

This first-order approximation permits a determinate solution 
by reducing the height gradient of the late Balmer occupation num¬ 
bers to a single parameter, which is measured by the heigh t gradient 
of the Balmer continuum. The resulting solution gives uo, rik, 72 
and also Sl in addition to the value ta: = Too- 

(iii) Second-Order Approximation: Source FimcUon Variation 
through Atmosphere May Result from Variation of bk as Well as of 
62 . dSh/dr ^ 0\ t^kd ln( 6 A; exp(X/c)/dr 0\ 72 5 ^ 7 /.- Too- This 
approximation corresponds to variation of Balmer radiation field 
and Te through the atmosphere, together with a permitLed differential 
dependence of Shik) and bk upon them. Analysis under such an 
approximation is indeterminate, from presently existing data. 
Exploration of its possibilities from a complete basis requires starting 
with an assumed chromospheric model, computing the variation of 
Sl and hk, and comparing them with the observed emission. Such a 
complete application of this second-order approximation does not 
seem presently feasible, until better and more complete theoretical 
discussions of SL{k) and bk have been performed and until the ef¬ 
fects of inhomogeneities and their actual distribution have been 
more carefully explored. 

Analyses of the later Balmer lines that have thus lar been 
reported fall generally under the zero-order approximation in that 
generally a constant Sl has been assumed, but the remainder of the 
analysis generally does not maintain consistency with the require- 
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ments associated with constajat Sl- Several analyses have come 
close to the first- and second-order schemes. All have treated an 
assumed spherically symmetric atmosphere. We summaiize these 
analyses, according to the approximation scheme, after commenting 
on the effects of departure from spherical symmetry. 

h. Effect on the Approximation Scheme of Departures from Spheri¬ 
cal Symmetry, (i) Zero Order, The approximation corresponds to 
an isothermal atmospheric region analysed, and to either negligible 
self-absorption or to Tar > 10^ so that the radiation field in TcLa is con¬ 
stant. The space variation of 77-2, Uk, and Balmer continuum are 
the same, varying as rienp. Thus, the differential variation of the 
results from self-absorption effects. A choice between interpret¬ 
ing the value of as a height gradient for or as a height gradient 

for an eilective volume along the line of sight where neUp is large 
enough to provide observable emission, is the same for Balmer emis¬ 
sion and absorption. 

(ii) First Order. The height variation of the integrated number 
of emitting atoms along the line of sight again has the same value 
as that for the Balmer continuum—the differential values of the 
have been ascribed to self-absorption effects. Thus, the choice 
be tween gradient of Uk and of emitting volume is again the same as 
that for the Balmer continuum. However, since 72 5 ^ Too is per¬ 
mitted under the approximation—the relation between them to be 
fixed by the analysis of the data—a differential eff ect of inhomogeneity 
may be permitted between and rik. 

The effects of two kinds of inhomogeneities must be distin¬ 
guished, as in our discussion of the early Balmer lines in Section 
9-1 lA; those where no change in the condition of detailed balance in 
the Lyman lines occurs across the boxmdary of the inhomogeneity, 
and those where such a change occurs. In the former, 1 x 2 has some¬ 
what less sensitivity to variations in Te than do Uk or the free-bound 
continuum—versus both varying as rieTip [recalling that 

1)2 oc exp(™'A 2 )]. Thus the major variation in n 2 , rik, and Balmer 
free-bound emission will come from the change in the factor UeUp 
associated with a change in ionization of hydrogen induced by the 
change in 7V From the background of Chapters 4 and 6, we would 
estimate that this situation covers inhomogeneities where Te does 
not exceed 2 — 3 X 10^ °K. For Te > 8000°, the change in UeUp 
with hydrogen ionization ceases to predominate over the Tr^^^ term. 
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Under such, situations, variations in emitting properties are nearly, 
but not quite, reflected by variation in absorbing properties, with the 
difference being the factor Te. 

If across the border of an inhomogeneity we pass to a region 
where detailed balance in the Lyman lines fails, m drops by the factor 
(1 + ^ 2 i/F 22 ) in addition to whatever the change arising from 
nenpTe~^^^. Thus, the effect of this type inhomogeneily is relatively 
larger on rio than on Uk or on Balmer free-bound emission. 

(Hi) Second Order. The essential change over the first-order 
conditions lies in the possible variation of bk exp(A"/c) with and 
radiation field. The limitations on an estimate of the direction and 
size of this effect are precisely those discussed in connection wi th the 
dependence of Sl on for the early Balmer lines. As in that dis¬ 
cussion, we can only conclude that a proper assessment of the ef¬ 
fect must await more detailed knowledge of the cross sections and 
NRB linking adjoining upper levels. 

(ir) Rough Approximation for Assessing Effect of Departures 
from Spherical Symmetry. We see from the foregoing that inhomo¬ 
geneities are felt roughly similarly in variation of emission and 
absorption property. For < 8000° under chromospheric condi¬ 
tions, the large variation accompanies fluctuation in nerip and is the 
same for emission and absorption. For 8000° < Te < 2 to 3 X 10'^ 
variations in Te assume more importance, the fluctuation in absorp¬ 
tion properties being less by a factor Te- For higher fluctuation 
in absorption property is greater, coming from fluctuation in eflhct 
of Lyman-line NRB on n 2 . 

We further recognize that the region covered well by observa¬ 
tions of the later Balmer lines and the Balmer continuum extends 
500 km < h < 2500 km. From the analysis in preceding chapters, 
Te increases from about 6000° at the lower limit of this range, to 
2 to 6 X 10^°K in at least parts of the atmosphere in the upper part 
of the range. Above 4000 to 5000 km, the Balmer emission lies 
concentrated in the spicules, which occupy at most a few per cent 
of the surface. 

Thus, in a rough approximation, we might try to re|)resent. the 
combined effects of density gradient and growth ol‘ inhomogeneity 
by dividing into two parts: ijSoo, representing d ln(rieri/re"^'^^'^)/dh 
in the treatment of an assumed spherically-symmetric atmosphere; 
and 2/3 w, representing an upward decrease in the “effective” volume 
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emitting the Balmer continuum along the line of sight. Corre¬ 
sponding to the first-order approximation in a spherically-symmetric 
atmosphere, we would treat d \n{n]^/dh in the same way, with rik re¬ 
placed by these same 13 values. We would set d In N 2 ,T(ia/dh = — 72 
and din Ni.t&ng/dh = — 72 — 2 iSoo- N 2 , with appropriate subscript, 
denotes integrated values of After summarizing the analyses 
performed under the assumption of spherical symmetry, we con¬ 
sider briefly this rough modification to obtain a rough estimate of 
the effect of departure from spherical symmetry. 

3. Summary of Analyses of Later Balmer Lines Under 
the Assumption of a Spherically Symmetric Chromosphere. 
We rewrite Eq. (9-34) as 

Ek2{h) = (ABS) (9-39) 

where 

(ABS) = f j,dv [ dx f p{x,y)e-^''dy 

J—CO Jh J—00 

= F(72,T.,n2a2/c) (9-40) 

pix,y) = = 0 (9-41) 

If rik varies as exp( — 7/c/i), the quantity (ABS) is the self-absorption 
correction, (ABS) < 1, with equality holding for = 0. 

The first attempt to analyse the later Balmer lines, that by 
Gillie and Menzel (t.937) already discussed in Section 9 -IICd, set 
(ABS) = I, assumed rik to vary as exp(-- 700 ), and focused attention 
on hk exp(XA:). We have already discussed our objections to this 
analysis. Here, we only remark that interpreted in terms of our 
approximation scheme, the Cillie-Menzcl analysis rests on the basic 
assumption that, zero- and first-order effects may be neglected rela¬ 
tive to those of second order. Our initial analysis (Thomas, 1949, 
1.950) represented a first attempt at a self-consistent approximation 
scheme. Subsequently, other reanalyses of this 1932 data have ap¬ 
peared, and we have analyzed the newer material obtained at 1952. 
We summarize these analyses according to the order of the approxi¬ 
mation implied, and any further assumptions introduced. 

a. Zero-Order Arialyses. (i) Thomas 1950), In this 

reanalysis of the Cillie-Menzel 1932 data, the following additional 
assumptions are introduced: rik varies as exp( —7 a:/ 0; fhe abvsorption 
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coefficient is wholly Doppler; bk ex-p(Xk) decreases monotonically to its 
value 1 at the series limit. 

The zero-order condition gives 72 = and hk exp(Xk) is inde¬ 
pendent of position. With these conditions, Eq. (9-40) integrates to 


(ABS) = (-l)"‘(Ar 2 a'u)”[m!(l + 

w=0 

(9-42) 

where 


Ni = n2ih)y-^i\2wRoyi^ 

(9-43) 

is the number of second-quantum hydrogen atoms along the line of 
sight, and 

0^'2k = ('7r€^/mc)/2A:Xo(/UH/27rferf,)^^^ 

(9-44) 

is the absorption coefficient at the line center. 

The Balmer decrement, defined by 


Aj In Ek 2 ~ In Ek 2 — In Ek-\-j ,2 

(9-45) 


and evaluated from Eq. (9-39), depends only upon N^ih) and the 
constant factors bk exp{Xk)- The assumption that bk exp(A"/c) de¬ 
creases toward the series limit ensures that a computation of Balmer 
decrement from Eq. ( 9 - 45 ), based on using bk exp (Xk) = 1 will be a 
lower limit to the correct value. Thus, if we use such a computed 
value to compare with the observed value of the decrement, and com¬ 
pute the required self-absorption, we will underestimate ^ 2 * 

A limited part of the 1932 data was analyzed by this procedure, 
each pair of lines giving one value of N 2 . Table 9-4 shows the re¬ 
sults. To compute N 2 from the value ^" 20 : 2,30 derived directly from 
the data, some value of Te is required. The value Te = 35,()()0'^ 
was chosen; any other value simply changes N 2 by the square root 
of the Te ratio. 

Before commenting on these results, we summarize the ex¬ 
tension of this work by Matsushima. 

Table ^-4. Thomas Analysis: 1932 Data 


Height, km 670 1500 

30 0.90' 0.19 

10-1W2 2.4 0.52 

IOV2 


2330 

0.08 

0.21 


3170 

0.0.5 

0.13 


1.9 


1.1 


0.5 
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(ii) Matsushima {1955). In the first part of his analysis of the 
Cillie-Menzel 1932 data, Matsushima followed the above procedure 
of inferring values of NWu from pairs of lines. A slight difference 
was introduced in procedure, by the assumption that 6* = 1 and 
including the actual value of exp(Xfe). Analysis of the 1932 data 
was carried out for = 6000° and for 35,000°. Reference should be 
made to Matsushima’s Table 2 for the detailed results from 40 pairs 
of lines at between 1 and 4 heights each. The scatter for individual 
lines is large. The mean values are summarized in Table 9-5, rows 

Table 9-5. Matsushima Analysis: 1932 Data 


Height, km 

670 

10-1^2(6000°, bk = 1) 

0.85 

10«72 


10 - 1 ^ 2 ( 35 , 000 °, bk = 1) 

1.97 

10«72 


10 - 1 ^ 2 ( 35 , 000 °, upper limit bk) 

2.22 

IO872 


10 - 1 ^ 2 ( 35 , 000 °, bk by iteration) 

2.5 

q 

-|-4 


1500 


2330 


3170 

0.42 


0.22 


0.11 

0.85 

0.78 


0.86 


0.91 


0.44 


0.22 

0.92 

0.91 


0.80 


1.09 


0.54 


0.28 

0.86 

0.65 


0.78 


0.7 < 0 < 1.4 

— 


— 

-+1 


— 


— 


2 to 5. Also included, rows 6 and 7, are a set of results obtained by 
Matsushima from using a theoretical set of bk, computed by us 
(Thomas, 1949) in an attempt to place an upper limit on bk for 
Te == 35,000° and rie = 2 X 10^^. Matsushima used these values 
of bk, which are 

k ___10 _ 13 _15_20_25_^ 

bk 4.7 3.9 3.6 3.0 2.8 2.6 

to correct the observed Balmer decrement before applying the above 
analysis to determine N 2 . 

Matsushima also tested the data for any significant correlation 
with k, after removing self-absorption, to see if any bk effect could 
be detected empirically. .Noting that the general form of the bk{k) 
dependence resembles 

log bk = p + q/k (9-46) 

he attempted a differential correction scheme by defining 

n - [log Ek 2 - Cih)]o - log [Ak 2 (k^ - 4)] - log (ABS)o (9-47) 
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and fitting by least squai'es the expression resulting by applying 
Eq. (9-47) to Eq. (9-39), using Eq. (9-46), viz., 

(Pk = (AC + p) + g/fe + fe“^(Xi/2.3) 

+ [A log(ABS)/A(Ar2a2.)]A(N2a2;.) (9-48) 

C{h) is that part of Eq. (9-39) independent of k, (ABS)o is some 
initial approximate value of (ABS). The solution is by iteration, 
until the differential corrections become of the order of their prob¬ 
able errors. Matsushima found the procedure reasonably convergent 
at /i = 670 km. At 1500 km the behavior of the (pk was such that a 
series of differential corrections fixed only a range for For 
greater heights, the results were unreliable. Lines 8 and 9 of Table 
9-5 give the results. 

Three comments may be made on our investigations of the 
1932 data. First, within the framework of the assumptions char¬ 
acterizing the zero-order analysis and the added assumption on the 
form of the absorption coefficient, the mean values for a given 
height do not vary more than about a factor of 2 over the various 
kinds of solutions and values of Te. The conversion from A^ 2 (tang) 
to A^ 2 (rad) is about a factor of 60, which leads to Tar ^ 90 at the lowest 
height, 670 km. It is of interest that this value lies reasonably close 
to the value Tar ^ 40 found at this height from the model based on 
the continuum in Chapter 6 . The value found by Gillie and Menzel 
from their original analysis (1935) of their 1932 material, but using 
the early Balmer lines, was Tar ^ 1 at height 0 in the chromosphere. 
Thus, these re-analyses of the 1932 material suggested a change of 
some 2 orders of magnitude in the Balmer opacity of the chronio- 
sphere. 

Second, the values of show only small valuation from oiu^ 
solution to another. All save the first entry in Table 9-4 lie well 
below the value of by something near a factor of 2 . The resull.s 
in Table 9-4 represent an analysis of only a small part of the dat a, 
with the first two alternatives in Table 9-5 representing the more 
complete analysis. No well-defined height variation can Ix^ ascribed 
to 72 from these results. In our first discussion of the r'(\sul(,s in 
Table 9-4 (Thomas, 1950), we attempted to use the 72 valu(‘s to infer 
dTe/dh. The results of Matsushima’s more detailed analysis showed 
these first results to lack sufficient accuracy for such an allempt. 
Our discussion here of the implications of the zero-order analysis 
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shows that the attempt was also unjustified theoretically, from a 
consistency standpoint. Thus, its results should be rejected on two 
accounts. 

Third, these two results—^ 10^ at the lower height range of 
the analysis, and 72 very significantly different from —show that 
the data are not in accord with the assumptions underlying the zero- 
order approximation. Both the value of Tar judged in relation to 
Fig. 4-5, and 72 relative to jSoo, imply that we must include the ef¬ 
fect of variable Sl- Thus, while the results are interesting, we must 
proceed at least to the first-order approximation before we can trust 
them. Before doing so, we summarize other applications of this 
zero-order approximation to check these conclusions. 

(Hi) Matsushirna (1955). The logic of this analysis of the High 
Altitude Observatory 1952 data follows that of the analysis of the 
1932 data, excep t that no approach setting bk = 1 was tried, and the 
relation of liCq. (9-46) was replaced by a linear* relation 

log bk = s + tk (9-49) 

Table 9-6 summarizes the results. The ser'ies member* Ibllowing the 
height is the “earliest” Balmer line used at that height. The results 
roughly fit the following relations: 

log N 2 = 16.37 + 0.5 log (Te/Sim)) - 0.58 X lO-'Vi (9-50) 
log b, - log bjo^^ = ().()22A (9-51) 


Thus, both in alrsolu le value of N 2 , hence and of 72 relative to 
^001 the 1952 results agrru^ with the 1932 results. 4'he absolute values 
of 7 differ, however, in the two set,s ol‘ data, as already indicated by 
the material in Fig. 9-8. 

(iv) Ka/waguchi (1952). In his rrianalysis of thci (7itlie-IVIenzel 
1932 data, Kawaguchi c^mtends that, our analysis in (i) through 
(iii) above rests upon tire assumption that the Balmer lines arise 
from a capture s|)eclrum, and l.hat. he is alrle to int.riipret the ob¬ 
servations (M|ijally well by a (ombination of coherenl scattering and 
cascadr^ In placu' of either’ hki. (9-1) or (9-2) h(^ a(lo|)ts the for*,m 


h(h) - f 

Jo 




+ {Akihvn/A-Tt) / {nij„/rhay)e~^" djp (9-52) 

Jn 





330 


PHYSICS OF THE SOLAR CHROMOSPHERE 


-H 




o 


I 

cd 

I 

-J 2 


<5 


I- VsO Tft \0 SO CO 

O O O O O O rH 

o o o o o o o 

o o o o o o o 


- OS 00 so CO 

(M rH o O rH rH 
O O O O O O 


o o o o 

I 1 


I 1 1 


o o o o o o 
o o o o o o o 


so <N so 'O* Ch hH 

rH O O O O O 


o o o o o o o 


OS cr\ OS On Os Os 

w ffi w S 

_ o o o o o o 

CO r? VO so O so CO 
Os O rH (N O rH 
CSJ (M (N CSJ CO CO 


O 

. rH rH rH 
O rH O 

O O O 


Os CO 
O rH 
O O O O 


a 


, . 00 CO Os CO CO 

(M (N (M (M (M C-J (M 

o o o o o o o 

o o o o o o o 

1 -H 1 I 1 1 1 


O IH VO (M 
rH r}( O O O O O 


O O O O O O O 


rH O O O O O O 


VO CO Cv| rH rH o ^ 
r—I rH rH rH rH rH OS 

W W W M W 

o o o o o o o 

CO lO so CO OS rH 
VO c- OS rH CO SO CO 











SELF-ABSORPTION AND DEPARTURES FROM LTE 


331 


where Jv(h) is the mean intensity of j^-radiation at height h. He as¬ 
sumes Jy and rikjv/n^oiy to be independent of position, and so removes 
them from the integral. Stimulated emissions are neglected in the 
definition of r^. He introduces the assumption r^^max ^ exp ( — 7 / 1 ) 
so that the expression for Ek 2 becomes 


Ek2{fh) 


f” (1 _ ±2:^ (9.53) 

... Jo Tyinux 


but then, introducing 


A(^max) = f (1 ~ fi-’’"”''*) dv /(I — e ‘'n”*) 
„ 00 __ 


he asserts Eq. (9-53) becomes 


(9-54) 


= A[^niax(/^'o)] Jp + ■“ 


Akohvo rikj.l /•’•■■■“‘'‘o’ 


47r rhzOiPj Jo 


^Af 

avj Jo 


( 1 — B 


(9-55) 


where /max is r„max at the line center. Assuming a form lor the ab¬ 
sorption coeiricient—-Kawaguchi assumes it to be Doppler—A(lniax) 
and the remaining integral in Eq. (9-55) may be evaluated as func¬ 
tions of tmax{fh). Then, the data may be used to obtain /max(/io)- 
It is unfortunate that Kawaguchi’s analysis does not do what 
he thinks it does. First, Eq. (9-52) is incorrect,, since it counts the 
scattered emission twice, once in and once in nkAic 2 - (Simply 
consider the case of LTE and detailed balance.) Second, his treat¬ 
ment of —removing it from the integral sign in passing from (9-53) 
to (9-55)—makes i(, a treatment of non-coherent rather than co¬ 
herent scat tering. Thus, his treatment, is simply that of a source 
fund,ion which is frequency-independent and constant through the 
atmosphere, exactly the case treated by us with which Kawaguchi 
takes issue. (If the development, in Chapter 4 is recalled, our treat¬ 
ment is not at all based on the assumption of a capture spectrum.) 
Finally, we have been unable to understand how A(<,„nx) can be re¬ 
moved from the integral in passing from Eq. (9-53) to (9-55), and 
so would question the derived N 2 values. The interesting nature of 
Kawaguchi’s result is his assertion that his results agree numerically 
with ours. Since the basic physical assumptions are identical, we 
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should expect this result were it not for the ciuestionable algebraic 
simplification introduced in the self-absorption calculation. Un¬ 
fortunately, we are unable to obtain numerical consistency between 
Kawaguchi’s tabulated results, and so can only leave the question 
open. 

(v) Bohm-Vitense (1955), Reanalysis of the Cillie-Menzel 1932 
data, for a constant source-function, Eq. ( 9 - 2 ) gives for the integrated 
emission In the line 


Ik2(h) = Sk2 I (1 e (Jp 

y — 00 

so that the total emission above a given height is 

<<00 /» 00 

Eic2(h) = Sk 2 I dx (1 — dv 

Jh J-OO 


(9-56) 


(9-57) 


Bohm-Vitense applied Eq. (9-56) to the analysis of the 1932 data, 
remarking that she uses this equation rather than (9-57) because 
preliminary investigation using (9-57) showed Skz and 72 to be vari¬ 
able with height. We simply note that this remark implies an un- 
waiTanted belief in the generality of the results ob tained, for the same 
assumptions underlie both (9-56) and (9-57). So long as Sk 2 is 
independent of fe, Eq. (9-56) appears to depend upon only one param¬ 
eter, N 2 (h), while (9-57) depends upon both N^Qi) and 72 . Thm 
apparent difference is of course illusory, having been reaidicd only 
by integrating Eq. (9-2) over r. by assuming 72 = 7 a:, i.e., to be 
independent of position. Any departure of 72 from 74 ,, derived from 
an analysis of Eq. (9-56) or (9-57), simply indicates the non-validity 
of both equations. 

Bohm-Vitense applied van de Held’s (1931) curve of growth 
computed from Eq. (9-56), which gives h 2 /Sk 2 ^VD as a function of 
N 2 aQAvDi to analyze the data.t Van de Held’s computations refer 
to an absorption coefficient compounded of Doppler and natural 
broadening, thus involve the damping coefficient as a parameter. 


t It should be noted that the Gillie-Menzel data fall into two purls: 
XX3200 to 5300, observed with an ultraviolet prism, and XX39()() to 6300, with a 
plane grating. Bohm-Vitense arbitrarily corrects the ultraviolet data by a factor 2, 
leaving unchanged the grating material. The dilferencing ]:)rocess to forui In 
from Etz involves differences of grating and ultraviolet data for the early Balima* 
lines, and it is to reduce scatter in these differences that the correction was made. 
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Bohm-Vitense makes no mention of her assumption on a value for 
this last parameter; but it appears from her work that she neglected 
it, and assumed pure Doppler broadening, which she assumes to be 
a compound of thermal broadening at 4200® and a factor two greater 
turbulent broadening, leading to an equivalent kinetic temperature 
of some 17,000®. 

The results give N 2 (h) and Sk 2 (h), the height variation of the 
latter being systematic and non-trivial, and that of the former lying 
below /3oo. These directly obtained results are not given in the paper, 
only those obtained after a further correction procedure. The cor¬ 
rection consists of forcing agreement between the Sk 2 values obtained 
directly from the above-type analysis and those obtained in her 
earlier analysis of the early hydrogen lines (cf. Section 9-IIA). The 
resulting values of N 2 are as follows: 

/i, km^ 255 1085 1915 27^ ^585 

iogiVs 15.41 14.92 14.4¥ ” 14.00~ 13.37 

In summarizing Bohm-Vitense’s work, we use throughout the Cillie- 
Menzel height scale on which the original data are based, for simplicity of com¬ 
parison with other analyses of these data. Bohm-Vitense points out that the 
Cilli^-Menzel height scale has a zero point based on measures in the continuum 
at X31()(), while more contemporary work usually rests on measures in the visual 
region. Thus, she suggests that the Cillie-Menzel zero point lies higher than one 
based on the visual region, and arbitrarily adopts the interval between successive 
exposures, 830 km, as the correction. 


The corresponding value of 72 is 1.3 X 10" ® cm""’. Thus the N 2 
values are about an order of magnitude sjnaller than those in (i) 
through (v) above. 

Allhough the disercx)aii(vy in N 2 value between this and the 
analyses above based upon the z(vro-order approximation is hardly 
trivial, Ibere is little point in discussing its possible origin in detail; 
for the results from each of these analyses show that, the assumption 
of constant Sl is invalid. We note only that the Bohm-Vitense 
analysis attempts to strenglhen the basis for ihe results by combining 
both early and late Balmer lines, whereas the preceding analyses 
dealt only with the later lines. Because Bohm-’Vitense attempted to 
force her discussion of the early Balmer lines into the Iramework of 
Sl = B\o(Te), it is hard to say, a priori, whether this combination of 
early and later lines gives greater or lesser relial)ilily to the derived 
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value of m. If it is allowed to compare 1952 and 1932 chromospheres, 
we can only note that her value for tar at 500 km is about a factor of 
4 less than that in Chapter 6 , while the other analyses give about 
50 percent greater than that from the continuum model. 

(vi) Zirker {1956). This analysis by Zirker of the 1952 High 
Altitude Observatory data contains implicitly the assumption of 
constant Sl through the explicit assumption that 72 = 7*. but he 
allows 7 to depend upon height through the relation 

10^7 = 2.38 - 0 . 207/1 (10« km) (9-58) 


The development of this height variation for 7 proceeds as an ex¬ 
tension of Zirker’s analysis of the metallic spectrum of the chromo¬ 
sphere (cf. Section 9 -III). In essence, it results from a tnal-and- 
error approach, starting from the assumption that self-absorption is 
small by the time the intensity in a given line reaches the threshold 
sensitivity of the spectrograms. Analysis of the data under this 
condition on 7 leads to the following values for the tangential optical 
depths at 500 km: 


Line _ 

To,tang(500 km) 25 


H12 1122 

10 1 


H31. 

0.5 


These values give 1.2 Xl0“(10-^n)‘'^ for N,{lmg) at 500 km, and 
applying Eq. (9-58) leads to t„ ~ 50, in very close agreement with 
the value in Chapter 6. The value of 72 is, however, somewhat 
greater than that in Chapter 6. 

This model for the analysis demonstrates how wid<' is the range 
of assumption on the behavior of 7 which gives roughly the same 
Tar in the region 500 to 1000 km. As in the other analysi^s undei this 
first-order approximation, the derived Tar is such as l.o vitiate the 
possibility that Sl can indeed be constant. By eoiif,rast^ with the 
other first-order analyses, which give derived 72 appreeialily less 
than yic = /3„, Zirker’s approach has “built in” to it tlu; condition 
that 72 = 71 . We return later to comment on the /a- exp(A*.) this 
analysis would predict, in comparison with those from the first-^ and 
second-order analyses and from the other zero-order analyses. 1 hese 
values reflect this variation in result on 72 — jk- Here, we note 
only the utility of the auxiliary theoretical conditions on the kind^ of 
behavior to be expected for Sl for the Balmer lines, when assessing 
the consistency and reliability of the various empirical analyses. 
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6. First-Order Analysis. Only one analysis has been conducted 
under the first-order approximation (Athay and Thomas, 1955). We 
follow the algebraic approach of our original zero-order analysis, 
except that we permit 72 7fc, still holding 7 a = 7oo = /^oo- Then 
Eq. (9-42) is replaced by 


(ABS) = E ) [2-m!(l + mr-^){l -f 

m=0 


ml 


7n/2 

^ S ^J)! {m - 2j)\ 


■V, Ir. 


where 


and 


Ir.i = 2(r/7r)i« [s/V’T f‘ dsj' 

r = Yft/72 = 700/72 


ay 


di 


(9-59) 


(9-60) 

(9-61) 


In our zero-order analysis, we worked with the Balmer decrenaent at 
a given height, ascribing the departure of the decrement from that of 
a thin atmosphere in LTE wholly to self-absorption effects. Thus 
we ignored the decrement in 6* exp(Xft) at a given height, in the first 
approximation, later making attempts to correct for it. In this 
first-order analysis, we attempt to exploit its primary characteristic, 
the allowed departure of 72 from 7 * but the constaney of 7 * for fe > 2. 
That is, we work with the decrement in /?*, in the slope of log Eic 2 , 
rather than in log Em itself. Thus, differentiating Eq. (9-39) under 
the assumption that Em varies as exp { — I3kh) and that n* varies as 
exp (— 7 «fi), we obtain 

— Pic = —7m "H y^iNioc'ik) C'i|l — di{Nia'2k)'^ (9-62) 

The last term represents the change in Pk arising from self-absorption, 
and is of the form [also compare with Fig. 9-8(a)] 


7m — /3/fe = aZe-^ + ajZ’ (9-63) 

y=3 

where the ay are small and Z « N^a-ik- If the value of 72 is sufficiently 
small, we see how the observed behavior of could occur, and result 
mainly from the self-absorption effect. That is, ffk would be es- 
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sentially constant with height except for large values of and would 
show significant variation with fe. We have, of course, not proved 
anything; the physical question is still what part of the observed 
variation of with fe belongs to this self-absorption elfect and what 
part to a differential height gradient of bk QX'p(Xk). All we have done 
is to demonstrate that the predicted behavior of pk under the first- 
order approximation is qualitatively the same as the observed. 

For a quantitative investigation using the pk, we note that be¬ 
cause 72/7 00 is independent of k, the only ^-dependent terms on the 
right side of Eq. (9-63) are the a 2 k- Thus, the right side is equiva¬ 
lent to a power series in the a' 2 k or, alternatively, in the / 2 /c since the 
variation in for fe > 10 is negligible. Thus, we fit the observed 
0k to a power series inf 2 k by least squares. Comparing the empirically 
determined coefficients to those computed algebraically from Eq. 
(9-62), we infer r. Both results are given in Table 9-7. 

The point of the two empirical representations follows from 
the fact that an expansion about/ 2 A; = 0 weights the larger values of 
fzk disproportionately in the determination of the coefficients of Ihtj 
higher powers of f 2 k- Thus, we prefer the expansion about / = 
2 X 10“^ which corresponds to k = 12 . The residuals from least- 
squares representations out to the third, fourth, and fifth powers of 
/ 2 ft indicate that representation beyond/^ is not justified by the data. 

Table 9-7, Representations of ^k(k > 10) 


Emp ir ical Representat ions 

Expansion about/ 2 fc = 0: 

/3fc = 2.17 - 1.592:(1 - Z -b 0.363Z2 - ().()2tZ«); Z = 4mf,k 
Expansion about/ 2 fc = 2 X 10“^: 

== 2.23 - 1.48Z(1 - Z -h 0.438Z2 - O.()67Z*0; Z - 602/k 


Theoretical Representat ions 

r 

IOS72 




1 

2.20 

2.20 

- 2MZ{1 -Z + 0.6762* - 0.240Z’ + 0.0555;;''); 

z = o.iao/Vstk 

2 

1.10 

2.20 

- 1.90?(1 ~Z+ 0.579^* - Q.lilZJ)-, 

Z = 0.137/Vt.^*;' 

3 

0.71 

2.20 

- 1.657(1 - 7 + 0.5317* + 0.0247" - 0.2677^); 

X = 

4 

0.55 

2.20 

- 1.547(1 - 7 + 0.4477* + 0.1197" - 0.2747''); 

Z =» 

5 

0.44 

2.20 

- 1.417(1 - 7 + 0.3617* + 0.1897"); 

z =: 0..()92A^i*«' 
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We find good agreement between coefficients of Z in the em¬ 
pirical and theoretical expansions in the range 3.5 < r < 4 . 5 . The 
coefficients of differ in sign between theoretical and empirical 
representations; but since we caiTy no higher terms than Z^ in the 
empirical representation, this term in Z^ must represent the effect 
of all remaining terms. Thus it should lie intermediate to the third 
and fourth terms in the theoretical expansion, since they change sign, 
and it does. Thus the results suggested by Table 9-7 are 

0.49 < IO 872 < 0.63 (9-64) 

6 X 10 ^/ 2 ;^ ±50 percent ^ N 2 1.5 X 

As in our zero-order calculations, we have assumed that Doppler 
broadening is wholly thermal. Thus Te, rather than some kind of 
‘‘turbulence” parameter, appears in the absorption coefficient. 
Since the height variation of the is not determinate from the data, 
it is difficult to specify the height at which the derived value of N 2 
applies. However, since 72 corresponds to a scale height of some 
2000 km, while the data themselves are fixed in the height range 
500 to 2500 km, a choice of the mid-point, 1500 km, introduces an 
uncertainty of only in N 2 . These results suggest several com¬ 
ments. 

First, we note that again the values of N 2 and Tar at 500 km do 
not change much under the change in analysis. The derived value 
of N 2 at 1500 km is higher by a factor of about three than our zero- 
order results, but agrees with our zero-order results at 500 km to well 
within their scatter of abQut a factor of two. These factors should 
be compared, with those between 100 and 20 by which these results 
exceed the early results of Gillie and Menzel, and the recent results 
of Clube and Kononovicjh, based upon a zero-order approximation 
applied to the early Balrner lines. 

Second, the results of the various analyses differ more seriously 
in the value of 72 , both within the zero-order and between zero- and 
first-order approximations. Even with a good determination of N 2 
at 500 km, precise values of 72 — 7 /c and of 72 are critical for a good 
empirical determination of the sign of non-LT15 effects, of chromo¬ 
spheric structure, and of line formation. 72 — jk determines the 
variation of Si. 72 determines the self-absorp tion effect in the region 
1000 to 2000 km, where the questions of departures from spherical 
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symmetry and from local opacity in the Lyman lines become serious. 
A comparison of the values of bk exp (Xk) inferred from the analyses 
illustrates these points. We compare first-order and zero-order 
analyses as representing a wide range in 72 and 72 —• 7k- 

If we set, in conformity with the results (9-64) and the empirical 
expansion about/ 2 fc = 2 X 10“^ for ft, 

Z = 660/2fc exp[-0.55(h - 1500 km) X 10-^] (9-65) 

and use this height variation of Z to integrate the empirical expansion 
for 13k, we obtain 

In Ek 2 = In Ck - 2.20 X l0-% 

- 2.70Z(1 - 0 . 52 : -h 0.146Z2 _ 0.0168Z3) (9-66) 

We adjust the constant Ck to force agreement with the observed 
Ek 2 at 1500 km. Comparing Eqs. (9-66) and (9-39), we see that 

Ak log[6A: exp(Zfc)] = Ak log Ck - Ak log[Ak 2 (.k^ — 4)] (9-67) 

The derived values of bk ex'p{Xk) are in Table 9-8. 


Table 9-8. Values of bk exp (Xk) from First-Order Analysis 


Lines 

A* log Ck 

Ak log exp (A*)] 

Hll, H29 

2.27 

1.01 

H15, H29 

1.42 

0.56 

H20, H29 

0.82 

0.34 


The values of bk demanded by Table 9-8 are quite large compared 
with what we would estimate from the results of Chapter 4, incom¬ 
plete as those results are and even noting that our first-order analysis 
requires bk exp(XA;) to be constant over the height range 500 to 
2500 km. Even for 629 ^ 1, Table 9-8 requires 69 ^ 10. By con¬ 
trast, the zero-order analyses lead to smaller values. Zirker’s 
analysis, which differs the greatest in 72 from our first-order analysis, 
requires only 69 1.5. Matsushima’s analysis, whose 72 lies inter¬ 

mediate to the first-order and Zirker values, gives 69 ^ 3 . 

The relative values of these empirical bk focus attention on the 
extreme sensitivity of an empirical determination of the non-LTE 
state of the chromosphere to the values of 72 eoid 72 — 7 *. This is. 
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indeed, the basis of our approximation scheme. To see directly 
the origin of this differential behavior, and of variation in the in¬ 
ferred values of N 2 , compared the behavior of /x, E\, or JE\ dX 

treated by two sets of differing analyses: one set compares results of 
a treatment holding Sl constant with results based on a proper in¬ 
clusion of its outward decrease; the other set compares results from 
an analysis based on an underestimate of 72 with an analysis using 
a correct value. 

(i) Constant Sl versus Variable Sl- We write Eq. ( 9 - 2 ) in the 

form 


h 



n (max) 


Sxe~^>^ dX = S\ {1 — exp [ —rx(max)]} 


(9-68) 


If we do not assume S\ constant, S\ represents some kind of mean. If 
we consider a height where r(max) is very large, then S\ (rx ^ 1) 
and remains reasonably constant as we observe at greater heights 
until r(max) drops to a value near unity; thereafter S\ decreases 
monotonically (with the exception of some effect such as a change 
from detailed to non-detailed balance in the Lyman lines). Thus, 
if we require that Sl keep the same constant value at the greater 
heights, we will overestimate the value of the integral. If we com¬ 
pare the predicted value to the observed value of /x, holding to this 
constant value of Sl, and evaluate Tx(max), we will underestimate 
rx(niax). The underestimate will be the greater, the greater the 
height. Thus, we will overestimate 72 , in addition to underesti¬ 
mating rx(max). This same result will hold for an analysis of E\ 

and jE\ <iX, with the differential ellect at greater heights being in¬ 
tensified by the integration. 

(ii) Underestimate of 72 versus Correct Value, Integrate Eq. 
(9-68) to form fex/dx. If we assume too small a 72 , we overestimate 
rx(max) at each height, thus overestimate the integral. However, 
we also overestimate the outward decrease of S\ through the quan¬ 
tity 72 “ jkl ^md this underestimate of S\ is the more important 
until rx is so small that exp(~r) ~ 1 — r, when the two effects can¬ 
cel. Thus, the net result is an underestimate of the integral. Ap¬ 
plying the computation to analyze an observed E\ leads to an over¬ 
estimate of ^'x. Since our estimate of 62 exp(X 2 ) is also too great at 
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greater heights, the overestimate of S\ leads to an overestimate of 
bk exp (Xa). 

Thus, we expect that the correct values of 72 and 72 — jk lie 
intermediate to the results of zero-order and first-order ^malyses, 
since the former rests on the assumption of constant, and the 
latter underestimates 72 by ascribing the whole of‘ t,h(' (iil1V‘renlial 
pk effect to self-absorption. If we had an empiri(*al nn^lhod lo fix 
7 ft, we could expect to obtain a wholly empirical in tiirntUMiiate solu¬ 
tion, corresponding to a second-order approximation. La<‘king the 
Paschen data, where the observed /S/, should closely a|)pi*oxima((‘ the 
7 fc because of negligible self-absorption, we are forc.c'd to d(^(er further 
wholly empirical analysis to the next suc*eessful (H*[ips('. We il¬ 
lustrate the problems posed in trying to make any kind of* suc(‘essful, 
wholly empirical, choice of an intermediate solution on (he basis of 
presently available data by comparing representations of 7^2 l)y 
the first-order analysis and the most extreme z(U’o-ord(M’ analysis, 
that by Zirker. Figure 9-11 simply reproduces Fig. 22 of Zirlu'r's 
thesis; Fig. 9-12 is our earlier work on the first-ordin* approximation 
(Fig. 3, Athay and Thomas, 1955). It is clear that, no wliolly em¬ 
pirical choice can be made between the two repr(xs(U)tali<>ns. Tims, 
we must add the theoretical considerations already on (lined, lie- 
fore doing this, we summarize an approach to a secoiul-ordtu* analy sis 
by C. Pecker. 

c. Second-Order Analysis. From the |)r(M‘(Hling, w(‘ see tluit 
an extension of our analysis beyond the first,~or<l(u* a[)f>roxinmtion 
without adding new kinds of data requires a (‘oinph^l ion of the (heory 
ioT S 2 k, viz., a specification of the change in S^k to 1 ><' (^Xj>e<‘ted under 
a change in k and in thermodynamic paramet ers ol* t ln^ atmosplieixu 
Our theoretical development of b^irar.Te) permits a t'luM'k of tln^ 
first-order analysis for consistency, by intercomparing tlu^ dcnived 
72 with a 72 constructed from the theoretical fh[T,,r(h)\ <‘ombined 
with values of the height-gradient of nanp7\^^^'^ olitained by som<‘ 
independent procedure. We can also ask whether tlu^ d(‘ri\ (‘d vahu‘s 
of bk exp(Xft) ‘‘look” reasonable, noting that the (hnivt^d values of 
bk exp(Xft) are quite sensitive to the values of 72 and 70 — jk. How¬ 
ever, neither the results of the consistency check nor of tli<^ ‘look” 
provide an unambiguous scheme of iterative correction, at least 
until we have the theoretical structure for 

A procedure suggested by C. Pecker and J.-C. Pecker (1956), 
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log E vs. H 

9-11. R(i[)re.sentill,ion of Zirkcr’s i-esiil(;s. 


further developed and applied by C. Pecker (unpublished results com¬ 
municated Ix) us), has an ilerative character airtuul at a completely 
self-consistent approximation scheme, using only presently available 
data on the Balmer lines. The basic iterative procedure depends 
upon an extrapolation of the value of 1)2 from a derived set, hk, which 
terminates at some k > 2. For this reason, the method cannot be 
used with confixlence until we have the al)ov(vmeiit;ioned compkvte 
theoretical structiire for ^ 2 ^; in practice, we believe that, the ilxu'alive 
procedure is not as sensitive as would be desirable. We wish, now, 
to separate clearly a discussion of these two in trinsic limitations of the 
method from a comnumtary on the results derived to date from the 
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Fig. 9-12. Representation of first-order-analysis results. 

analysis. These results represent an application of the method under 
assumptions that correspond to our zero- and first-order approxima¬ 
tions, thus suffer from the same limitations of the analyses already 
described, but these limitations reflect the stage to which the analysis 
has been carried rather than any inherent limitations on the method. 

The analysis proceeds according to the following scheme, which 
we cast in terms of the algebraic structure used in this monograph, 
rather than in terms of the formally-equivalent but slightly different 
approach of Mrs. Pecker. In Eq. (9-40), arbitrarily select a value of 
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712 at height h, and also assume values for 72 and 7 ^. These values 
determine a numerical value for (ABS). With this value for (ABS), 
enter Eq. (9-39) with the observed Ejc 2 and the assumed jk to de¬ 
termine [rheUpTi-^f^k exp(ArA)], thus n*. The non-LTE Boltzmann- 
Saha equation gives 

log b 2 /bk = log n^/uk + log ^74 - ^ 2 * In 10 (9-69) 

An assumed model, Te{h), for the chromosphere gives X 2 k, thus a 
value for 62 / 6 /c, from the assumed rio and the derived One plots 
62 / 6 * versus k for as many lines as he can analyze, then extrapolates 
the relation to k = 2, If he obtains at = 2 the value 62 / 6 * = 1, 
he considers the original assumed value of n 2 to be correct; if not, he 
iterates until the condition is satisfied. Carrying out this analysis 
at several heights gives n 2 {h), nk(h )—thus more correct values of 
72 and yk than those assumed. With these values, one repeats the 
iteration. Finally, unless one assumes that he had a correct chromo¬ 
spheric model, 7\(h), he uses the results to estimate a better model, 
and repeats the iteration. Thus, there are two, possibly three stages 
of iteration involved: lor ri 2 , for 72 and jk, and possibly for 7V The 
success of the iteration at each stage depends upon the ability to 
decide, uniquely, compatibility between a given set of 6 a, k > 2, and a 
value of 62 . 

From this summary of the methodology of the analysis, the 
basis is clear lor our assertion that its successful application requires 
a complete theoretical structure for Sk 2 ~oT bk, k > 2. Our belief 
that the iteration scheme is not as sensitive as would be desired, 
even given the complete theoretical struct,ure lor Sk 2 , comes Irom the 
observation that the analysis under any stage of approximation still 
rests upon the comparison of hkbk with 62 , a second-order approxi¬ 
mation eflecrl,. For example, in a first-order approximation we sup¬ 
press any height gradient of 6 a, k> 2, which is a second-order eflect, 
in order to get a firs t approximation to the value of 112 and its height 
gradient, which are, respectively, zero- and first-order effects. Thus 
this first-order approximation requires that several values of 7 x 2 — 
those at the several heights covered by the data—be compatible with 
the same Aa 6 a; in othcu’ words, that there be no uni(|ue 62 compatible 
with a given set of 6 a. We know that this r‘e(|uirement is invalid, 
but it is invalid to second orxier; hence the determination of a first- 
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order effect by its departure from validity does not seem a sensitive 
method. 

We illustrate the difficulties by Fig. 9-13, which shows a plot, of 
log b 2 /bk for two extreme values of the radiation field in Ha, repre¬ 
sented by values 1 and 0 for the parameter Wn described in Chapter t, 
but the same value of Te- It is difficult to see how one (‘ould decide 
that each of the two curve segments, ending for even as small a k as 
3» does indeed extrapolate to 62 / 6 * = 1 at = 2 . The same kind 
of indeterminacy accompanies a bad guess on 7V We have seen 



Fig. 9-13. Sensitivity of bn/bk to Ha radiation under constant = 35,000”. 
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that the factor exp(X 2 ) drops out of the expression for 722 when the 
correct expression for 62 is used. Thus, there is a wide range in Te 
over which a comparison of correct sets of bj and nj in Eq. (9-69) will 
show large shifts along the log 62 / 6 * axis with comparatively small 
accompanying change in the value of 222 . 

I am much indebted to Mrs. Pecker for extended discussion on 
these points, and on the accompanying background in Chapters 4 
and 6 . It now seems to us that the most promising approach to an 
iterative analysis is a combination of the behavior of 
inferred either from Balmer lines near the series limit or from the 
Balmer continuum, with a theoretical h^irav), determining Tar from 
722 and 72 . This leaves free the multiplicative factor Te entering 
222 , thus the factor d In Te/dh entering 72 . In a spherically sym¬ 
metric atmosphere, we can then attempt to use the sensitivity of the 
derived hk exp(Xk) to 72 in order to estimate d In Te/dh, once we have 
a more complete theory for Sk 2 and bk lor the higher k. Alternatively, 
we can add other information on Te{h), such as in Chapter 6 , and 
attempt to combine all this material to investigate departures from 
spherical symmetry. 

Finally, we should comment on one important aspect which 
has been neglected in all the other analyses, but which Mrs. Pecker 
has included—the departure of the absorption coefficient from a 
wholly Doppler profile. She finds the following: 

Ha — H5: mainly Doppler, natural broadening must be in¬ 
cluded for m > 10 ®. 

H9-H15: Dopper and St.ark cont,ribulions roughly equal. 

H18-H3I: mainly Stark. 

(In these computations, she has essentially used the Pannekoek 
approximation to the IIol tzmark representalion of the Stark effect.) 
From Eq. (4-49), we see that this means that we should use an ab¬ 
sorption coefficient of (lie form 

exp| ~(cr f^/ymY] W(^) dp -f /o exp( —(9-70) 



while the form used in the zero- and first-order analyses described is 

- // jE/- +/o[ exp(--x2) (9„71) 
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We note that j W(/3) d/3 = 1 and (Xjm + /o) = f 2 k> The Pannekoek 

approximation simply corresponds to “spreading” the Stark com¬ 
ponents/m over the whole X region between the separate components, 
rather than locating them at definite AXm. To a considerable extent, 
the Doppler smearing lessens the contrast between the literal, and 
Pannekoek approximate, application of the Holtzmark representation. 

If we consider constant iSi,, and an extreme Pannekoek-type 
approximation where we take a constant value of a 2 k between zbAX^;, 
we can see the direction of the effect of a neglect of Stark broadening 
on the inferred N 2 values. Under these two assumptions, and the 
assumption that 712 varies as exp(-- 72 /i), the expression for Ek 2 be¬ 
comes 

£,2 = S2k2L\k{N2a'2k/y2)[l ~ iV2a'2./4 -f (iV2a'2/.)V18- • •] (9-72) 
We recognize that adding the Stark effect leaves invariant the inte¬ 
gral Ja 2 fc(X) d\. Thus, a comparison of results including only 

Doppler effect and including Doppler plus Stark eflect is equivalent 
to comparison of two results which include only Stark effect but 
with different values for AX^b, holding constant the product (qj' 2 A:AXa!). 
If the result neglecting Stark effect be represented by Eq. (9-72), and 
if the addition of Stark effect increases AXa,, and decreases a 2 ki by 
a factor 5 , then Eq. (9-72) with applied to the terms in the second 
bracket represents the result of Doppler plus Stark effect. The net 
result is a decrease of the self-absorption effect, for a given W 2 , 
when the Stark effect is added. Thus, if one tries to interpret a given 
numerical effect in Ek 2 as coming from self-absorption, he will derive 
a greater value of N 2 when he includes Stark effect than when he 
neglects it. Thus, our zero- and first-order results should be lower 
limits on W 2 , from this effect. 

The results of Mrs. Pecker’s preliminary calculations differ 
from ours in the predicted direction, but the size of the difference is 
very large. She has analyzed the data at 2000 km and at 3000 km, 
starting both from the zero-order case 72 = 7 /c, and from an attempt 
at a first-order iteration starting with 72 = 0 . 57 ^;. The results are 
preliminary, but suggest very large N 2 at 2000 km, and that 72 T& 
is more consistent than 72 0.5 7 ^. Because the iterative method 

weights so heavily the earlier lines, her analysis has been carried out 
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for heights greater than those to which data on the later Balmer 
lines restrict our analysis. Since the effects of inhomogeneities are 
presumably greater at the greater heights, it is difficult to assess 
properly those preliminary results, except to note that their trend 
is toward higher values of iVa(tangential). ( On this point see note 
9-2 in Appendix 11.) 

4. Rough Estimate of Effect of Depar ture from Spherical 
Symmetry on Results of Analysis of Later Balmer Lines. 
Consider the rough approximation suggested in the last part of 
Section 9 -IIC 2 b, viz., splitting into two parts, one referring to 
gradient of (neUpTe'"^^^) and one to gradient of effective emitting 
region. We can see that an attempt to set an upper limit by at¬ 
tributing all of /? CO to the last effect would indeed be an upper limit. 

00 = 2.2 X 10“® cm”\ and under this situation would refer to the 
relative linear dimension along the line of sight, not the total area. 
Thus, if we assume that the atmosphere is I’oughly spherically sym¬ 
metric near 1000 km height, the relative emitting area would have 
dropped to about 0.1 percent at 2500-km height, where emission in 
the later Balmer lines and Balmer continuum has dropped below 
threshold. From Chapter 3, we see that the spicules, which produce 
the Balmer emission above about 4000 to 5000 km, occupy somewhat 
greater a fractional area than this 0.1 percent. Thus, the inference 
is strong that at lower heights, the relative area of effective Balmer 
emission is at least as large as that occupied by spicules above 4000 
to 5000 km. 

On this basis, and in the zero-order approximation, we see that 
there is only small change in the value of n 2 in the effective emitting 
regions for h < 1500 km. Only the value of ^(tang) enters in 
computing the self-absorption effect, so the value obtained in the 
spherically symmetric case carries over unchanged. The value of 
n 2 derived from N 2 simply increases by the reciprocal of the relative 
linear dimension of the emitting region, or about a factor of three at 
1500 km. Since we have attributed all of /3oo to the gradient in 
dimension of effective emitting region, and required absorption and 
emission to come from this same region, 72 will be — 00 — 72 (spher¬ 

ical-symmetry result)] < 0 . That is, n 2 increases upward, and we 
again find the zero-order analysis inconsistent in the sense of giving 
an outward-decreasing, rather than constant, source function. The 
value of Tar in the emitting region is, in consequence, indeterminate. 
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We find essentially the same behavior in the first-order approxi¬ 
mation, so long as we hold to the requirements that regions of emis¬ 
sion and absorption coincide and that these regions are essentially 
homogeneous in n&; viz., all of represents a gradient of dimension 
of emitting region. We note that an outward-decreasing source 
function and a very large increase in Tar are still quite compatible, 
for the important dimension in fixing Sl is the optical depth to the 
nearest surface. Just as discussed in our analysis of the early Bal- 
mer lines and the effects of departure from spherical symmetry there, 
the nearest surface becomes the lateral boundary of the emitting 
region rather than its “top.” 

Thus, just as in the process of developing a completely self- 
consistent second-order analysis for the case of spherical symmetry, 
we find our analysis for the non-spherically symmetric atmosphere 
limited by the extent to which our theoretical analysis of the be¬ 
havior of the source function has been carried. We have shown that 
in the spherically symmetric case an extension of the first-order 
analysis to the second order requires an extension of the theory for 
Sk 2 {rar) to that for Sk 2 (k, Tar), then an iterative analysis for Tariff) 
from Tatmgih). In the non-spherically symmetric case, we now recog¬ 
nize that even a first-order analysis requires an extension of the 
theory for Sk 2 irar) to one for S&2[ra(9)], then an iteration for Tatmgih) 
and TaiO). [By 7^(0), we denote the non-spherically symmetric 
character of 7^.] Thus, further empirical analysis from the hydro¬ 
gen lines of the atmospheric region where departure from spherical 
symmetry becomes important must be deferred to the investigation 
of the behavior of the source function in a non-spherically symmetric 
atmosphere. 

D. Summary of Analysis of Hydrogen Lines Relative to the Striictiire 
of the Lower Chromosphere 

Such a summary is best constructed by intercomparison of re¬ 
sults derived from analysis of the hydrogen lines with those derived 
from analysis of the hydrogen continuum in Chapter 6. Since 
hydrogen dominates in abundance and in total mass, and since its 
influence in the energy balance predominates until the beginning of 
the “second” stable region at some Te > 2 X 10^°K, this combined 
information from the hydrogen spectrum is critical in specifying the 
thermodynamic structure of the initial, gradual rise in Te in the lower 
chromosphere. 
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The initial analysis of the continuum, Table 6 - 6 , gives a struc¬ 
ture according with hydrostatic equilibrium to the accuracy of the 
observations over the range 500 km < h < 1000 km. Thus, both 
this initial analysis, and the final one of Table 6-10 forcing exact 
agreement with hydrostatic equilibrium, give the same results on 
chromospheric structure and state of excitation over this height 
interval. As noted in Chapter 6 , the H~ emission measures ni, 
while the Balmer free-bound emission measures nenp7\~^^^, thus the 
two combine to measure the excitation term. Our theoretical ap¬ 
proach relates bi, Te, Tar and permits a determination of Te{h) from 
the excitation term; then ni, Te combine to permit the check on hy¬ 
drostatic equilibrium. In this region of the atmosphere, 6 i = 62 ; 
thus the consistency of inferred behavior of n 2 measures the con¬ 
sistency of our approach to rii and the derived structure of the at¬ 
mosphere. 

The continuum results in both Tables 6-6 and 6-10 give 
(500 km) ^ 2 X 10^ and Too > 72 1.7 X lO*"^ over the interval 500 

km < h < 1000 km. Our analyses of the line spectrum, conducted 
from a quite independent viewpoint except in using the theory as a 
guide in establishing an approximation scheme, give agreement with 
these results from the continuum to all orders of approximation. 
There is about a laclor-of-two scatter around the value for ^2(500 
km). The scatter in 72 is greater, but all those analyses that do not 
explicitly force equality of the derived 72 and jk show 72 < Too- 
Finally, analysis of observations of 1;1#“-1I5 at the center of the disk 
support this value of 72 and it.s relation to 7 00 . The theoretical pre¬ 
diction of 7\,x(rar) for Ha reproduces semi-quanlitatively the em¬ 
pirical 7'ex(Tar) dcrivcd from by neglecting the ^-dependence 

of These center-of-the-disk obs(irvatio:ns of span the 

range of Tar over the interval 500 km. < h < 1000 km, if we accept 
the derived values of ^2(500 km) and 72 . 

We interpre t the sell-consisteiK^y of these four sets of material— 
eclipse observaiions of hydrogen continuum, eclipse observations of 
hydrogen lines, disk observations of hydrogen lines, theory for 
61 , 62 , and Balmiir source fonevtion—to imply that a spherically 
sym:metri(‘ moded lying very close to that of '’fable 6-10 is a good 
over-all r(q)r<^s('ri(,alion of the chromosphere in the range 500 km < 
h < 1000 km. At the same time, we do not wish to uiiderernphasi;?e 
the need for more careful determination of the behavior of the Balmer 
continuum near 500 km, of the Stark coni,ribut ion t o t he absorption 
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coefficient and its effect upon the analysis of the later Balmer lines, 
and of the ^-dependence of Ski to ensure that these uncertain effects 
do not modify the conclusion just reached. We also recall that in 
this determination of properties for h < 1000 km, we have removed 
the contribution to the observations from the region h > 1000 km 
by essentially treating the latter region as spherically symmetric. 
Errors arising from this procedure must ultimately be checked by 
iteration on the basis of the model for the region h > 1000 km, but 
our rough analysis in the proceeding section suggests that there will 
be no essential change in ^2(500 km) and 72 . 

We saw in Chapter 6 that the greatest uncertainty in extend¬ 
ing the chromospheric model to h > 1000 km, through the steep 
rise in Te, lies in the value at which Te stops its abrupt rise. We have 
already discussed in Section 6-IIIA3 the various alternatives on 
conditions at the top of this rise, and their influence on the solution 
at lower heights through alteration of Balmer and Lyman opacity 
calculations. Analysis of the hydrogen lines has added only two 
definite pieces of information: one, that for most of the chromosphere, 
Tar ^ 1 corresponds to rLya 1 X 10^ where detailed balance in 
Ly-a no longer holds; the other, that some non-homogeneous sti'uc- 
ture exists at these heights such that small parts of the chro¬ 
mosphere have sufficient Lyman opacity to satisfy detailed balance 
in Ly-a. However, this information characterizes a region located 
only as being some 2 to 3 scale heights in n 2 above the last reasonably 
reliable value of Tar in Table 6 - 10 , and does not give information on 
the details of the abrupt rise in Te- Although a major part of the 
eclipse data on the Balmer lines refers to heights at which the abrupt 
rise in T« has presumably occurred, we have seen that uncertainty 
in separating jk from l3k empirically, and in evaluating the fe-de- 
pendence of Ski theoretically, precludes drawing any reliable con¬ 
clusion on Te{h) from the present state of data and theory. Thus, 
for empirical determination of the state of the chromosphere above 
the rise in T^, we must turn to the helium observations. 

Another approach to determining Te through the region of the 
abrupt rise lies in the stability considerations of Chapter 5. How¬ 
ever, as we saw there, a definite—^rather than range of—result re¬ 
quires a specification of height variation of non-radiative energy in¬ 
put. We have implicitly introduced the required information on 
non-radiative input in the region covered by Table 6-10 through the 
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use of an empirical value for d \ji{nenpTe~^'^)/dh ^ —700 and the 
condition of hydrostatic equilibrium. We see demonstrated in these 
results the limitation on the use of the stability calculations; viz., 
they place only an upper bound on the Te within which a stable 
solution may be found. The steep gradient may set in at lower Te, 
depending on dynamic and energetic conditions in the particular 
atmosphere. We might extend the model across the abrupt rise in 
Te to greater heights simply by continuing to apply these two as¬ 
sumptions. Indeed, if there were no evidence for inhomogeneity, 
we should have no empirical reason to question the continued ap¬ 
plication to h ^ 2500 km of a roughly constant value for 700 ; and 
we could interpret the emission at X4700 as electron scattering to 
check the validity of hydrostatic equilibrium (cf. Pottasch, 1960). 
However, there is nothing in such a model to introduce the departure 
from spherical symmetry implied by the Ha observations (viz, 
regions of higher Ly-o: opacity, thus presumably lower gradients in 
Te) unless we can show that some kind of structural instability oc¬ 
curs in this region where, over a few hundred kilometers, we pass 
from the condition of detailed balance in the Lyman contiuum to a 
condition requiring an abrupt rise in Te. 

This implication from the Ha observations combines with the 
character of the non-radiative energy source implicit in the model 
for h < 1000 km to suggest a relation between non-radiative energy 
source and departure from spherical symmetry. The non-spherically 
symmetric structure above the abrupt rise in Te may reflect an in¬ 
stability arising in the transition region. Alternatively, it may re¬ 
flect the presence of a non-radiative energy source which, although of 
small total mass compared with the low chromosphere, becomes 
observable at greater heights because of differential density and 
excitation gradients. Note that the density of the chromosphere 
drops by a I'actor of ^10^ between 500 km and the region of abrupt 
rise in Te, or a factor of ^10^ between 0 km and this rise. Thus we 
do not. reqiiire much differential gradient to provide an observable 
difference at h > 1000 km. We note that the non-radiative source 
implicit in the model for h <C 1000 km cannot, because of hydro¬ 
static equilibrium, con tribute significantly to the momentum balance. 
Because it must contribute to the energy balance, its velocity^ field 
must be super-thermal. Thus, its mass must indeed be negligible 
compared to that of the low chromosphere. Consequently, and 
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pending a quantitative investigation of the instability possibility, I 
prefer to consider the departure from spherical symmetry at the 
greater heights as reflecting the increasing observability of the non- 
radiative energy supply. This is essentially the spicule model of a 
few years back (Thomas, 1948); which still seems attractive because 
it is a non-radiative energy system which we know exists in the 
chromosphere. 

We note that the spicule model effectively requires either a 
three-component structure or a continuous lateral variation in Te\ 
for it consists of a superthermic jet of material heating the surround¬ 
ing atmosphere by lateral diffusion of jet atoms. The “hottest” 
region of the atmosphere should be adjacent to the spicule, with 
Te decreasing to regions midway between adjacent spicules. The 
original model (Thomas, 1948, 1950) treated cold spicules because 
of the “jet” model. Unfortunately, the situation is still what it was 
10 years ago as regards an empirical inference of properties of spicules 
in the region h < 2000 to 3000 km, and will remain so until we can 
sort out the relative contribution to the emission from interspicular 
and spicular material. We have discussed the inference from hydro¬ 
gen; that from helium and the radio data, together with more elabo¬ 
rate models of the possible inhomogeneity, lie in other chapters. 
We summarize in the balance of this chapter what has been done 
thus far on the analysis of the metallic spectrum of the chromosphere. 
From a theoretical standpoint, the methodology of the non-LT.E 
approach has almost been developed to the point where we might 
try to extend it to a hydrodynamic problem, rather than simply 
analysing hydrostatic situations, and the spicule problem ofl'ers a 
good choice for the first application. 

III. Summary of Analysis of the Metallic Spectrum of thci 
Chromosphere 

Essentially nothing has been done to date in the way of ex¬ 
plicitly applying the non-LTE methodology thus far developed to 
interpretation of the metallic spectrum. Attempts at discussion 
of the implication of the self-reversed emission cores of Ca"*" H and 
K form the exceptions (Miyamoto, 1947, et seq.; Jefferies and 
Thomas, 1959, 1960). Primarily, the reason is that until the de¬ 
velopments of the last few years on equivalent two- and three-le v el 
approximations to the source function, the non-LTE computations 
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have been wholly numerical treatments of 10- and 15-leveI atoms, 
including all the levels below some principal quantum number, and 
representing the radiation field parametrically. Such solutions are 
extremely laborious, and generally do not give simple, direct physical 
insight. Attempts to simplify the numerical solutions by picking 
out “major” terms have usually proceeded via consideration of 
absolute rates, and are not always physically meaningful, as we have 
emphasized in discussing the formulation in terms of net rates. Now, 
however, the introduction of the equivalent two-level approach to 
the general spectral line, and the resulting simplified solution of the 
transfer problem, developed in terms of net rates as outlined in 
Chapter 4 and briefly discussed in the present chapter for the Balmer 
lines, promises more insight. The development of an algebraic 
methodology seems possible, both for functional form of the source 
function and for solution of the transfer equation to determine depth 
variation of the source function. Speculation on the course of such 
development is poin lless here; we note only that it has not reached 
the stage where we can apply it, or summarize its application to the 
metals, in this monograph, except for the preliminary discussion of 
Ca-^" H and K. 

Those empirical analyses of the metallic spectrum of the chro¬ 
mosphere which have thus far been reported must be described as 
exploratory. They correspond to a zero-order analysis, in terms of 
the approximation scheme we developed for hydrogen, viz., no 
variation of source funcrtion over the atmospheric region analysed. 
The analysis by Bohm-Vitense (1955) of the 1932 eclipse data and 
that by Zirker (1956, 1958) of the 1952 eclipse data represent the 
most complete such studies. Although these two analyses treat 
diflerent material, and diller in methodology of approach under the 
zero-order approximation, their results lead to the same two broad 
general conclusions. First, there are sufficiently large self-absorp¬ 
tion effects in the metallic spectrum of the chromosphere that, tlieir 
neglect will lead to erroneous conclusion on difrerential excitation 
effects. An immediate corollary of this result is the conclusion that 
the eflect. of the chromosphere is not at all negligible in the formation 
of many line profiles observed in the disk Fraunhof er spectrum, even 
for some lines of Rowland intensity < 10. Second, the source 
function for these lines is not By{Te), and a non-LTE treatment of 
the lines must be performed if one is to interpret their behavior to 
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Table 9-9. Heights of Formation of Fraunhofer-Line Centers : Zirker Analysis 


Element 

X 

Hi, km 

Rowland 

intensity 

T 

J. cx) 

0 

7772.0 

4 X 102 

2 

5200 


7774.2 

7 

2 

5300 


7775.4 

8 

1 

5400 

Na 

5890.0 

3 

30 

3850 


5895.9 

2 

20 

3850 

Mg 

3829.4 

6 

10 

3850 


3832.3 

4 

15 

3750 


3838.3 

6 

25 

3750 


5167.3 

— 

15 

3950 


5172.7 

2 

20 

3900 


5183.6 

3 

30 

3800 

A1 

3944.0 

— 

15 

4050 


3961.5 

3 

20 

4000 

Ca 

4226.7 

3 

20 

3350 

Ca+ 

3968.5 

2 X W 

700 

3950 


8498.1 

6 X 10* 

12 

4050 


8542.1 

9 

16 

3700 


8662.1 

9 

15 

3800 

Ti+ 

3361.2 

2 

8 

4600 


3372.8 

7 

5 

4500 


3380.3 

2 

3 

4850 


3383.7 

4 

3 

4900 


3394.6 

2 

3 

5000 


3491.1 

2 

5 

5150 


4294.1 

1 

5 

4400 


4395.0 

2 

3 

4550 


4443.8 

1 

5 

4450 


4468.5 

2 

5 

4450 


4501.3 

1 

5 

4700 

Cr+ 

3368.1 

8 X 102 

5 

4700 


3408.8 

5 

3 

5100 


3421.3 

5 

4 

5100 


3422.7 

5 

4 

4700 


3433.3 

4 

3 

5000 

Mn+ 

3442.0 

7 

6 

4650 


3460.3 

4 

4 

4750 


3474.1 

3 

2 

4800 

Fe 

3859.9 

4 

20 

4200 


3886.3 

6 

15 

4200 

Sr+ 

4077.7 

6 

8 

4000 


4215.5 

5 

7 

4000 
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infer abundance or atmospheric structure. The nature of these con¬ 
clusions, and their apparent invariance under method of analysis and 
degree of completeness of data, are identical to the corresponding 
results obtained in preliminary, zero-order analyses of the hydrogen 
spectrum. 

As an over-all characterization of these two broad results, we 
reproduce in Table 9-9 Zirker’s conclusions from analysis of the 
1952 data on the height corresponding to ro(radial) ^ 1 for lines of a 
number of neutral and ionized metals (Zirker, 1958, Table 8). In¬ 
cluded in this table are 7'ra<i from the Utrecht Atlas for each line, 
together with the (disk) Rowland intensity of the line. These 
values of 7nid for h > 500 km lie, without exception, significantly be¬ 
low the values of 7\. in our model of Chapter 6; thus they show the 
expected kind of non-LTE results. In Section 9-IIIA we summarize 
the methodology of these two zero-order treatments of the metallic 
spectrum of the chromosphere. 

Given an arbitrary line observed in the disk spectrum, but not 
necessarily included in an analysis of eclipse observations, one asks 
whether a non-LTE approach must be used to analyse it. Such non- 
LTE effects may be introduced because parts of its core are chromo¬ 
spheric in origin, or because Sl departs from from effects not 

dependent upon the chromospheric rise in Te* (Such effects as would 
characterize the Balrner lines, for example.) An attempt to answer 
this question wholly empirically has been initiated by Pecker, and 
we include a summary of it in Section 9-niA. 

Finally, in Section 9-IIIB, we comment on the interpretation 
of the Ca’+’ II and K. lines, where the beginnings of a systematic at¬ 
tempt to apply the non-LTE theoretical structure have been made. 

A. Summary oj Wholly Empirical Analysis of the Melallic Speclrum 

1. The Chromospheric Spectmm, Zero-Order Analyses. 
From Eq. (9-57), we see that the assumptions of a constant source 
function, a spherically symmetric atmosphere, and a wholly Doppler- 
broadened absorption coefficient with constant AXd makes the 
quantity E(Ji)/SL ^ 3 depend only upon tqQi) = aoNiih). 
Nl is the number of atoms in the lower stat.e along the tangential 
line of sight. Both Bdhm-Vitense and Zirker make these three 
assumptions. Thus, the function 3(/i) depends upon three con¬ 
stant parameters— aSV. AXj), AXi>, Nifh^—mil the function yQi). A 
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rigorous application of the zero-order analysis would involve only 
two constant parameters, since Sl would be fixed by the residual 
intensity in the line observed on the disk. However, these analyses 
seek to determine mean quantities at each height, and an approxi¬ 
mation to the height variation of the mean; so 5^ AXj> is retained as a 
free parameter. Then, just as in the case of hydrogen, there are two 
methods to determine the parameters: analyzing the height varia¬ 
tion of a single line, after specifying y(h) from other considerations; 
and analyzing jointly several lines of one ion at a particular height, 
introducing additional assumptions to specify the variation of Sl 
and Nl from line to line. Bbhm-Vitense follows the second alterna¬ 
tive; Zirker, the first. 

a. Bohm-Vitense Analysis (1955). Bbhm-Vitense introduces 
three additional assumptions: y(h) is independent of h, and is the 
same for all lines of a given ion; Tex (which she calls the radiation 
temperature Ts) is the same for all lines of a given ion; there exists 
a single excitation temperature Ta for a particular ion, which relates 
occupation numbers of excited levels to total concentration of the ion 
through a Boltzmann distribution. The combined assumptions of 
constant Sl and y(h) the same for all lines of a particular ion require 
Ta to be independent of height, of course. Indeed, this set of as¬ 
sumptions can never rigorously be satisfied except under an LTE 
state in an isothermal chromosphere. One should, however, simply 
regard the introduction of this set of temperature parameters as a 
device to give a zero-order-approximation solution, which can then 
be investigated for consistency. The only cause for concern lies in 
taking literally any of the temperature parameters as actually giving 
Te. Unfortunately, such a literal approach is not unusual. As we 
emphasized in discussing hydrogen, one should regard the value of 
such zero-order analyses as lying chiefly in providing a rough pre¬ 
liminary measure of the distribution of absorbing material. 

These assumptions permit a curve-of-growth type analysis to 
obtain Ui/Ui, Ta, Ts, y, and for each ion at each height covered 
by the data. Ui is the partition function for the ion, and Bbhm- 
Vitense simply uses the value of Ta to estimate its value. The 
analysis treates lines of Fel and Till, using the Cillie-Menzel 1932 
eclipse data. As regards details of the procedure, we need note only 
that in performing the analysis, Ts is set equal to Ta and a choice of 
“best” values for Ts comes from requiring the vaiious multiplets to 
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combine to define a single curve of growth. Introducing the as¬ 
sumption that, under conditions in the chromospheric height range 
studied, the metals are virtually all in the singly-ionized state, and 
adopting abundance ratios log H : Ti = 7.38 and log Fe : Ti = 2.35, 
Bohm-Vitense obtains values for the concentrations of H and Fell. 
We summarize these results in Table 9 - 10 . 

From her results on ^2 for hydrogen, which we have discussed 
earlier, Bohm-Vitense obtains rie by applying the Boltzmann-Saha 
equation under the assumptions that the temperature parameter 
entering it is the excitation temperature of the Balmer lines, ^^(^ 2 ), 
and that rie = Up, With this value of n^, and the above values of 
concentrations of H, Fel, Fell, she obtains ionization temperatures 
for hydrogen and iron from the Saha equation. These values are 
also summarized in Table 9-10. We defer comment until after 
summarizing Zirker’s analysis. 


Table 9-10. Summary of Bohrn-Vitense Analysis of Metals; 1932 Data (Cillie- 
Menzel height scale; add 830 km for Bohm-Vitense scale) 


/i, km 

log 

(Fel) 

log 

(Till) 

log 

(H) 

log n. 

Ta 

(Fel) 

Ta 

(Till) 

T.-(Fc) 

Ti(H) 

-160 

_ 

5.92 

13.30 

— 

— 

4300° 

— 

— 

670 

5.70 

5.52 

12.90 

11.15 

3800° 

4000° 

4890° 

5930° 

1500 

4.95 

5.18 

12.56 

10.74 

3800° 

3800° 

4860° 

5600° 


b, Zirker Analysis (1956, 1958). Zirker’s analysis of the 1952 
eclipse data rests on an empirical determination of 7 (h). His start¬ 
ing point is an attempt to check Houtgast’s suggested (1953) corre¬ 
lation of observed logarithmic emission gradient, with ionization 
potential of the ion —^ decreasing with increasing ionization potential. 
Houtgast’s correlalion was based essentially on H, Hel, Hell, and 
the metals taken as a group. Zirker finds that no such correlation 
exists wi thin the metals; rather, that 13 correlates with strength of the 
line and, for some lines with a common lower level, /3 decreases with 
increasing cbf value. As we saw in our discussion of hydrogen, such 
a behavior of (3 suggests that at least par t of the differential varia¬ 
tion results from a self-absorption elloct. Zirker investigates the 
extreme assumption that all the differential variation of ^ over all 
lines of the singly ionized and neutral metals observed is a self- 
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absorption effect. He picks an intensity (which he sets at 12.00 for 
log E), near the plate limit, determines for each line at the height 
in the atmosphere where log E for the line reaches this intensity, and 
plots this jS versus this height for all lines taken together. We repro¬ 
duce his results in Fig. 9-14. Although there is a considerable sca tter 
in the data, it is hard to disentangle any systematic effect. In con¬ 
sequence, Zirker draws a mean curve through the points on this rela¬ 
tion, and assumes that it is y(h) for all lines of the metals, neutral 
and singly ionized. The relation is 

Wy{h) = 1.12 + 0.105 + 0.0055^ + 0.00353 + 0.00125^ 

(9-73) 

s = 1 — h/m 103 

With this y{h), theoretical curves 3 (/i) as functions of the param¬ 
eters Sl AXi> and to (500 km) can be computed, and the values of 
these parameters determined for each line from the observations, 



Fig. 9-14. Emission gradients of neutral (I) and singly ionized (H) metals 
at the height H where the line intensities fall to the plate limit (log E = 12.00). 
[From J. B. Zirker, Astrophys. J, 127, 680 (1958).] 




SELF-ABSORPTION AND DEPARTURES FROM LTE 


359 


E{h). Because the analysis covers all heights simultaneously, 
Sl (and Tex, Viteuse’s Ts) are forced to constant values; however, 
no assumption need be introduced on Ta. One can ask whether a 
Ta exists by attempting to fit a Boltzmann distribution over the 
lines in a given transition array; Zirker finds that most of the lines 
of a transition array can be combined with a reasonably constant Ta- 
Zirker’s original analysis (1956).applied the methodology based 
on the use <rf Eq. (9-73) only to the ionized metals. He noted|that 
the assumptions of negligible gradients in Ta, partition function, and 
degree of ionization lead to the conclusion that y(h) is the actual 
logarithmic density gradient in the chromosphere, since the metals 
are mainly singly ionized and no height gradient in abundance is 
to be expected. His results for the ionized metals are of a different 
sort than those obtained by Bohm-Vitense; for he obtains a value of 
7 ^ex(or Ts) for each line, but does not give concentrations of Till 
because of lack of confidence in absolute / values. His main em¬ 
phasis lies on the value of ro(500 km) for each line; these values are 
quoted in Table 9-9. The range of values found for Tex is interest¬ 
ing, to compare with Bohm-Vitense’s results and the general method¬ 
ology. We have the following as examples: 

^ ^ _35 04 3456 4444 42 74 

Tox 63()() 5900 6600 740^”” 5900^ 5200 4800 

Zirker notes that an uncertainty in log ro of 0.5 corresponds to a 
factor 2 in the derived Sl, or something like 900° in T^x for a line 
at X3500 and 2300° at X8500. Thus, although we can attach no great 
significance to random differences in T^x, the scatter in the above 
values is sufficiently large to emphasize the difficulty in dii’ect physi¬ 
cal int erpretation of 

As mentioned, Zirker finds that a reasonable representation 
ol‘ most of the lines in a given transition array can be accomplished 
with a reasonably-constant value of Ta- For the {d\s — d^p) transi¬ 
tion array of Til l, he finds Ta ^ 6100° ± 1000°. Again, the value 
differs non-trivially from that of Bohm-Vitense, but the significant 
result is probably tliat both lie below the value of determined in 
Chapter 6. 

The above reasoning on y(li) should fail for the neutral metals, 
consequently a different y(h) should be required, and Zirker adopted 
other procedures, which we summarize from the standpoint of the 
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sensitivity of the results to the particular form of y{h) assumed. 
We note, however, that the results in Fig. 9-14, if taken only by 
themselves, suggest no clear-cut distinction between neutral and 
singly ionized lines; we return to this point below. 

By looking for correlations between ^ and co/, Zirker demon¬ 
strates that many lines of Fel have 0 values affected by self-absorp¬ 
tion, (This result lies in contrast to that by Bohm-Vitense, who 
concludes that almost all lines are emitted in optically* thin layers, 
so uses the observed 13 as y. Since she does not list lines analysed, 
nor individual result, we could not compare detailed conclusions. 
We note only the much better height resolution of the 1952 data, 
hence the more sensitively determined l3 values.) Zirker finds 12 
lines, sharing the common ground term which show a particularly 
well-defined correlation between /? and o>f. He analyzes these lines 
by two methods: one, that used by us for hydrogen, where one in¬ 
vestigates the change of (3 with theoretical strength of the line (Sec¬ 
tion 9-113C), thus hold y constant; the other, based on a rapid de¬ 
crease of y with height, similar to the relation of Eq. (73). For the 
line X4064 of a the results of the two approaches are as 

follows (ro measured tangentially): 

" ro(50 0 ) rfl(lOOO) To(I^^ 7(L>0()) ' 

Constant y 14 2.2 0.35 — 3.68 — 

Variable 7 34 0.65 0.14 1 2.7_3.4 3.0 

Thus, just as in the case of hydrogen, we have a variation of* a fa(4<)r 
of two to three in ro and in occupation number resulting from the 
adopted relation between /? and y. As a rough average, the Fel (M)n- 
centration at 600 km is 1 X lO"^. 

c. Over-All Commentary on Results of Zero-Order Analysis, 
Just as in the case of hydrogen, we emphasize two characvterislics of 
these zero-order-approximation studies, and note the limi tation of 
the analysis coming from the assumption of sphericud symnurtry. 
First, the most we can expect is a rough, preliminai’y estimates of dis¬ 
tribution of material. A greater refinement rccjuires a self-con¬ 
sistent specification of the relation between the sev(?ral t^i and yjj 
which requires building into the analysis some non-LTl^ structure on 
the one hand, and resolving the effect of departiires IVom spherical 
symmetry on the other. Second, the analyses give hy tluunselves 
essentially no direct information on the distribution of By cun- 
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R<ist wit.h the case of the Balmer lines of hydroffcn, this situation 
<h>c's not result because Sl is to first, order iiulc'ixuident of 'J\, but 
Because the empirical analyses have not, even f>i'ogressed to the stage 
<> asking upon what Sl depends. Thesti analyses ai-e cdiaraclerized 
>> wholly arbitrary assumptions on t he r'elations bet,ween the vaiious 
■ < eij)erature parameters inti’ociuced and their variiUion from liim to 
Ihe relations between these j)aramelers, luul 1,heir dependence 
iiI>on If and n^, must be built int.tJ the analysis. 

Zirker’s discussion makes somewhat, more exjdieit the im})nca- 
iKui ol an assumed relation between T,.x mul Ta, the eondusion follow¬ 
ing ess('n tially from the same st.andpoint as Ids criticism of our original 
us(> oi the H- data to determine 7\ rallu'r (ban tin. llis analysis 
Clivers both Fel and Fell. The Fel lines are resoiianee lines; those 
ol h(‘ll are transitions between t,wo (‘xeited levels, 'riien, as a func- 
lion ol an assumed Ta for the lower lev<>l of the Fell transil.ion, 
Zirker c'oniputes the total concentration of Fell from the oecurpation 
number of the lower level as derived from the einjdrieal analysis. 
I'roni the Fell and Fel concentrations, h(‘ computes an ioidzation 
knipcralure, Tt, using a value for n„ from the eonlinuum data. At 
aOO km, lu; obtains the results shown in 'Fabhi 9-11. 

_ ^ ^ Since Ti is defined by bi e.xj) Xi/k7\ = exp x\/kTi, llu' varial.ion 

m 7', corresponds to the variation in In, which relers (u (lie ground 
■sliife^ of Fel. Thus, we see that an assunu'd relalioii Ix'lwi'cn 
/.id'cll) and Ti is completely eijuivahnit to sjiecifying tlie idmn- 
(lanecof Fe, if Fe is mainly in l.he Fell slab'. In these jiartieular 
results, we note that the abundances adopted by Biilun-Vitense, (sim- 
hined with ours on tin from Clhaptm- 6, would giu* Ta sotm- 2()()()'’ 
less than 7\-. We do not stress I, lie numerical valiu' of this result, 
h.-eaus(‘ of uncertainty on / values and in lh(' numerical analysis. 
\\(' only note that once again a non-triviul difh'renei! hel.ween ilu! 
\arious tmnirerature parameters arises wlicnever sidf-eonsislmiey is 

TMril.ll. Zirker Computation of 7' (ioniw.iion) lor Fcl Fi'il m J(Ta) 


Ta 



umv' 

7.96 

5000' 

:;d(JO' 

7.26 

4000' 


6.79 

4100' 


6,46 

4200' 
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sought and the structure of the empirical solution does not force their 
equality. 

Within these factors of two to three that are introduced into the 
analysis by uncertainty on a proper treatment of excitation effects, 
we see that the Bohm-Vitense and Zirker results are in good agree¬ 
ment on the metallic-ion concentrations for h < 1500 km. This is 
particularly true if Bohm-Vitense’s suggested shift of about 800 km 
in the zero point of the Cillie-Menzel height scale be adopted. As 
in the case of hydrogen, such agreement between different analyses of 
different material between different epochs lends confidence to the 
general results illustrated in Table 9-9 on the mass distribution for 
h < 1500 km and on the contribution of the chromosphere to disk 
profiles. We note that there is considerable disagreement on the 
derived y values, both between the Bbhm-Vitense and Zirker analyses, 
and within the various alternative approaches discussed by Zirker 
(Bohm-Vitense does not allow a range of possibilities for the varia¬ 
tion of 7 , by the nature of the assumptions she makes beyond those 
of constant Sl)- Such variation of 7 values, their consequences and 
implications, again mimics the behavior found for hydrogen. 

We return now to the question of an interpretation of the rela¬ 
tion (9-73), with the apparent implication of Fig. 9-14 that the rela¬ 
tion is valid for both ionized and neutral ions. Although the scatter 
is large, there is no obvious systematic discrepancy between lines 
from neutral and ionized ions. We also note that the /5 for the 01 
infrared triplet accord well with the relation. The independent de¬ 
termination of the 7 for the a^F-associated lines of Fel discussed 
above gives values lying systematically low. Zirker’s attempt to 
fit the Balmer lines with variable 7 (Section 9-II3C) gives values 
also lying systematically lower than those from Eq. (9-73), until 
heights h > 5000 km: 


Height, km 

500 

1000 

1500 

2000 

3000 

4000 

SOOO 

y (Balmer) 

2.28 

2.17 

2.07 

1.96 

1.76 

1.55 

1.34 

7 , Eq. (9-73) 

4.94 

4.11 

3.41 

2.87 

2.10 

1.64 

1.38 


Consider first the kind of relation expected between gradients 
of neutral, M, and singly ionized, M+, metals, which we can try lo 
estimate from the Boltzmann-Saha equation for the ground state of 
the neutral metal. Since both neutral metal and hydrogen Balmer 
lines (in the region of detailed balance in the Lyman lines) have 
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photo-ionization-dominated Szr we might use our analysis of 62 for 
hydrogen as a rough kind of guide to the expected behavior of 61 
for the neutral metal. Thus, we might expect 

ni{M) = Cin(M-^)neTe~^i^bie^^UM^'~^^ (9-74) 

from Eq. (4-48) for hydrogen. The constant C 2 incorporates the 
term in Yi exg(Yi). Thus, we should expect the gradients of neu¬ 
tral and ionized metals to differ by the gradient of rteTe"^^^ and of the 
partition function (plus whatever else our approximation may have 
omitted, of course). If the relation (9-73) is valid in the region 
h < 1000 km where our analysis of Chapter 6 gives what we con¬ 
sider to be reliable results, and if the metallic spectrum originates 
in the atmospheric region producing the hydrogen spectrum, then we 
should expect an appreciable difference between neutral and ionized 
metals because the gradient of is not negligible in this region. 

(Between 500 and 1000 km, d In rieTi-^^^/dh —0.9 X 10 “^) The 
exception would occur if we could prove that the partition function 
decreases outward at nearly the same rate. 

Consider next the identification of the gradient of the ionized 
metals with the density gradient. Again for this region h < 1000 
km, we note that the 7 predicted from Eq. (9-73) lie significantly be¬ 
low the density gradient determined in Chapter 6 . However, noting 
tha t this is a region of increasing Te, that the opaci ty in the resonance 
lines of the ionized metals is large, and that Sl for the resonance lines 
of the ionized metals is of the collision-dominated type, this relation 
between 7 and density gradient is not unexpected. Consider the 
resonance line of the ionized metal originating in one of the excited 
states, fe, involved in the line which was analyzed. We can write, 
for the Sl of this resonance line, 

Siik 1) ^ Cxnifc/ni CxTik/riM-^ (9-75) 

thus 

d In iik/dh d In riM+Idh + d In SrXk, l)/dh (9-76) 

So long as there is sufficient opacity in the center of this resonance 
line, d In SjJdh > 0 in a region of rising (cf. our discussion in 
Chapter 4); thus the left side of Eq. (9-76) should be numerically 
smaller than the first term on the right side, which is the direction of 
the differential effect we are trying to interpret. 
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From the results of these two paragraphs, we could understand 
an empirical relation in the region h < 1000 km that showed emission 
gradients of the resonance lines of neutral metals and of subordinate 
lines of ionized metals scattering around the true density gradient, 
the neutral metals lying systematically high in gradient and the 
ionized metals systematically low. As already remarked, we do not 
observe such systematic scatter. We also note, however, that the 
empirical values underlying the construction of y(h) in Fig. 9-14 and 
Eq. (9-73) only refer to the region h > 1000 km, becau se of the manner 
of construction of the relation. The empirical points are not really 
significant until h > 1500 km, and actually begin to define a curve 
only for h > 2000 km. Thus, the relation of Eq. (9-73) really de¬ 
fines the behavior of y only in the region where the question of non- 
spherically symmetric structure has become critical. Its use in the 
region h < 1000 km is at best an extrapolation. 

Because Eq. (9-73) appears to refer to neutral and ionized 
metals impartially, because earlier results in the monograph sug¬ 
gest Te> 2 X 10^—possibly reaching 3 to 5 X 10'^—over a significant 
fraction of the chromosphere for h > 1200 km, and because we recog¬ 
nize the presence of cooler regions imbedded in these hot regions, 
the obvious temptation is to regard y(h) as characterizing the gradient 
in relative size of the cooler regions. In this way, we avoid the 
difficulty of no systematic difference between gradients of neutral 
and ionized metals. One difficulty in this simple inteprelation lies 
in the difference between 7 (Balmer) and T[Eq. (73)]. A second 
difficulty lies in the apparent indication that Te in the spicules above 
5000 km has about the same values as in the “hot” component below 
4000 to 5000 km, while significant Balmer and Ca^" emission occurs 
in the spicules. Thus, we cannot simply interpret all the emission 
underlying the construction of Fig. 9-14 as arising from one “com¬ 
ponent” of the chromosphere. We must investigate in some de¬ 
tail the metallic emission and absorption expected from the several 
regions, on a non-LTE basis. Then, we will be in a position to prop¬ 
erly utilize the several kinds of data on y and absolute intensities. 
Here, we wish only to re-emphasize the point made in a preliminary 
superficial study of the Wolf-Rayet atmosphere a few years back 
(Thomas, 1949); viz., the conditions for the simultaneous presence of 
several stages of ionization and excitation have as yet been too little 
explored. We note the degree of Te sensitivity of the ionization of a 
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neutral metal, illustrated by Eq. (9-74), by comparison with the 
LTE result, as one example. 

2. Pecker’s Approach to the Disk Metallic Spectrum. 
The development of the non-LTE approach outlined in Chapter 4 
was originally motivated by application to those atmospheric regions 
having significant non-radiative energy supply- Clearly, however, 
many of the non-LTE effects discussed can he in troduced simply by 
anisotropy of radiation field, associated with low optical depths. 
The classical treatment of the source function of a resonance line as 
arising wholly in coherent scattering is an obvious example. Gen¬ 
erally, however, analysis of disk spectra of sun and stars by curve- 
of-growth methods, and more detailed analysis of line profiles on the 
solar disk, proceed under the twin assumptions of (1) LTE, to inter¬ 
relate occupation numbers through the Boltzm^JfB^ Boltzmann- 
Saha equations; and (2) pure absorption, setting Sl = Sc = Bp{Te). 
Our developments thus far would lead us to question the validity of 
both these assumptions, even for weak lines, until they had been 
explicitly investigated. In principle, such an investigation is 
straightforward. In practice, the difficulties which we have already 
outlined exist—stemming primarily from lack of cross sections and 
/ values. 

Pecker has attempted to develop a methodology to assess 
whether such non-LTE effects actually exist in the disk spectra of 
weak lines, from wholly empirical considerations, thus to establish a 
guide for more detailed work combining theoretical and empirical 
approaches. In two short notes (1957a, 1957b), he has outlined, 
and given preliminary results of analyses from considerations of line 
profiles and of a curve-of-growth approach. More extensive results 
by himself and collaljorators have been presented verbally (Liege 
Conference, 1959) and will be in print by the time this monograph 
appears [Pecker (1959a, 1959b)]. 

The primiple of the line-profile approach is simply that of com¬ 
paring 7 ’,.„(t(;) determined from several using observed 

solar line profiles, ^’he assumption of LTE permits ro(rc) to be 
computed. We reproduce as Fig. 9-15 his preliminary results from 
Til. From these results, he concludes (,hat significant departures 
from J/I’E exist for tc < 1; and that the effect diminishes as the 
lower level of the transition occurs higher in the term diagram. In 
addifion to these conclusions, wo note wifb considerable interest 
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that Tex > Te> What Pecker infers from his analysis is of course 
/Sv(total), equal to the second term on the right of Eq. (4-95), and 
not directly Sl. However, for lines with ro < 10"*”^ in this region o(‘ 
outward-decreasing Te, is essentially Sl if we observe 7\.x > 7V 
This is the direction we would expect for a resonanc^e line of a mnriral 
metal like Til. In a rough sort of a way, lines from higher levels 
might be expected to be even more photo-ionizalion-dominat-(Kl be¬ 
cause both Xlu and Xl are even smaller (cf. our original diwscussion in 
Chapter 4 of the three classes of lines), until the ele(‘lroTi-(H)llision 
terms completely dominante all scattering terms, and Sl l)e(‘ornes 
By{Te)> This is however speculation—it is simply illustrative of the 
guide that such analyses as Pecker’s may be in indi(‘a( ing wlu^i'e the 
theory may make progress. 

Pecker’s curve-of-growth approach rests on thc^ |)oint that we 
emphasized by our sample calculations of SrXr{)) in Chapl(‘r 4; viz., 
the profile of an absorption line often depends as much or more upon 
non-LTE effects as it does upon Te{rp). In the coiiveiiticmal ap¬ 
proach to a curve-of-growth analysis, with Sl = 6^(7’,,), the int(^gral 
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over the line profile to determine total absorption depends only upon 
Te{rv ); and several multiplets are superposed to form a curve of 
growth, determining relative concentrations from the Boltzmann- 
Saha equation with 6* = 1, Pecker notes, from his results repro¬ 
duced in Fig. 9-15, that there should be a different curve of growth 
for at least each multiplet. That is, in the general case, one must 
consider may vary from one line to another, even more 

from one multiplet to another. Pecker then uses his observation 
that non-LTE effects appear to decrease with increased excitation of 
the lower level to introduce an approximation procedure very close 
to our first-order approximation. That is, he assumes that an initial 
approximation finds Sl differing from By{Te) by 6^; 1 for the lower 

term of the transition only, thus the correction to aSx is the same fac¬ 
tor for all lines within a multiplet. One can attempt to improve this 
approximation by iteration and requiring some kind of smooth trend 
of the hh with excitation. He can also attempt to require consistency 
with an analysis of the kind in the preceding paragraph. Pecker’s 
preliminary results suggest alterations by as much as a factor of 4 
in abundances determined by these curve-of-growth methods. 

These results, preliminary though they may be, emphasize once 
more the necessity for a complete re-examination of the analytical 
structure underlying the analysis of stellar spectra. Our first re¬ 
sults emphasized the problems associated with the chromospheric 
contribution to any line. A simple extension of the theoretical work 
suggests that many of the same difficulties may arise even when the 
line is mainly formed outside the chromosphere. Pecker’s pre¬ 
liminary results suggest that there are also strong, wholly empirical, 
reasoUvS for questioning the conven tional approach. One clearly re- 
(|uires, then, simultaneous attempts to extend the theoretical struc¬ 
ture to weak lines, more extensive results on cross sections and / 
values, and more detailed observational results on weak lines, par¬ 
ticularly tlieir (jenter-limb variation on the solar disk. We have 
mentioned in Chapter 4 our hopes that the first two aspects may 
be attacked through joint programs now underway. The Sacra¬ 
mento Peak Observatory has commenced a program of photoelectric 
photometric reproduction of the Utrecht Atlas at a number of posi¬ 
tions across the solar disk. From this, and specific, high-resolution, 
investigations of indi vidual lines, we hope that adequate material for 
detailed analysis may ultimately be avialable. 
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B, Comment on the Ca'^ H and K lines 

1. Over-All Characteristics of the Approach. We have 
used the observed form of the profiles of the Ca^ H and K lines in 
Chapter 4 as an a priori exhibit attesting simultaneously the presence 
of a non-trivial rise in Te in the low chromosphere, and the verification 
of the general form of a collision-dominated Sl predicted for a 
resonance line. The same general conclusion could have been based 
on the observed form of the Mg+ lines at X2800, which again typify 
the collision-dominated and on the observed form of Ly-a of 
hydrogen, which typifies the intermediate class of Sl- All these 
lines exhibit self-reversed emission cores; the Ly-a differ from the 
Ca+ and Mg+ lines in having the emission core rise above the inten¬ 
sity in the adjacent continuum. The significant aspect of any theory 
of these lines is the possibility of interpreting the observed line profile 
to fix in more detail the atmospheric structure. Thus, although the 
general form of all these lines with respect to the self-reversed cores 
is the same, the details of these cores and of the difl'erontial behavior 
must be analysed. 

We emphasize that the combination of a thermally redistribu led 
radiation field in the line with collisional excitation to fix intensities 
in the core of the line is not novel to our recent systematic attempts 
to discuss these lines. (In this section, ‘^our” refers to the series of 
papers entitled The Source-Function in a Non-Equilibrimn Atmos¬ 
phere, by J. T. Jefferies and Thomas.) It is implicit in the re¬ 
formulation of the non-LTE equations of statistical equilibrium to 
include collisions, discussed in Chapter 4 (Giovanelli, 1948, et seq., 
Thomas, 1948, et seq.). The earliest explicit application to Ca”^” of 
which we are aware is that by Miyamoto (1947; 1953; 1954a, b, c, d, 
e; 1955; 1958). However, the emphasis in Miyamoto’s work lies 
• on the emission peak arising from a combined effect of assumed non¬ 
coherent scattering in the core and assumed coherent scattering in 
the wings. No attempt is made to discuss the character of the 
emission core in terms of either absolute value or gradient of in 
the chromosphere; the amplitude of the emission peak is taken to 
be fixed by the value of Te at the photosphere-chromosphere bound- 
ary. Miyamoto has also discussed hydrogen Ly-a from this same 
standpomt (1951, 1953, 1954), as have Giovanelli (1949), Jefferies 
(1953), Giovanelli and Jefferies (1954), and Athay and Thomas (1957). 
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These discussions of Ly-a include consideration of a chromospheric 
value of Te in the region of the core formation, but not of the gradient 
of Te- In essence, these investigations of Ca+ and Ly-a treat isother¬ 
mal atmospheres in the region of the K 3 core formation, and the 
equivalent of a one-point quadrature when non-coherence has been 
introduced into the scattering. Thus, the interrelation between the 
scale of the radiative diffusion and the scale of Te variation has been 
suppressed. 

We wish to emphasize the characteristics, and particularly the 
presently existing limitations, of our attempt to extend the analytical 
framework for interpreting these lines. We have tried to explicitly 
compute the frequency-dependence of Sl, then to obtain explicit 
algebraic expressions for the factors entering B^T,,^), and finally to 
introduce a quadrature scheme on the scattering term that can be 
explicitly used to relate diffusion and Te gradient scales. Our re¬ 
sults on the frequericy-dependence begin to become quite uncertain 
in just that region of the profile where an analysis ignoring Te gradient 
would place the K 2 peak. Our compxitations on rest, at the 

moment,, on a twodevel atom. The extension of these discussions 
by the “equivalent two-level atom” developed in Eqs. (4-85)~(4-87) 
ar-e at this writing only rudimentary. Finally, we have thus far in- 
vesligated in (hdail only the third approximation to the quadrature, 
and a Doppk'.r absorption coefficient, which (‘arries us essentially 
through th(‘, no[)pl(U‘ core. Thus, practically, an extension of the 
quadrature and an inclusion of the diunping wings are completely 
bound u|) witli an extension o(‘ the region over which we have ex¬ 
plicit result s on t lie v variation of S;,. 

Finally, l)ef()re summarizing the approach to these emission 
corc^s thus far dcwcdopcnl, it, should be remarked that the work by the 
several authors nu^iUioned al)ove, incoiriplete as it is, seems most 
oftc^n (,o have l)e(ii ignored or* ovcu’looked. Compare the discussions 
of the cliroraosphei’ic model by IVlcMath et al. coming from an initial 
analysis of high-disper*sion obs(n*vations, summarized in earlier sec¬ 
tions of this cha|)t.c,r, Comi)ar<^ also the various discussions of the 
Wilson-bappu obsrvrvations of the separation of the emission wings 
of (hi', wliere tire liiu^ pi'ofiles are variously treated as though they 
ai’(‘ for*nuMl in optically thin layers, Sr, = Bp{Tt), and it is assumed 
tlia(- th(^ only parametm* influencing the position of the emission 
wings is the profile of t.he absorption coefficient (Wilson, 1957; 
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Hoyle and Wilson, 1958; de Jager, 1958; Kraft, 1958; Schatzman, 
1958). Even when the necessity to treat the core as being formed 
in a thick atmosphere is stressed (Goldberg, 1957), the same critical 
analysis is not applied to the behavior of Sl which the scattering 
term alone would introduce. For example, it is assumed that 
Sl (or Tex) must be the same for the H and K lines at a given point 
in the atmosphere because the energy-level separation is small 
(Goldberg, Mohler, and Mueller, 1959). Yet note, from Chapter 
4 (or any of the other treatments which include scattering), that for 
large ro and an isothermal atmosphere, Sl == Siiro; e). Since the 
inelastic cross sections for H and K are presumably in the ratios of 
their/ values, e will be the same for the two lines. Then, at a given 
point in the atmosphere, to will differ by a factor of 2 for the two 
lines; so Sl will differ by whatever amount corresponds to a change 
in To by the factor of 2, the amount being a function of tq. (On this 
point see note 9-3 in Appendix II.) 

2 . Summary of Preliminary Results on Ca"^ H and K. 
What we want to stress is the comparative behavior of the emission 
core in an atmosphere where the line core is formed in an isotJiermal 
region, and in an atmosphere where the range of optical dep th covered 
by the line core (0 < ro < 10 ^) spans a non-trivial range in 7V For 
this purpose, we consider a Te distribution given by Eq. (4-93), with 
A = c == 0 = i 8 corresponding to the isothermal chromosphere. We 
note that ro ^ 10 “® for Ca'*' H and K, and e ^ for /12 = 1 = 

Qi 2 . Jefferies’s computations give Qn ^ 10 (1954), more recent 
work by van Regemorter and Seaton give about a fac‘tor of five 
higher (private communication). We summarize the Jidf^^ries and 
Thomas (1960) analysis. 

Consider the isothermal case. Then Eqs. (4-94) and (4-95) and 
the discussion in Chapter 4 centered on the case ro == 0 = c = A 
gives 

Line center: Sl(to ^ 0 ) ^ Sii^^ (9-77) 

SL(max) occurs at ro ~ ^ ( 0.1 

or 

AX/AXd ^ (2.3-0.5 In €)'^2 ( 9 ^ 78 ) 

of size SL(max) ^ Si. That is, the important characteristics are 
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that the amplitude of the emission maximum is By{Te) in the chro¬ 
mosphere, and the ratio of values at line center to maximum is 
about €^^1 Thus, the observed maximum of about 10 percent 
of the continuum would, if the isothermal case actually applied, 
require Te ^ 4300"^ at to ^ and a central intensity of something 
like 10""^ the continuum. This is the essence of Miyamoto’s result 
(1954e). As already emphasized, we see that the essential physics 
of the if 2 , Kz transition is fixed by the diffusion parameter kz. The 
eventual fall from the K 2 maximum is fixed entirely by the tempera¬ 
ture profile in the atmosphere, and effects of Te gradient and dif¬ 
fusion are completely uncoupled. (Up to the extent of our neglect 
of the V dependence of jSi, and the damping wings outside the Doppler 
core.) 

In the actual solar atmosphere, we note that we have in Chap¬ 
ter 6 set the region of Te(mm) at somewhere < rs < 10“®; and 
we have a region of abrupt Te rise near rty- c 1 to 10^. Thus in 
the region of Te(min), 10® < To(Ca‘^, H and K) < 10®. For an 
H : Ca abundance of about 10®, and assuming Ca mainly singly 
ionized, we estimate ro(Ca’^) ^ 1 to 10^ in the region of the abrupt 
rise in This estimate is in reasonable agreement with Zirker’s 
estimate, quoted in Section 9-11 lA, of 2000 km as the height of 
TO 1 for these lines. (These estimates refer to the non-spicular 
regions.) Thus, the rise from ^^(min) would suggest that for 
“average” regions of the solar atmosphere we should consider values 
10”6 ^ ^ 10-3, ^ ^ 20 if Si 5,(4750°). In the region of 

the jump, 1 > 6“ > 10““3, and A ^ 10® for the same Si, would be sug¬ 
gested. lliese results from Chapter 6 would suggest that we must 
consider a region where c > h, and where c may indeed be quite 
large. Actually, we should probably consider a distribution of 
Te of the form 


B,{Te) = Si{l + + A2e-«2^«) (9-79) 

which leads, Ibr the case ro very small, and neglecting 13, 

Sl = Si - 4 - { 1 + 4- 

€ + V [ 

+ A2<Tiie-^‘^o + ^ (1 + S/vye-"''")} (9-80) 
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^j{E j-Z^, + 1} 

= —/l + ^ A2<T2C2/Xi 

\ 1 Ci/xi 1 — C2Al¬ 

and the (Ti, Si are defined as in Eq. (4-113), etc. 

Such a situation includes the case c > ^3 as a possibility, and 
we see that the AiO-i may have values numerically much less than 
Ai. For example, we have the following values of a for various 
values of (e + ??) and c: 



c 

10-5 

10-3 

10 -!* 

e 4 - ,7 = 4 X 10-5 

1.0008 

-0.440 

+0.00517 

c - 1 - 77=10“® 

1.010 

-0.00977 

+ 1.05 X 10-‘ 


We picked the values of e + 77 as corresponding, respectively, to 
Ly-a and to a lower limit for Ca'*' on the basis of the figures given 
above. Under these conditions, we can drop the ratio of 5i:(max)/ 
Sl(.to ^ 1 ) from > 10 ^ to < 5 as c increases from 10 ~^ to 10 "^, for 
A ^ 10 ^ Likewise, ^^(max) drops from a value near By(Te) to up 
to several orders of magnitude below By{Te). The actual values, 
however, depend upon the particular values of the parameters. 

Further discussion is, at this point, unwarranted by the theo¬ 
retical analysis thus far performed. We see that there is a hope, 
from a detailed analysis of the line profile, paying particular atten¬ 
tion to the three parameters SL{max), SLimax)/S l(tq 1), AX(max)/ 
AXd, to further fix the conditions within and near the regions of rise 
in Te. Further, we have hopes that we may use the differential 
behavior of the Ca"^ profiles over plages, sunspots, and the normal 
disk to fix the characteristics of the Te structure and distribution of 
opacity in these regions, (cf. E. v. P. Smith, 1960; in addition to 
the discussion by Jefferies and Thomas, 1960). Particularly, we 
hope that we may use the combined behavior of Ca"<“, the Mg'*- lines, 
and Ly-a over the disk as a whole to add information on the be¬ 
havior of the Te gradient in the region of the steep rise, noting that 
we might expect Ly-a, Mg-^, Ca+ to form a sequence of decreasing 
opacity at given height. Thus, we obtain a range of c values from 
these lines. Such efforts are currently in progress as part of the 
source function series cited. 
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Finally, we note relative to our classification scheme of source 
functions, that the collision dominance and photo-ionization dom¬ 
inance must be considered in terms of the ratio from 

Eqs. (4-111) and (9-80), which increases the range of situations over 
which tjB"^ must be considered. 

3. Comment on Ly-a Emission Core Relative to That of 
Ca'’" H or K. The comment echoes that made for Ca"^; viz., one 
cannot neglect the Tc gradient when trying to interpret the Ly-ci: 
profile in terms of atmospheric structure. The details underlying 
it are, however, more readily seen for Lj-a because of our detailed 
discussion of the behavior of hydrogen in various parts of the 
atmosphere. From our discussions in Section 6“inA3 and Section 
9 -nAl we have already estimated that the transition from detailed 
balance to non-detailed balance in Ly-a occurs in a region of rapid 
rise in near ro(Ly-a) ~ lOL We have already mentioned in 
Chapter 4 that Ly-o: falls into the intermediate category of Sl, with 
the relative imporlance of the collisional and photoionizational terms 
being strong functions of Lyman opacity and Te. Indeed, the values 
of hi, 1)2 found in our discussion of the ionization equilibrium of hydro¬ 
gen—Eqs. (4-41) through (4-48) and Pottasch and Thomas (1959)— 
under conditions of del ailed balance in the Lyman lines, toge ther with 
the discussions in Chapters 6 and 9 just mentioned, illustrate this 
behavior in d(d ail. In I,he three regions defined in Eqs. (4-41) through 
(4-48), we hav(^ (in the nolation used there): 

ll(^gion 1: high lo(‘.al opacity in layman continuum: 

Sr.^Bma + M) (9-82) 

llegion 2: (ransfer' problem in Lyman conlimiiim critical: 

Sl -- (I + ^)B'^ (9-83) 

Region 3: P <<C I: 

Sr. ^ eB.CQ/v ( 9 ^ 84 ) 

In the discussion in Chapter 4, we did not, prove that the conditions 
for R(‘gion 3 wm^ aUairKHl while detailed balance in the Lyman 
lines still holds. If d(d,ailed balance fails, we multiply the expression 
for region 3 l)y t-lic^ l‘a(‘;t,or (1 + ? 7 ““KNRB)i, 2 )"“^ thus enter the 
region yvhiwc. 1 ]h‘ t.rarister problem in the lines must be solved. Then, 
we simply procuM'd via l^<(. (4-90) and the various solutions already 
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discussed. Thus, not only the details of the behavior of Sl de¬ 
pend upon the distribution of Te, as in the case of Ca"^; but also the 
character of Sl according to our classification scheme, which differs 
from the case of Ca“^. 

This conclusion can be supported from observations of Ly-a 
itself, in the same manner as we concluded from Siiro ^ 0 ) or 
5L(max) of Ca+ that the isothermal-atmosphere case was inade¬ 
quate. Values of e, rj, and B* can be computed from Eqs. (4-89) 
through (4-91), and have, indeed, already been used in discussions 
in the earlier sections cited above. The greatest uncertainty arises 
from the value of Yi —the intensity in the Lyman continuum—which 
enters linearly in rj and exponentially in B*. The uncertainty arises 
because r ^ 1 at the head of the Lyman continuum comes in the 
vicinity of the steep rise, as we saw in Chapter 6 . From the results 
in Table 6-10 and the accompanying discussion, we would estimate 
6000"^ < TradCv = j^i) < 7000°, 22 < Ti < 26; so the uncertainty in t] 
is small but that in B* is an order of magnitude. We have (see note 
9-4 in Appendix II) 

e 1 X 10-®(10-i'n,) for 1 '< < 4 

7? 4 X 10-5 

B* ^ (2hv^/c^) (e-^5 g-20^ 

Thus e < rj, and for Te > 2 X 10^ For the isothermal 

case, we have the same kind of result as given by Eqs. (9-77) and 
(9-78) for Ca*^, with the change occassioned hy rj > e rather than 
6 > 77 , viz., 

Sl{to -^0 )^ (eSi/rj) 77^/2 (9_85) 

Bx(niax) ^ eSi/r} (9-86) 

The various values of observed for Ly-a seem to be converging 
on a mean” value near 7500° in some kind of an average over the 
central core. If this value corresponds to SL(max), then even if 
ne - 1010, ^ 12 X 10^; if to Siir, ^ 1), Te < 2.5 X 101 And, 

the ratio Sx(max)/Bx(To ~ 1 ) ~ 101 This combination of values 
is completely incompatible with the results in Chapter 6 , and varia¬ 
tions on the model in subsequent chapters. Thus, we again con¬ 
clude that we must discuss a solution of Sl{to) that covers such a 
range of conditions as to permit a coupling between terms describing 
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the gradient in Te and those describing the radiative diffusion. (On 
this point see note 9-5 in Appendix II.) 

As a second comment on Ly-a, we want to emphasize the dis¬ 
tinction between the basis upon which we have here concluded that 
the Te gradient must enter critically in an interpretation of the 
Ly-a profile, and the basis for a similar conclusion by Goldberg (1954), 
which we have criticised (Athay and Thomas, 1956). Goldberg 
bases his conclusion wholly upon the observed narrow profile of 
Ly-a, a total width of the order lA separating regions where Trad < 
4600°. Goldberg’s detailed conclusion is considerably more extreme; 
for he asserts that the Ly-a data require a model of the Woolley-Allen 
prototype, viz., Te constant with height from the top of the photo¬ 
sphere to about 4000 km (with a value ^ 4600°) rising to about 6000° 
at 6000 km, and thereafter rising abruptly to coronal values. On 
the Woolley-Allen kind of model, which Goldberg supports, hydrogen 
is about half-ionized at the 6000° level. 

The fundamental difference between the basis for our conclusions 
and that used by Goldberg lies in our explicit attempt to relate Tex 
to the thermodynamic and opacity structure of the chromosphere, 
and Goldberg’s implicit identification of with T^. Although he 
defines the source function used in his discussion as Bp{Ttx), it is, 
of course, a truism to say that a sharp profile requires a gradient of 
Tqx', so he implicitly identifies T^x with and both with Tjon of 
hydrogen, in discussing the relation between line profile and the 
Woolley-Allen model. We want to emphasize this point here very 
strongly; for the literature is becoming increasingly characterized 
by discussions that start out in terms of an attempt to allow for non- 
LTE effects by expressing results in terms of Tex, Tion, etc., then im¬ 
plicitly identifying either these quantities with the value of Te or 
their gradient with the gradient of To. Although in many cases the 
gradient of does have the same sign as that of this is not at 
all generally true as we have demonstrated in our discussion of 
SrXn; €, t/, B*, 6*). In the particular case of Ly-a, the expressions 
(9-82) through (9-84) are particularly useful to ponder over when 
asking the implications of a narrow profile. 

Further discussion of Ly-a should consist of a detailed analy¬ 
sis of a high-resolution (to something near 0.01 A) profile; we must 
defer this discussion for no such data are available to us. (On this 
point see note 9-5 in Appendix II.) 
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Summary Comments on the Chromospheric 
Model 

R. N. Thomas and R. Grant Athay 


In this naonograph we have discussed the current state of two 
parallel investigations: a development of an analytical methodology 
for the treatment of a gaseous atmosphere in a spectroscopically 
steady, but not necessarily LTE, state, and an analysis of observa¬ 
tional data to infer the thermodynamic state of the solar chromo¬ 
sphere. As outlined in the introductory chapter, this parallel treat¬ 
ment reflects an attempt to test the assertion that non-LTE effects 
are of major consequence in interpreting stellar line spectra, by ap¬ 
plying this methodology to the particular case of the solar chromo¬ 
sphere where the classical approach to stellar atmospheres has led 
to seeming anomalies. Thus a summary of the preceeding nine 
chapters has two aspects to consider: (1) the stage of sophistication 
reached in the development of the analytical methodology, and (2) 
the over-all model that has thus far emerged for the solar chromo¬ 
sphere. 

We have, in Chapter 4, already gone into considerable detail 
on the state of development of the non-LTE methodology, its present 
limitations in terms of unknown cross sections and unexplored ana¬ 
lytical development, and the most promising directions of current 
investigations. In succeeding chapters, we have again re-emphasii!:ed 
each of these points in making specific application of the general 
methodology. Any kind of further detailed summary of the state 
of development of the methodology would seem redundant. We 
only note, in an over-all way, that the severest limitations on the 
theory thus far developed, consequently the immediate directions 
for extension, are fourfold. 

1 . We have neglected terms contributed by the divergence of 
the velocity field in setting up the equations of statistical equilibrium. 
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The neglect is likely to be of most consequence in regions of sharp 
gradients in thermodynamic variables. 

2 . We have not investigated the frequency dependence of the 
source function outside the Doppler core of a line, and its relation 
to the order of the Gaussian quadrature used in the solution to the 
transfer equation. The same is true with regard to the proper in¬ 
clusion of Stark broadening, particularly for the higher Balmer lines, 

3. We must ask how far the ‘'equivalent-two-level-atom” 
approach may be pushed in delineating the terms that are most in¬ 
fluential in Sl lor an arbitrary line. This question is particularly 
important in asking about non-LTE effects in the weaker Fraunhofer 
lines, thus in extending the theoretical background to encompass 
the great bulk of lines treated in conventional analyses of solar and 
stellar spectra to obtain relative abundances of elements. 

4. We must investigate the solution of the non-LTE problem 
in a non-spherically symmetric atmosphere, which emphasizes even 
further the problem of the coupling between radiative diffusion and 
therxnal gradient terms stressed in Chapter 9. Such a solution must 
also underlie a proper treatment of spicules and prominences. 

Our attention in the remainder of this summary chapter focuses 
upon the chromospherici model. In the detailed discussions ac¬ 
companying the analysis of each of the individual kinds of data, we 
have tried carefully to distinguish between uncertainty in derived 
characl,eristics of the model arising from incompleteness in analytical 
methodology, and that arising from incompleteness of data. Such a 
distinction automatically highlights any properties of the model 
that depend only slightly upon the non-LTE effects. In this sum¬ 
mary chapter, we want to draw together the various characteristics 
of the model, implied l)y the several kinds of data, into one overall 
picture, again emphasizing the uncertain aspects in terms of either 
weakness of methodology, or incompleteness of data, or both We 
emphasize four aspects: (1) distribution of Te and mass, (2) distri¬ 
bution of absorbing material, (3) deviations from spherical sym¬ 
metry, and (I) the question of energy supply. With regard to the 
last, we emphasize that we have not tried, in this monograph, to 
identify thc^ non-radiative energy supply, only to establish whatever 
requirements were indicia led by the analysis. We have adopted this 
atti(Aide because, on tlie one hand, we do not feel that the properties 
of th(^ possible systems of non-radiative energy supply have as yet 



378 


PHYSICS OF THE SOLAR CHROMOSPHERE 


been sufficiently well established, either empirically or theoretically. 
On the other hand, we do not feel that computations of the net 
radiative emission have as yet been carried out in sufficient detail 
to balance radiative output against non-radiative input. We believe 
that the approach developed in Chapter 4 via the NRB and il¬ 
lustrated in several places in the monograph offers the best solution 
to the latter problem. 

We summarize the model according to regions of increasing 
height in the chromosphere, each region being characterized by some 
physical property of the region or aspect of the analysis. 

— 500 hii < h < +500 km; 0.02 > n > 10"®; '^Lyc > 10"^ 

This is the region of the sharp solar limb, as observed in the 
optical spectrum. In this region, the distribution of Te is virtually 
unknown to the accuracy we require. We can be certain of two con¬ 
clusions only. First, Te(inm) < 4750®, and occurs somewhere within 
this region. Second, at the top of the region, ~ 6100®. Thus, 
the significant aspect of the thermal structure that we are able to 
establish is a minimal rise of some 1500® above the value that would 
result in the absence of a non-radiative energy input. In conse¬ 
quence, the non-radiative energy supply must already be significant 
at these heights. To say how significant, we require proper solu¬ 
tions of the transfer equation, using correct values of the relevant 
source functions, to provide accurate values of the NRB for all 
spectral regions where radiative dissipation is likely to be of impor¬ 
tance. 

From our summary in Chapter 6, it is evident that the various 
analyses of disk observations of strong lines to suggest inhomogeneities 
in Te within this region are largely inconclusive, as attested both by 
their neglect of non-LTE effects and the contradictory results among 
the several analyses. 

The uncertainty in mass distribution essentially reflects that 
in Te, since our theory for bi of hydrogen in this region shows it to be 
order-of-magnitude unity. The concentration of hydrogen at the 
top of the region seems fairly well fixed at ^1 X 10^^. In the same 
way, the uncertainty in the distribution of opacity reflects the un¬ 
certainty in Te —directly, for the singly ionized metals; and indi¬ 
rectly, through the uncertainty in rie and rii, for the neutral metals. 

To fix more precisely the thermodynamic structure of this 
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region, two kinds of investigations are needed. On the one hand, 
data with good height resolution in the Balmer and Paschen con- 
tinua throughout the entire height range would permit the kind of 
analysis discussed in Chapter 6. On the other hand, an extension 
of the non-LTE theory to the Doppler cores of subordinate lines of 
the singly ionized metals, and outside the cores of the resonance 
lines, will permit the use of high-resolution disk data to cover this 
region. Use of the neutral metals is less promising, for the reasons 
discussed in Chapter 9. 

The use of the CN emission bands may clarify some aspects of 
the structure in this region (Pecker and Athay, 1955; D. V. Thomas, 
1958). At heights of 0, 50, and 400 km (but with large uncertainty 
in these height determinations), D. V. Thomas obtains rotational 
temperatures for the X3883 band of ^7500°, ^5000^, and '--^4500'^, 
respectively, after making rather crude corrections for self-absorp¬ 
tion under the assumption of LTE. On the other hand, Pecker and 
Athay assume that self-absorption is negligible and obtain an out¬ 
ward increase in rotation temperature, starting from a value of 
^4500® at h == 100 km. While Thomas’s data are considerably 
superior to those used by Pecker and Athay, and while he rather 
clearly demonstrates that there is an observable effect from self¬ 
absorption, his rotation temperature of 7500^ cannot be accepted 
without extreme reservation. Such a value for the rotation tem¬ 
perature can occur only if there exists either a radiation temperature 
or kinetic temperature of equal or greater magnitude. No evidence 
for either such temperature exists. 

The absolute intensities in the CN bands provide a further argu¬ 
ment against the 7500^ value. Pecker and Athay found, on the 
basis of our earlier model (Athay, Menzel, Pecker, Thomas, 1955), a 
predicted intensity falling below the observed intensity by a luctor of 
20. Because of the low dissociation energy of CN, a value of Te ^ 
7500® near h = 0 would result in almost complete dissociation, and 
a much larger discrepancy between predicted and observed in¬ 
tensities. It seems to us more likely that the rotation temperature 
lies nearer 4500® at h ^ 0. The problem must be re-analyzed, with 
serious thought given to possible influence of non-LTE effects. 

Because of the uncertainty in height to which D. V. Thomas’s 
work applies, and because of the large probable errors in the rotation 
temperatures obtained by Pecker and Athay, it is difFicult to say 
much from comparison of these results on rotation temperatures of 



380 


PHYSICS OF THE SOLAR CHROMOSPHERE 


CN with Te from the model of Chapter 6. Particularly, this is true, 
because of the uncertainty in the Te model in this region — 500 < h < 
+500. We emphasize only the possibility that further analysis of 
CN, including the possibility of non-LTE populations in the rota¬ 
tional electronic states—and possibly departure from spherical sym¬ 
metry in these atmospheric regions—may give important informa¬ 
tion on this height range. 


500 km < h < 1000 km.; 10^ > TLyc > 10; 10^ > > 10 

In this region, under the assumption of spherical symmetry, 
Te is well-determined, increasing from ^6100® to a value near 8000°, 
where it rises very rapidly to something in excess of 2 X lO'^ in the 
next atmospheric region. The value near 8000° is not well-de¬ 
termined, primarily for two reasons. First, we need a good descrip¬ 
tion of the behavior of the state of the material through the region of 
abrupt rise and immediately above it, in order to tie down the optical 
opacities upon which the theory depends. Second, the existing non- 
LTE theory may require significant correction in the vicinity of such 
abrupt rises in Te and attendant changes in density. There seems 
little question, however, that in the region 1000 to 1200 km, Te and 
its height gradient reach such values that a very steep rise occurs. 

The most significant aspect of this required abrupt rise in Te 
is its occurrence in an analysis of data carried out under the assump¬ 
tion of a spherically symmetric atmosphere, and in precisely the 
height range where emission from helium first appears. This result 
is the really significant modification by the present analysis over the 
results of our preliminary analysis of a few years back. The major 
analytical modification introducing this change is a proper treatment 
of the ionization of hydrogen in this region of large Lyman con¬ 
tinuous opacity. In the preliminary analysis, we simply assumed 
hi = 1. The effect of 6i 1 is a very considerable steepening of 
the gradient of Te everywhere in the region 500 to 1000 km, leading 
to the conclusion of an abrupt rise near 1200 to 1000 km. 

The greatest uncertainty on the values of Te below the region of 
abrupt rise lies in the assumption of spherical symmetry—whether 
there may not be in fact a significant horizontal gradient in Te- If, 
for example, the spicule system is one of superthermic jets traversing 
this region, and if the spacing of the spicules is large compared with 
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their diameter, we should expect horizontal gradients in Te over the 
interspicular region. Within the spicule itself, Te would be strongly 
coupled to the dynamical state of the spicule, so should differ from 
Tc in the surrounding atmosphere. We are currently investigating 
the properties of such a configuration. If, on the other hand, the 
mechanical energy source is distributed more or less homogeneously 
through the atmosphere, and its OAvn structure is not a major perturba¬ 
tion on the thermodynamic state of the ambient atmosphere, we 
might expect a more uniform horizontal distribution of jP«. 

We might hope to explore a differential behavior of the metallic 
lines to investigate such a possible horizontal gradient in Te- Zirker’s 
attempt along these lines (1956) indicates the ambiguities arising in 
the absence of a satisfactory knowledge of non-LTE effects. Thus, 
just as in the question of using disk spectra to supplement the analy¬ 
sis of the next-lower atmospheric region, the primary problem to be 
overcome lies in extending the non-LTE methodology to, and de¬ 
termining the necessary cross sections for, the whole range of sub¬ 
ordinate metallic lines, particularly those of the singly ionized con¬ 
figurations. 

We might expect that the result showing hydrostatic equilib¬ 
rium to be satisfied to the accuracy of the data would give some clue 
to the question of possible inhomogeneity in this region. The fact 
that our earlier, preliminary analysis reached the same conclusion on 
the adequacy of hydrostatic equilibrium, yet gave a considerably 
different distribution of Te, does not in itself indicate the results on 
hydrostatic equilibrium to be insensitive to atmospheric structure. 
As already emphasized, the continuum data by themselves essen¬ 
tially fix only the distribution of and of Uh, the last of 

which provides the test of hydrostatic equilibrium. Only by adding 
the theoretical relation bi(Te,rar) can we infer a distribution of Te 
from these two sets of parameters; the change in distribution of Te 
in the 1 wo analyses reflects the use of this theory for bi to replace the 
assumption bi = 1. Thus, the validity of the condition of hydro¬ 
static equilibrium does give information on homogeneity of atmos¬ 
pheric structure. It states that there is no significantly large mo¬ 
mentum supply in the atmosphere, for h < 1000 km. In particular, 
the non-radiative energy supply, whatever it is, cm contribute only 
negligibly to the momentum balance of the atmosphere. If we were 
to look for such a non-radiative energy supply in the form of a sys¬ 
tem of macroscopic mass"^motion, the velocities associated with the 
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system must be superthermic. The condition of negligible momen¬ 
tum supply thus would require the mass in the system to be small 
relative to that of the atmosphere as a whole. Thus, the presence 
of such a system would give only negligibly small inhomogeneity, 
for h < 1000 km. 

1200 to 1500 km < h < 4000 km; 'r^yc < 10; ^Ly^ < 10^ to 10^ 

As we have already stated, the greatest uncertainty lies in the 
transition from the preceding region to this one; the next greatest 
lies in the gradient of Te within this region. Until the distribution of 
Te in the region above the abrupt rise has been fixed, one cannot de¬ 
scribe the distribution within, and just preceding, the transition region 
because of the strong opacity effects within the hydrogen Lyman 
region. Thus, the procedure is an iterative one, requiring as the next 
step a reasonably good model above the abrupt rise, then a return 
to a re-analysis of the region hnmediately preceding and in the abrupt 
rise. The He spectrum, as analysed in Chapter 7, provides at present 
our only quantitative results on Te in the region above the rise. The 
analysis of Hel suggests ^ 4 to 5 X 10^ in the interspicular com¬ 
ponent, with no indication that presently available data will give a 
value for the gradient of Te from the methodology that has been used. 
A refinement of this determination of Te awaits the completion of the 
wholly self-consistent treatment of the NRB for Hel, discussed in 
Chapter 7. With the results of this solution available, one may ask 
again into the possibility of obtaining the gradient of 7V 

We have made no direct evaluation of Te within the spicular 
component other than the rough estimates from the radio data. 
The presumption is, that Te lies below the upper limit of some 11,000^ 
set by stability arguments. It would appear that a deteiinination 
of Te within the spicular component must await the development of 
an approach to treating the spectroscopic state of whatever kind of 
an aerodynamic configuration the spicule represents. 

A direct determination of conditions within and near the rise, as 
well as the gradient of Te in this atmospheric region above the rise, 
may result from current attempts at the analysis of the Ca+, Mg+, 
and Ly-o! of hydrogen self-reversed emission cores. An analysis 
of the Ca"’" material is also of particular interest with respect to the 
possibility of more directly determining the details of the inhomogene¬ 
ous structure in this height range 1200 to 4000 km. W^e have already 
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commented on this possibility for the use of the early Balmer lines, 
in Chapter 9. That is, we note that the emission from the spicules 
in the next height range, h > 4000 km, consists essentially of lines 
from He, Ca+, and the early Balmer lines, and that the thermal struc¬ 
ture of the spicules in this height range presumably lies close to that 
of the He-emitting component at < 4000 km. We also obtain 
Balmer and Ca+ emission from the non-He-emitting component at 
the lower heights. Thus, a theoretical discussion of the expected 
emission from the ‘‘hot” and “cold,” and possibly “diffuse” and 
“dense” components may clarify the inhomogeneous structure. In 
this connection, as we have already emphasized in describing the 
spicule observations above 4000 km in Chapter 3, it is not at all 
clear that the spectroscopic state can be treated wholly removed from 
considerations of the aerodynamic (including of course hydromag- 
netic) configuration. 

The most important structural question to be clarified in this 
atmospheric region [and this also bears heavily on the question of 
the non-radiative energy source(s)] is that of the significance of the 
cooler component. Do we identify it with the spicules observed at 
h > 4()()0 km? If vso, do the spicules extend downward into the re¬ 
gions h < 1200 km, having the character of supersonic jets, as we 
suggested several years ago [Thomas (1948a, 1950c)]? Or, do the 
spicules somehow originate in the region of abrupt rise in Te, reflecting 
the radiative instalyility of this region? We recall that our original 
suggestion (Athay and Thomas, 1956) on the onset of the abrupt rise 
in associated willi the instability was offered as an alternative to 
Parker’s suggestion (1953) that the instability resulted In a collapse 
of material to a (X)nfigu ration of higher density, possibly associated 
with formation of a prominence. If we could show that such a col¬ 
lapse migh t occur in at least part of the material, and result in an out¬ 
ward acceleration cither directly or by coupling with some o ther phe¬ 
nomenon, we might have a possible origin for the spicules in this region 
of instability. We would then have a natural division into two 
chromospheric components according to the reaction of the material 
to the onse t of instability; ei ther an abrupt rise in Te and a quasi-static 
configuration, or a collapse to increased density and an outward ac¬ 
celeration, These remarks are wholly speculative, intended only to 
focus attention on tiie apparently-simultaneous onset of inhomo¬ 
geneity and abrupt, rise in Te- We also note, of course, that the 
apparent onset of inhomogeneity may simply reflect a rapid drop in 
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density of the interspicular mediura, thus an increased relative mass 
in the spicule component. Such a drop in density must accompany 
the abrupt rise in Te, unless justification for an outward increase in 
pressure is introduced. These alternatives on the kinematic con¬ 
figuration of the spicules, and their relation to the non-helium- 
emitting regions below h > 4000 km, must be investigated in detail. 


h > 4000 km 

The observational characteristic defining this region is the 
concentration in spicules of all line emission found in the visible spec¬ 
trum—with the exception of that from highly ionized metals, which 
is usually associated with the corona. Our fixing the boundary of 
this region at /i ^ 4000 km is somewhat arbitrary. From the dis¬ 
cussion in Chapters 2 and 3 based on Dunn’s extensive observations, 
one can only say that the region probably does not extend as low as 
3000 km and rarely begins above 4000 km. Although it has occasion¬ 
ally been asserted that the structure of the spicules differs when 
viewed in different lines—thus raising the possibility of a less-simple 
division than spicular and interspicular regions—our own observa¬ 
tions summarized in Chapter 3 lead us to conclude that there is no 
observable difference in the spicule structure observed in H, He, and 
Ca+. 

There are two aspects to a characterization of the thermal struc¬ 
ture of this region: Te within the spicules, and the relative Te be¬ 
tween spicular and interspicular material. In a rough way, the 
similarity of emission from spicules and from what we have identi¬ 
fied as the He-emitting regions at /i < 3000 to 4000 km leads us to 
infer a similar thermal structure for these two regions. We have 
summarized in Chapter 3 the direct attempts to infer Te in the 
spicules, which lead to the same conclusion, that Te = 4 to 5 X lO'^ °K. 
Without detailed observations of the coronal-line emission with good 
height resolution, or without observations in the “rocket” ultra¬ 
violet, we cannot proceed to a direct quantitative evaluation of Te in 
the interspicular medium. Our summary in Chapter 2 suggests 
that the emission from FeXI extends as low as 7000 to 8000 km, 
much lower than previously accepted; we would only raise the ques¬ 
tion whether, indeed, it extends to the boundary of this region 
h > 4000 km. These are the only quantitative data available. 

For completeness we should note here that the question as to 
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wliclher the self-reversed profiles of strong lines refer only to the 
emitting region and not to the enveloping medium is not completely 
set,lied. The viewpoint we have adopted in Chapter 4 and Chapter 9 
would interpret these self-reversed cores as coming wholly from the 
rt'gions of low optical depth at the outer boundary of the emitting 
1 ’t‘gions—i.e., the spicules in the present instance. Michard (1959) 
argues that the asymmetry of the self-reversed cores suggests that, on 
the contrary, a better first approximation is to choose a constant 
source function within the spicule and attribute the self-reversed cores 
t o tlu' enveloping medium. He is then led to a Woltjer-type model 
(1951) of ‘hot’ spicules in a ‘cold’ medium. It is our conjecture-— 
hop*^ is maybe a better word—that when the source-function theory is 
<^xt ended to the case of an atmosphere with differential velocity gra¬ 
dients, siu'h an asymmetry will result. (See further note on this 
point, in Appendix II.) If we adopt Michard’s arguments, we are 
loft with the choice as to whether ‘hot’ or ‘cold’ refer to excitotion or 
to a<4.ual electron temperature. We have difficulty reconcilmg t e 
fornuu- al t emat ive with the direction of change in T„ found m Chapter 
9 —we would, rather, expect a higher I'm in the interspicular medium. 

In Ihe latter case, it is hard for us to understand the lack of emission 
in some line mimicking the spectrum found at lower heights, which 
spans I,he range in 1\ from -5000“ to 4 to 5 X 10^ From the stand¬ 
point of physical continuity, it is hard to see how the great mass of 
iiuiterial would show a minimum of T, in this region. That is, we 
Iiave eslablished that the He-emitting component occupies most ot the 

arca,ut/i < 4 ()()() km, midhas r.~4to5 X 101 In the corona, most 

of the material has lying above this value Thus, were mto- 
spicular inat(>rial cold relative to the spicular, n must s^^w this 
ndnimum, at. heights in the 4000 to 6000 km range. Very candidly, 

1 1,CSC argunu'nls for a cold interspicular medium seem to us mainly 
hohloviws from main thesis of the Woolley-AUen model, viz., that 
7’ in t he, giTat mass of the chromospheric material must remain low up 
t < I hei-h t,s h ^ 6000 km. Our discussion of the ionization equ^^u 
«,f hvdro-en removes the physical basis upon which the model was 
h-isi'd Our analysis of the continuum to obtain the general char- 
of the T gradient in the low chromosphere destroys the em- 
. 1,.S L ai-T™* mamtamaaoe af a photosphere r to any 
’;.miii<-mt height ‘ Our analysis of the He spectrum in Chapter 7 
r„t .hc n..! Hgher vd„ee r ^ » pred— 
jxirtion of the chromosphere at qmte low heigh . 
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find it difficult to support any belief that the interspicular medium 
above h ~ 4000 km has a Te lying helow the value characterizing 
the “helium” plateau, and thus a lesser Tc than in the spicule. We 
wouldhowever emphasize that we recognize the burden of the |)ro()f to 
lie on the source-function theory, extended to the case of (lill'enuitial 
velocity fields, to meet Michard’s points on the observed asynuiuMric 
self-reversed cores. 

The distribution of mass and opacity in Imth spicular and inter¬ 
spicular media are even less certain than that of 'l\. Mainly, the 
uncertainty centers about the dynamic structure of the spicules, and 
their relation to the general coronal structure. Two sample calcula¬ 
tions illustrate the point. In both, we use the general result that the 
material density in the spicule seems to be reasonably well fixed at 
Uh Up ~ 10^^ at heights of 4000 to 60001cm. 

Krst, we note that although spicules occupy less than 1 irercent 
of the solar surface, their contribution to the coronal sl.racture still 
remains to be properly assessed. The outward proton flux in spicules 
is AsNsTipV. From Chapters 3 and 7, we take for the 40()0-km 
level the values: spicule area, dg 3 X 10“ cm®; number of spicules, 
ATg ~ 5 X 10^; Up ~ 2 X 10“; V ^ 30 km s(;c“h Thus, the out¬ 
ward proton flux at this level is ~10®* protons sec~'. The total 
number of protons in the corona is of order '^10^®; thus they could 
be entirely replaced by protons from spicules in about 3 hours. We 
have computed only the outward-moving component; spicule ob¬ 
servations show that about half of the spicules eventually move 
downward, indicating that much of this material returns directly to 
the chromosphere. Nonetheless, the role of spicules in the coronal 
mass balance must be investigated. 

Second, in discussing the region h < 4000 km, we hav(^ sum¬ 
marized the choice between spicules as phenomena arising near the 
1500-km level, where material densities are of the onhu- 10" to I0‘®, 
and spicules as phenomena arising at lower regions, where material 
densities are much higher. If, for example, spicules origiiml e below 
the base of the chromosphere, where Uh ~ 10“, we mmst find some 
mechanism permitting a density decrease by a factor KK’ to rt'ach 
Uh ~ lO^'^ at the 4000-km level. Either the spicuhi vohmiK' must, 
expand by a factor 10®, or all but a fraction lO"® of tlu' atoms must, 
be lost by diffusion. 

These two computations illustrate the intimate relation between 
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the problems of ongm and structure of the spicule, and the relation 
of the spicule to the mass balance of the upper chromosphere, lower 
corona. A third illustration arises when we ask into the details of 
the transition from the value T, < 11,000° characterizing the non- 
hehum-emittmg regions below h ~ 4000 km to the value T ~ 4 to 
5 X 10^ characterizing the spicules for h 5- 4000 km. The transi¬ 
tion is either induced by some dynamic property of the spicule which 
requires a rise in '1\ at these heights, or by a heating of the spicule 
associated with its passage through the atmosphere (the same dif¬ 
fusion mechanism by which spicule atoms may heat the atmosphere 
if V is superthermic). Again, the problem has as yet not been in¬ 
vestigated ; its solution must give information on both mass and energy 
balance between spicule and atmosphere. 

Thus, this monograph closes on a note characterizing our first 

inquiry into non-LXE effects in the chromosphere some years ago_ 

the relation between spicules and chromospheric structure, indeed_ 

between spicules and the structure of the whole outer solar atmos¬ 
phere. It must be admitted that we have not made a great deal of 
progress on the answer to this particular physical question. Indeed, 
we have not even resolved satisfactorily the basic assumption from 
which we started tliosi! early investigations—that spicules are the 
non-radiative energy supply for the chromosphere. We have made 
progress in developing an analytical methodology which will help 
answer these (luestions. We have determined considerably more 
satisfactorily the thermodynamic state of the atmosphere enveloping 
the spicules, for h < 4000 km. We have linked the spicules to the 
question of ihe steep gradient in the low chromosphere, but have 
been unable to sp('(‘i(y whether this link arises from the spicules as 
the non-radialive (uu-rgy source producing the gradient, or whether 
the spi(!ules originate' in some association with the jump in Te climax¬ 
ing this slra'p 7’„ gradicml . We would only emphasize that, although 
the corona manifests itself as a more sweeping phenomenon than the 
chromosj)h('r(', and the prominences as more spectacular phenomena 
than (h(* sj)ieules, w(^ believe the key to the structure of the outer solar 
atinosph(U’(', including the corona, lies in the combination chromo- 
spher(vsi>ieule.s, (\\ (‘ii though we do not know which is the cause and 
whi(!h is the eflect. 



Appendix I 

R. Gba-nt Athay 


I. Continmim. at X4700 


At each point in a slitless spectrogram the intensity of the 
continuum results from the contribution of all the overlapping mono¬ 
chromatic images. Each such image is a ring of light, of which the 
moon’s limb fixes the inner boundary, and the radial extent of the 
corona fixes the outer boundary. Thus, each point on the spectro¬ 
gram receives light from both sides of the sun as well as from numerous 
images of one side of the sun. The different solar images correspond 
to different wavelengths and different heights above the limb with 
the scale set by the observed size of the solar image on the spectrum. 
Thus we may express the total continuum intensity at >4700 as 


Et = [ f S>Edy dx{\) + r [ dy dx'{\) (A-1) 


where subscripts E, W refer to east and west limbs of the sun. In 
practice, we may introduce some simplifications. Certainly points 
more than a solar diameter above the limb contribute little. In our 
spectrogram, a solar diameter corresponds to a difference in wave¬ 
length of about 150 A, over which range neither Sx nor E\ varies 
siguificantly at X470O. Thus, we may safely ignore the wavelength 
dependence in Eq. (A-1). 

In order to reduce errors arising from local film irregularities, 
the continuum intensities were also measured at X440() and XdlOO, 
and corrected by a constant factor to give best agreement with the 
intensities at X4700. The three sets of data were accordant at all 
heights, and the averages of the three intensities at each height were 
taken as the final data. 

To use the continuum data at >4700 we must aciparaie the 
contributions from the two limbs of the sun. The telluric absorption 
bands in the infrared regions of the spectrum furnish a straight¬ 
forward means for accomplishing such separation. These bands, 
which appear as absorption rings, affect the emission from only one 
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side of the sun at a given point on the spectrum. Figure A-l(a) 
represents a inicrodensitometer tracing through the O 2 band at 
X7596. The intensities in this band eae measurable over the height 
range from about 3000 to 48,000 km relative to one limb of the sun. 
At these heights, electron scattering is the source of the continuum 



Fig. A-1. The terrestrial O 2 band at X7596 showing (a) the difference in the 
absorption at the two limbs of the sun and (b) the band profile at several 
heights. 

(cf. Chapter 5). In consequence, Ee/Ew is independent of wave¬ 
length and a value of EeJEw determined at X7596 may be used at 
X4700 without danger of systematic error. 

At each wavelength in the band let k be the percentage terrestrial 
atmospheric absorption. Now, if we replot a tracing of the con¬ 
tinuum on a scale such that the maximum is equal to unity, on both 
sides of the absorption bands, we have the equations 
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kEw + Ee = Ea (A-2) 

Ew "f“ EEe = Eh (A-3) 

Ew Ee == 1 (A-4) 

which yield the solution 

Ee/Ew - (1 - Eh)/{1 - Ea) (A-5) 


In theory, the measurements of Ea and Eh require corrections for 
lack of resolving power, for incomplete absorption away from the 
band head, and for finite width of the coronal source. 

Figure A-l(b) exhibits band profiles for one limb of the sun at 
five heights between 3000 and 46,000 km. At four of these heights, 
including the two extremes, the band profiles show the same ratio 
between absorption at the band head and integrated absorption. 
The one exception shows an obvious defect in one side of the band 
that accounts for the discrepancy and lies in the opposite sense from 
that expected from the effect of a change in resolving power. We 


Table A-i. Continuum Intensities* X4700 


Height, log 

km {Ee "f" E!w) Ee/Ew 

log 

Ee 

Height, log 

km (Ee -{■ Ew) 

Ee/Ew 

log 

Ee 

-120 

3.44 

— 

3.44 

1,980 

1.69 

_ 

1.57 

-10 

3.28 

— 

3.28 

2,250 

1.64 

— 

1.51 

100 

2.72 


2.72 

2,520 

1.68 

— 

1.55 

310 

2.12 

— 

2.09 

3,060 

1.58 

2.60 

1.43 

530 

1.91 

— 

1.85 

3,870 

1.61 

2.47 

1.46 

640 

1.87 

___ 

1.80 

4,680 

1.55 

— 

1.38 

750 

1.76 

— 

1.69 

5,400 

1.58 

1.90 

1.40 

850 

1.80 

— 

1.72 

6,300 

1.58 

1.59 

1.37 

960 

1.76 

— 

1.67 

22,500 

1.54 

1.03 

1.25 

1,070 

1.75 

— 

1.66 

28,400 

1.40 

0.92 

1.08 

1,180 

1.73 

— 

1.63 

39,100 

1.48 

0.80 

1.13 

1,280 

1.65 

__ 

1.54 

45,300 

1.48 

0.83 

1.14 

1,390 

1.69 

— 

1.58 

46,100 

1.51 

0.72 

1.13 

1,500 

1.67 

— 

1.56 

46,900 

1.56 

0.63 

1.15 

1,610 

1.61 

— 

1.49 

47,700 

1.60 

0.64 

1.19 

1,750 

1.64 

— 

1.52 

48,500 

1.60 

0.61 

1.18 


* Intensities are in ergs sec'^ fretiuency^ from a slice of chromosphere 
and corona 1 cm wide. 



APPENDIX I 


391 


conclude, therefore, that for our purposes the absorption at the band 
head is proportional to the integrated absorption, and we may use 
Ea and Ej, to separate the contribution from the two limbs of the 
sun without further correction. Ee is tabulated in Table A-1. 

11. Balmcr Coiitinxmm and Line Data for a Normal Chromo- 
splierie Region 

Data tabulated in Tables A-2 through A-12 are fully explained 
in Chapter 2. 


Table yl-2. BahricH' (‘lontiriiiurn Intensities*" (logio E) 


X 


Height, km 

3640 

3600 

3550 

3500 

-^10 

2,57 


— 

— 

40 

2.64 

— 

— 

— 

80 

2.57 


— 

— 

100 

2.65 

2.74 

2.80 

2.80 

150 

2.39 




190 

52 

— 


— 

260 

2.56 

— 


— 

300 

2.48 


— 

— 

530 

2.42 

2.38 

2.40 

2.31 

640 

2.26 

2.33 

2.08 

— 

750 

2.2‘t 

2.22 

2.18 

2.02 

850 

2.04 

2.24 

2.25 

1.92 

960 

2.03 

2.01 

1.94 

1.82 

1070 

1.80 

1.65 

1.58 

1.64 

1180 

1.75 

1.67 

1.62 

1.62 

1280 

1.59 

1.51 

1.46 

1.51 

1390 

1.51 

1.44 

1.41 

1.40 

1500 

1.44 

1.43 

1.43 

1.41 

1610 

1.30 

1.43 

1.37 

1.35 

1730 

1.26 

1.20 

1.21 

1.17 

1820 

1.18 

1.25 

1.19 

1.19 

19:i0 

1.18 

1.17 

1.13 

1.20 

20t() 

0.96 

1.07 

1.00 

0.98 

2150 

0.88 

0.93 

0.81 

““-™ 

2260 

0.78 

0.88 

0.72 

0.71 

2400 

0.52 

0.70 



^ Interisith'.s an* in ergs .see“"^ 

fV<H(U(‘rie,v.' 

^ for a slice of c.lirom().sj)h(M’<^ 


\vi(l(*. 
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Table PascFen-Line Intensities (logio-EJfc — 10) 
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Table A-6b. Oxygen and Ca+ Line Intensities (logio E! ~ 10) 







Height, km 


X Ion 

100 

530 

640 

750 

850 960 1070 

1180 1280 1390 

7772 0 

4.99 

— 

4.52 

4.56 

4.23 ~ 

4.12 3.98 3.83 

7774 0 

4.94 

— 

4.34 

4.41 

— 4.10 — 

3.99 — 3.76 

7775 0 

4.73 

4.23 

4.30 

4.24 

__ 3.94 

3.83 — 

8498 Ca+ 

5.37 

4.22 

— 

— 

— 4.56 — 

4.36 4.45 4.25 

8542 Ca+ 

5.50 

4.21 

— 

— 

— — — 

— — '4.73 

8662 Ca+ 

5.07 

4.80 

4.73 

4.77 

— 4.50 — 

4.45 4.51 4.49 

3968 Ca+ 

— 

__ 

6.12 


— — 6.01 

™ — 


Height, km 

1500 1610 

1750 

1980 

2250 

2520 

3060 3870 4680 

5490 6300 iS'XlOs 

3.82 3.71 

— 

3.55 

3.59 

— 

2.91 2.30 ~ 

— — 1.6 

— __ 

— 

3.46 

3.44 

— 

2.67 — — 

— — 1.6 

— — 

— 

3.53 

— 

3.13 

- - - 

— — 1.4 

3.99 3.96 

— 

3.90 

3.80 

3.71 

3.02 2.45 0.03 

— —• 1.7 

4.75 4.52 

— 

4.38 

4.40 

4.23 

— 3.29 0.80 

— — 1.8., 

4.31 4.31 

— 

4.09 

4.16 

3.76 

3.46 2.84 2.36 

— — 1.8 

5.81 ~ 

5.81 

— 

— 

— 

5.39 5.21 — 

4.66 — 0.7 

III. Continuum and Line Data for tie 1952 Active Region of 

Chromosphere 






The tahulation of data 

in. Tables A-7 through A-12 are explained 

m Chaptei 

• 3 and Section I of the Appendix. 


Table A-7. 

Continuum Intensities, X4700^ 


Height, 

log 

E 

wIEe 

log 

Height, log 

Ew/Ee log 

km (Ee + Ew) 


Ew 

km (Es + Ew) 

Ew 

400 

1.91 

>10 

1.91 

4,590 1.77 

3.0 1.65 

510 

1.84 

>10 

1.84 

5,400 1.77 

2.6 1.63 

620 

1.79 

>10 

1.79 

11,600 1.76 

2.1 1.59 

810 

1.80 

>10 

1.76 

22,300 1.60 

2.0 1.42 

1,620 

1.80 


-7 

1-74 

28,200 1.69 

1.4 1.46 

2,160 

1.78 


5.5 

1.71 

44,400 1.70 

0.7 1 32 

2,970 

1.76 


6.2 

1.68 

45,200 1.67 

0.7 1 29 

3,780 

1.78 


4.8 

1.68 

46,000 1.71 

0.7 1.33 


sphere and corona. 
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Table A-8, Balmer Lines (log E — 10) 

Height, krn 


Line 

290 

400 

510 

620 

810 

1350 

1620 

2160 

4590 

X 10« 

1 Lje 


- 

6.12 

5, 

98 

6 

.11 

- 

- 

- 


5. 

96 

5.76 

5.33 

0 

45 

11/3 

~ 

- 

6.01 

5. 

97 

6 

.04 



- 

— 

5. 

80 

5.52 

5.19 

0 

45 

Ht 

- 

— 

5.87 

5. 

78 

5 

.83 

- 


- 

_ 

5. 

64 

5.40 

5.04 

0 

46 

H8 

5 

60 

— 

5. 

18 


— 

5. 

25 

5 

11 

5. 

10 

— 

_ 

_ 

_ 

H9 

5 

39 

— 

4. 

98 



5. 

01 

4 

83 

4. 

64 

— 

_ 

0 

8 

HIO 

5 

25 

— 

4 

85 


— 

4. 

86 

4 

61 

4 

47 

— 

_ 

0 

8 

Hll 

5 

06 

— 

4 

76 


— 

4. 

61 

4 

50 

4 

38 

_ 

_ 

0 

8 

HI 2 

5 

07 

— 

4 

73 



4 

55 

4 

45 

4 

32 

— 

_ 

0 

8 

im 

5 

01 

— 

4 

65 



4 

58 

4 

40 

4 

28 

— 

_ 

0 

8 

H14 

4 

87 

— 

4 

55 



4 

49 

4 

26 

4 

08 

— 

_ 

0 

9 

H15 

4 

70 

— 

4 

48 


— 

4 

29 

4 

13 

4 

01 

— 

_ 

0 

9 

1116 

4 

56 

— 

4 

38 


— 

4 

19 

4 

03 

3 

96 

— 

— 

0 

9 

H17 

4 

.46 

—- 

4 

27 


— 

4 

13 

3 

90 

3 

82 

— 

_ 

0 

9 

HI 8 

4 

.40 


4, 

.19 



3 

.98 

3 

.80 

3, 

.74 

— 


0 

.9 

H19 

4 

.35 


4 

.25 



3 

.93 

3 

.75 

3, 

.65 

— 


0 

.9 

1120 

4 

.25 


4 

.10 



3 

.79 

3 

.71 

3 

.70 


— 

1 

.0 

H21 

4 

.18 


4 

.03 


— 

3 

.85 

3 

.61 

3 

.56 

,— 

■ — 

1 

.0 

H22 



. 

3 

.96 


— 

3 

.70 

3 

.53 

3.46 

— 

— 

1 

.0 

H23 


- 


3 

.95 


— 

3 

.69 



3 

30 



1 

.3 

H24 




3 

.77 



3 

.59 



3 

21 

— 


1 

.2 

H25 




3 

.78 



3 

.57 



3 

.13 



1 

.3 

H26 




3 

.71 



3 

.47 



3 

.11 


—, 

1 

,2 

H27 




3 

.60 



3 

.32 



2 

.98 


__ 

1 

.3 

H28 




3 

.54 


— 






— 

— 

—.. 


_ 


Table Pusdn^ri Lines (log E — 10) 

Height, krn 




lane 

180 

290 400 

510 

810 

1620 

2160 

2970 

3780 

4590 

X 10« 

1114 

3.<)0 

3.82 3.70 

3.48 

3.54 

3.32 

3.17 

2.97 

2.69 

2.53 

0.65 

1116 

3.79 

3.73 3.46 

3.43 

3.48 

3.12 

2.97 

2.79 

2.43 

2.30 

0.67 

1117 


3.55 3.26 

3.44 

3.26 

3.15 

2.87 

2.61 

2.34 


0.74 

1118 


3.49 

3.11 

3.05 

3.01 

2.82 

2.55 


— 

0.74 

H19 

. 

3.34 


3.13 

2.90 

2.68 

2.50 

— 


0.76 

1120 




3.11 

2.80 

2.61 

2.44 



0.74 

1121 




2.79 


2.53 




— 

1122 




2.61 


2.40 



— 


1123 




2.49 


2.47 





1124 




. 


2.20 






or; .. __ .. o 
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Table A~iT Metal Lines (log E — 10) 


Height (kni) 


/ 3 ' 


X 

Ion 

400 

510 

620 

810 1620 

2160 

2970 

3780 

X io» 

4227 

Cr 

4.19 

4.12 

4.00 

4.02 3.40 

— 

_ 

_ 

1.5 

4290 

Cr 

3.76 

3.72 

3.61 

3.58 2.98 

— 



1.3 

4275 

Cr 

3.68 

3.63 

3.52 

3.42 3.00 

— 

— 


1.3 

4254 

Cr 

3.71 

3.73 

3.56 

3.52 3.08 

— 

— 

— 

1.3 

5169'^ 

Fe 

4.24 

4.18 

4.04 

3.44 3.46 

3.14 

2,49 

_ 

1.4 

43B4 

Fe 

3.93 

3.81 

3.71 

3.75 3.20 

2.96 

— 


1.3 

4272 

Fe 

3.50 

3.60 

3.29 

3.25 2.76 


— 


1.4 

4072 

Fe 

3.57 

3.47 

3.36 

3.24 2.90 

— 

— 


1.3 

4064 

Fe 

3.69 

3.61 

3.48 

3.35 2.97 

— 

— 

— 

1.3 

4046 

Fe 

3.88 

3.74 

3.72 

3.63 3.16 

— 

— 

— 

1.3 

5018 

Fc“^ 

4.14 

4.15 

4.06 

3.83 3.52 

3.08 

2.87 

— 

1.3 

4924 

Fe"^' 

4.07 

3.99 

3.93 

3.62 3.28 

2.89 

2.56 


1.5 

4584 

Fe-^ 

3.64 

3.61 

3.38 

3.01 — 

— 

— 

— 

— 

4233 

Fe/ 

3.78 

3.63 

3.48 

3.58 2.93 

— 

— 

— 

— 

5184 

Mg 

4.46 

4.61 

4.43 

3.58 3.98 

3.49 

3.41 

— 

1.0 

5173 

Mg 

4.25 

4.45 

4.17 

3.49 3.92 

3.56 

3.13 


1.1 

5167^> 

Mg 

3.92 

3.91 

3.82 

3.26 3.37 

3.26 

2.62 

— 

1.2 

4034 

Mn 

3.37 

3.15 

3.11 

2.99 — 


— 

— 

— 

4033 

Mn 

3.39 

3.33 

3.27 

3.08 — 



— 

1.8 

4031 

Mn 

3.51 

3.48 

3.35 

3.19 2.58 

— 

— 

— 

1.8 

4247 

S</ 

3.96 

3.87 

3.74 

3.90 3.19 

— 

— 

— 

1.4 

4215 

Sr' 

4.42 

4.35 

4.22 

— 3.69 

3.57 

3.03 

2.64 

1.2 

4078 


4.58 

4.41 

4.35 

4.37 3,86 

3.71 

3.33 

2.82 

1.1 

43<)5 

Ti' 

3.88 

3.89 

3.74 

3.81 3.22 


— 


1.4 

1.300 

Ti' 

3.74 

3.70 

3.63 

3.54 2.99 


— 

— 

1.4 

4294 

Ti' 

3.54 

3.51 

3.41 

3.27 2.79 


— 


1.4 


» Bliuid with . 
Blend willi Fe.. 
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Appendix II: Chapter Notes 


Chapter 4 


1. The significance of these two sets of compulations, and 
those in Table 4-3 for a thick atmosphere, comparing the effect of 
ignoring and including collisional excitation from levels other than 
the lowest, seems to be largely overlooked in the literature (cf., e.g., 
de Jager, 1959.) The smallness of the change in the 6* indicates 
that for the chromospheric range of 7’,., and radiation field, excita¬ 
tion out of the second level comes essentially only by radiative pro¬ 
cesses. Only if a considerable increase in n,, or a considerable drop 
in radiation field, occurs might we expect collisional excitation from 
the second level to be of importance lor hydrogen. Thus, on the one 
hand, the original discussion underlying Table 4-3 suggested that 
an increase in rie of something like a factor 50 would Ise required, 
})Ut uncertainty in cross sections makes the factor uncertain. On 
the other hand, when considering the “dilute” radiation field in such 
objects as planetary nebulae, neglect of collisional excitation from 
(fie second level can be serious. Thus, in the original discussion 
underlying Table 1-3, we have criticized as physically unrealistic 
case B of the Planetary Nebulae series treated by Menzel and co¬ 
workers; for il,s assumptions of detailed balance in the Lyman lines, 
no lialmrir radiation field, and neglect, of Balmer collisional excita- 
tioirs leavc's rro (rxil, from the second level. Again, this point seems 
to havrr htuvtt overlooked, except in the recent work by Pottasch 
(19606). 


(ihupter 6 


1. We do rtol, hrrr-e go into the problem of the various dis¬ 
crepancies report,(id itr the liter-aturc for local departures of the em- 
(rii'ically infeerred absorption ccoefficicait fronr the valitcr given by li- 
alone. Pica-c^e. and Waddell discuss some of these prolrlems in the 
visual rcjgion. Conclusions on the requiremeirt of an additional 
opacity sourcse in the ultraviolet region, beginning at aborrt X4000, 
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do not seem at this time to be in complete agreement on either re¬ 
quirement or interpretation for an additional opacity source. We 
simply note the presence of these uncertainties. 

2. Pagel has kindly communicated, in advance of publica¬ 
tion {Astrophy^, J., in 1961, in two papers), the results of a current 
attempt to tie down more definitely the distribution Te(h) in the 
region at the limb and up to about 500 km. To the material dis¬ 
cussed here he has added other eclipse data, particularly that by 
Kristenson from the 1954 eclipse, which has a very fine height resolu¬ 
tion in just the atmospheric region where the HAO material is 
scanty. Pagel attempts to delineate the range of model permitted 
by these data, concluding that the most likely result on Te (min) is a 
value 4300'^ db 100° near rsooo ^ 0.007, provided that there exists 
no significant departure of the H~:H ratio from the Saha equation 
value in this atmospheric region. 


Chapter 9 


1. A very interesting investigation by J-C. Pecker and J. 
Lefevre has been reported at the Varenna Symposium, and kindly 
communicated to us in advance of publication, bearing on this ques¬ 
tion of separating non-LTE effects from effects arising from departure 
from spherical symmetry of the atmosphere. In the cited investiga¬ 
tion of the empirical source functions of the early Balmer lines, by 
Athay and Thomas (1958), we found that the separate curves 
Tex(r, or N 2 ) determined for each line from limb-darkening data, 
did not lie parallel (cf. Fig. 4 of the paper). We discussed these 
results from the standpoint of the question of whether or not Tox 
could be assumed to be the same for all lines—noting, but not in¬ 
vestigating, that effects of the absence of spherical symmetry had 
been neglected. Lefevre and Pecker have attempted to push further 
the empirical investigations of non-LTE effects in the metallic lines 
(summarized in Section 9-IIIA2) in progress at Meudon, and have 
found precisely the same effect for these metallic lines that we found 
for the Balmer lines. They have, however, attempted a quantitative 
interpretation of the effect in terms of departures from spherical 
symmetry; the interpretation leads to a preliminary estimate of the 
size of the “elements.” Their results suggest that a reanalysis of the 
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material on the early Balmer lines might be profitable, along the 
lines adopted by them for discussing the metallic lines. 

2 . The sensitivity of the method of analysis followed by Mrs. 
Pecker to the initially assumed model, T^ih), should he explicitly 
emphasized. The numerical results of her initial calculations, lead¬ 
ing to the large values mentioned in Chapter 9 , were based on our 
1955 model, obtained from the continuum analysis., She emphasized 
to us that when a model having a steeper gradient in Te was adopted, 
the derived values of dropped, thus suggesting that our 1955 
model had the wrong 7’, gradient if these various results on Ni(h) 
were to be reconciled. And, indeed, our revised model in Chapter 6 
gives precisely this direction of change in gradient of T,. I emphasize 
again that the revision of the model results from a coherent theory 
for bi and 62 , with the theory emphasizing and clearly pointing out 
just where this sensitivity of ha to T, lies. But I also emphasize 
that this “coherent theory” was developed later, in a region where 
our original “insight” told us that large optical opacity made such a 
theory unnecessary because non-LTE effects would be negligibly 
small. Only because of several clear-cut contradictions, such as that 
just mentioned above by Mrs. Pecker and that stressed earlier by 
Zirker, resultnig from looking at an analysis of the data from alter¬ 
nate directions and requiring the same result, were we forced into the 
rediscus,sion of the theory. I stress this point here, because while we 
certainly need more data, it is not at all clear to mo that we have 
exhausted the clarification of insight that is still po.ssible Ifom exist¬ 
ing data, particularly on the metals, and also on hydrogen in the non- 
homogouieous regions of the chromosphere. 

3. I would emphasize here that this conclusion on the source 
function for Cu+ H and K comes from treating each line as if it 
cam<' from a (wo-l(ivel atom, neglecting the coupling between the 
two upper levt'ls. This neglect of coupling betweeir two levels, 
whose s('paralion is so minute, is not at all consistent with the as¬ 
sumptions mad<i at. the outset of the original numerical calculations 
on hydrogen: that, a Boltzmann poprdation (thus, equality of the 
bk) would be maint.ained among l.he substates of a given principal 
epnmtum number by the effect of collisions. Thus, both these ap¬ 
proaches, .qtplied severally to Ga+ and to hydrogen, cannot he right; 
and 1 would think t hat, the error lies in too literal an extension of the 
two-level atom results, in being flushed with the enl.husiasm of having 
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such a nice algebraic result to work with. The situation emphasizes 
the need to extend the discussion of the effect of additional levels, 
possibly along the lines of the “equivalent two-level atom” proposed 
in Chapter 4 and illustrated in Chapter 9, as a means of retaining 
the direct insight permitted by this algebraic development of the 
two-level atom. Jefferies has kindly communicated to us in advance 
of publication (Astrophys. J., November, 1960) an approach alter¬ 
nate to the “equivalent two-level atom” arising from this interlocking 
of levels, which he has applied to the Ca"^ problem, and in which he 
finds that Sl should be taken to be the same for H and K. 

4. Because the rocket observational data now provide a I 
least good estimates of the flux in the Lyman continuum, it may be 
useful to sketch at this point precisely what we can say, from this 
monograph, on the Lyman continuum. The source function is: 

S.[Ly-C] = {2hv^/c^){biexp[hp/kTe] - l}-^ 

and in a rough way, the emergent intensity is Sp at r, ^ 1. From 
Table 6-10, we see that ^ 1 at the head of the Lyman continuum 
comes just in the region where the model is uncertain. If, however, 
we take the values in Tables 6-10 and 6-6 literally, we may estimate 
Correcting Eq. (6-43) by the quantity lu given by equation 
(6-51), we obtain an expression for bi exp Xi (yYi is hv/kTe at the 
head of the Lyman continuum) 


" nlisV 


f 2R{1 -h A)-’ -f- 1 ) 

|2ff(l -h A)-i 

, exp (—tia/SA 

L ■ 1 + VA J 



0.77(1 + 


Tables 6-10 and 6-6 suggest ^ 9000° and A 0.5 near r ~ 1. 
Thus we obtain bi exp Xi ~ 5.0 X lO'-*. As discussed in Chapter 6, 
the solution in Table 6-10 must ultimately be revised once we ob¬ 
tain a method with which to compute the variation of Lyman con¬ 
tinuous opacity across the abrupt rise in Te- This effect will be a 
lowering of Te at t ~ 1. For 7, = 8500° and 8000°, we ob tain values 
1 X lO^" and 2.3 X 10‘“ for hi exp Xi. In a paper on the interpreta¬ 
tion of the NRL rocket observations in the Lyman regio.n, presented 
at the September 1960 Meudon colloquim sponsored by lAU Com- 
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mission 29a, In be publisheci iu full Jq Asirophys. J. in 1961, and kindly 
<'(inummit‘at(!d to us in of publication, D. C. Morton and 

K. (•- Widins give a value ol 6900° ± ~200° for Tex at the head of 
the Lyman coniinuam. TVofe: bi exp Xi = exp [hvi/kT^^. This 
\ aliH' conH'sponcla to h\ exp ~ 8 X 10® with an uncertainty^ of a 
farlor of 2. Tbus the prediction, from Table 6-10, of the Lyman 
rouliniiuin intensity is quite satisfactory at the present stage of 
Miphislication of model arid observations. 

In connection wi th Ly-a, we should remark again on the 
paper hy Morton and Widiug cited in the last note. The observa- 
liuns .sliow that if one ascribes a very narrow central core to a geo- 
forouid tdfex^l, the ratio of central intensity in Ly-a to peak intensity 
is about 0.7. In an isothermal atmosphere, we see, from Eqs. 


(<) 45 r)> and ( 9 - 86 ) , that the ratio would be 17 I, or less than 1 per cent, 
'riius, by-« obKcrvat.ions suggest very strongly, as discussed in 
< '.hapt (T 9, that t.he central core is formed very much in the middle 
ofarist' in 7’,. iVlorlonund Widing find, indeed, that, in the notation 
of C.lmpters 1 and 9, a value of c ~ 0.1-0.3 seems required. Plage 
\ahif.s I’or c m'<‘ higher. Xheir analysis suggests, further, that 
licH in th«* range 7X 10'-1 X 10® in the region of formation of the 
rora; witli slightly lower values holding for plages. The simple 
\ wo.le\t‘l atom, with (umslunt value for 6, A\d etc., predicts too steep 
u falloir in t he ex I remities of the core relative to observations. Mor¬ 
ton and Witling have very kindly Ihrnished Jefferies and myself mth 
rcMilts on thi'ir invt'stigalious at each stage of the analysis so that 
coultl lmv(' Iht^ plt‘asur<5 of working along with them to see just 
how well th(‘ simple two-level atom theory, with constant para- 
ttirlers. rt'prest'Ut <t(l the tiat u- It seems very clear to all of us that 
thi'se preseiillv c'xisting ol)servations on Ly-a are already quite 

.,l,.,i.iale lo r<)’ret‘ us logo l<> numerical treatments, allowing e, AX^, 

H<-.. h. vary tlu’ough the rt^gion of core formation. In pmticular, 
Hir'dmole etie-ltu-m exponenlial representation of rdnl clearly 
steep a variation of T.. both for the above-mentioned ef- 
r,., ; ,h,- ame- U.e model from Table 6-10. Thus, two 

ttiiia's shouhi he tunphasized here. 

" hirst I lu> t.wo-level atom, using constant values for the para- 
I t v.tti viu-v useful i *4 pointing out the kind of physical 
nu.»l took. e.g.. proper^ of flie »<Jt-teyer^d 

, " ;i„!i !..U, i,. tonus of., temperature gradient, separation of the 
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peaks in their relation to velocity fields or temperature gradients, 
and distinction between collision-dominated and photoionization- 
dominated) (or some other indirect process) lines. Indeed, we have 
probably not yet exhausted the use of the two-level atom in getting 
rough physical pictures. 

Second, when it comes to detailed application of the theory to 
high-quality data, both the two-level atom approach and the use of 
constant values for the parameters must be refined. The thing one 
must keep in mind is the definition of high-quality data. All this 
theory refers to the central regions of spectral lines. For years, many 
astronomers have argued that the problems of observing these cen¬ 
tral regions are so bad that if the interpretation depends on good 
observational data here one had best forget such sophistication of 
interpretation. Consequently, it is very encouraging to see the 
observational data forcing not only a detailed theory for the central 
parts of these lines, but a second-order approach. 


Chapter 10 

1. Reference should be made here to the preliminary treat¬ 
ment of such a problem for the Ca+ H and K lines by Miyamoto 
(1958), although he refers to a semi-infinite atmosphere while we 
require a treatment for differential motions in a cylindrical column 
for Ha. However, this consideration of the asymmetric self-reversed 
core in Ha focuses attention on what probably should be a fifth 
direction of extension of source function work in addition to the four 
listed at the beginning of this chapter, viz: the question of the source 
function and the transfer problem in an atmosphere with differential 
systematic velocities. Pecker and Thomas have presented a critical 
summary of some of the problems connected with such an extension 
at the Varenna Symposium on Aerodynamical Problems in Stellar 
Atmospheres (proceedings to he published in 1961). 
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Absorption: 

ellect in obscuring spicules, 66; in 
spicules, 71“77; in Balmer series, 98, 
103, 203, 217, 310 et seq. (Section 
9“II); ellect in chromospheric energy 
balance, 144, 162“167; Lyman opac¬ 
ity of H, 203, 205, 217; in helium, 
229, 233, 240; at radio wavelengths, 
262; in metals, 354. 

Absorption coellicient: 

Doppler core, 106; Stark effect, 106, 
345, 377; at radio wavelengths, 262 
Acoustic noise: 15. 

Astronomical turbulence: 
basis for an introduction, 10, 11, 19; 
in low chromosphere, 10, 11; energy 
dissipation from, 11; interpretation 
of, 11; in upper chromosphere, 253 

{see Thermodynamic equilibrium, 
local) 

Balmei* lines: 

chromospheric, 26, 31, 32, 37, 38, 
392, 401; scale heights, 39, 40, 52, 
54, 56, 392, 401; profiles in spicules, 
68 77; opacity in, {see Opacity); 
ratio of Ha Da, 74 75; role in chro¬ 
mospheric mua-gy lialance, 159-163; 
in activi^ ri'gion, 256; early, 381 et 
setp; later, 310 et s(Mp 
Balmer s(U’i<‘s opacity: 

{see Absoi'ption) 

Ca 11 lines: 

profiles in sjiicules, 68 *-77; possible: 
broad(uiing in spicidi^s by magnetic 
field, 76, 77; source function for, 
368, 407 

Chromosph(ir(i anomaly: 
dcdiiKMl, 14; negated, 207 


Chromospheric models: 35, 44 
theoretical, 147 et seq. (Chapter 5); 
from continuum, Chapter 6; in 
helium emitting region, 241; empir¬ 
ical, 252, 268 (et seq. Chapter 8), 
Chapter 10 

Chromospheric observations: 

eclipse, 25; extra-eclipse, 26 
Chromospheric structure: 

(see Spherical symmetry, departures 
from); large scale, 26, 45-49; small 
scale, 26, 46, 49-57, 269, 270 {see 
Spicules); spicules {see Spicules); 
“hot spots” or “active regions,” 
46-49, 254-260; temporal varia¬ 
tions, 51-57 
CN: 

chromospheric, 42, 379, 380; scale 
heights, 43 

Conduction, thermal: 143, 148 
Continuum emission: 

X4700, 35, 36, 56, 57, 194, 204, 229, 
388-391, 400; electron scattering, 
35, 194, 204, 245; H“, 35, 194, 204, 
243; Paschen, 35, 194, 204, 243; 
Balmer, 37, 38, 152, 194, 204, 391; 
free-free, 35, 194, 204; coronal, 56, 
168; free-bound, 145, 168, 229; 
Rayleigh scattering, 194, 204 
Convection; 17, 143, 189 
Coronal emission: 

extra-eclipse ol)servations, 26; eclipse 
observations, 42, 46, 47, 169; scale 
heights, 43, 44; base of, 43, 169; 
yellow line, 47; role in chromo- 
spiieric excif'^ition, 232, 233, 234 

Density gradients: 

hydrogen, 203, 217; metals, 262 
Detailed balance: 

defined, 80; in Lyman lines of H, 
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97, 99; departures from in Lyman 
lines, 221, 285; departures from in 
He I resonance lines, 237-242 

Eclipse, total solar: 

1870, 25; 1893, 25; 1926, 25; 1927, 
31; 1932, 28, 31, 46, 48, 49, 52-57, 
259; 1936, 28, 31, 46, 48, 49, 51, 
52-57, 259; 1940, 31; 1941, 30, 31, 
52, 53, 54; 1945, 29, 32, 52, 53, 54; 
1952, 30, 32 et seq. 

Eddington approximation to transfer 
equation 125 
Emission scale height: 

{see scale height) 

Energy balance, chromospheric: paged, 
et seq. (Chapter 1 ) 
input, 142, 143, 146, 147, 155; out¬ 
put, 142-146,150, 169; H", 150-153; 
H, 151-155, 162, 163, 166, 167; 
He I, 151, 153, 167; He II, 151, 153, 
163-167; other, 151, 153, 155, 166, 
168 

Equations of statistical equilibrium: 
symbolic form, 7-9; general, 90; 
three-level atom, 99, 120 
E piivalent two-level atom: 
defined, 122 ; applied to li Balrner 
lines, 285, 287; extensions of, 377 

Flares: 46, 47, 293 

Granulation, photospheric: 57, 187- 
191 

H-: 

importance in chromospheric energy 
balance, 150-153,159; chromospheric 
emission. Chapter 6 
Helium: 

chromospheric, 40-42, 229-238, 395, 
401; scale heights, 40-42, 52, 56, 395, 
401; profiles in spicules, 68-77; ratio 
of D 3 : Ha, 74, 75; importance in 
chromospheric energy balance, 151, 
153, 167; excitation, 229-242; 5fc’s, 
230-238, 255; model atom, 236; 
NRB, 237-242 
Hydrogen: 

importance in chromospheric energy 
balance, 151-155, 166; stability of 
emission, 159-163; Lyman opacity, 


203, 205, 217; Balrner series {see 
Balrner lines); chromospheric opac¬ 
ity {see Absorption) 

Hydrostatic equilibrium: 
empirical results, 207, 253, 271, 381; 
used in model, 212 , 216 
Hydromagnetic effects: 

{see Magnetic fields) 

Ionized helium: 

chromospheric, 40-42; scale heights, 
41, 42, 52, 56; importance in chro¬ 
mospheric energy balance, 151, 153, 
155; stability of emission, 163-167 

Line profiles: 

spicules, 26; chromosphere, 30; {see 
Self-reversed line profiles) 

Local thermodynamic equilibrium 
(LTE): 

{see Thermodynamic equilibrium, 
local) 

Lyman-a of hydrogen: 162, 163, 166, 
373, 409 

Magnetic fields: 

hydromagnetic effects, 23; correla¬ 
tion with emission, 46; in spicules, 
75-77 

Metal lines, other: 

chromospheric, 26, 42, 352 et seq., 
396-400, 403, 404; scale heights, 42, 
52, 56, 396-400, 403, 404; absence 
in spicule spectra, 74 

Net collisional rate: 85 
Net radiative bracket 

defined, 121 ; influence on source 
function, 123,124; evaluation of, 133, 
et seq.; free-bound continuum, 139- 
140 145, 152, 162; role in chromo¬ 
spheric energy balance, 144-146, 
157, 160-167; use in iteration on 
62 (H), 198-201; He I, 237- 242 
Net radiative rate 83, 133 
Non-LTE: 

defined, 18 (.s*ee also Thermodynamic 
equilibrium, local) 

Opacity: 

spicules, 71-77; in chromosphere 
(see Absorption) 
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Paschen lines: 

chromospheric, 33, 38, 47, 394, 401; 
scale height, 40, 394, 401; in active 
region, 256 
Photosphere 

niinimiim temperature, 10, 17, 170, 
171, 378; temperature in upper, 173 
et seq.; accuracy of Te from liml) 
darkening, 179; narrow-band filter 
data, 181, 224, 225, 406 
Plages: 46, 47, 77, 293 

Radiation tempera tui'c, 7V: 

defined, 82 
Radiative instability: 

defined and discussed, Chaptesr 5; 
providing iq)per limit on 220, 351; 
[>()ssibl(i cormection with spicules, 
383; {see stal)ilit,v) 

Radio-noise, chromospheric: 26, 261, 
263 

eHects of depariurt's Fi'om spherical 
symmeU*y on, 263, 266, 268, 269; 
apparent temp(‘ralur<‘ of sun, 263, 
268; rmib-bright(‘.ning, 264 
Ihvsonance lincvs: 

hydrog(‘n, (m* Lymarwv); ionized 
helium, 164, 166, 168; Indium, 167, 
233, 237.24.2 

Saha eipial ion: 

uon-I/rK form, 80; d(^viatit)us from, 
for 11, und(‘r conditions of large 
Lyman opa<‘ity, 94, 104, 105; devia¬ 
tions from for He 11, 159; devudions 
from for lie 1,230, 231,232 
Seal(^ heights; 

delimai, 1; (uuission vs. <l(‘nsity, 3, 4; 
ditlenmliid (dcanents 4; 

chromo.sph(‘rie, 28, 29, 51. 57, 

Appemlix 1 

8(‘If“r(‘\(‘rs(‘d liru* {H'oliles: 

soure(‘“rune(ion th(*ory of, ('hapl(‘r 4; 
liml> obs('rvations in I bv, 306; in 
sfueules, 385 
Soure<^ fimel ion 

(le(im‘d, 96; freipu'ney di6>en(l<‘n<H‘, 
109; funetional 116, 1 19, 

123, 125; Aliln(‘“Slromgren, 116; 

t ypes, I !8, 126, 128, 130; n‘soua!i<’e 
vs. subordinaL’' lines, 123; deplii 
d<‘pen(l(‘ne(' of. 12f), 128, 130; non- 


LTE in visual continuinn, 183-187; 
at radio wavelengths, 262; lor early 
Balmer lines, 283 et seq., 296; non- 
LTE in Lyman continuum, 408; 
approximation scheme for analysis of 
H, 320 et. seq.; for Ga II, H and K, 
368, 407 

Spectrograph, chromospheric ; 

slitless, 27, 28, 31, 32; moving- 
plate, 27; jumping-film, 28; slit, 30, 
31, 32 

Spectroheliogram 26, 46 

Spherical syrnrnetry, departures from: 
chromosphere, 1, 15-18, 45, 156, 
169, 233, 234, 242 et seq. (Chapters 
7 and 8), 277, 288, 323, 347, 382, 
383; photosphere, 187-193 

Spicules; 

detined, 1; importance in chromo¬ 
spheric models, 12, 15, 246, 252, 
253, 259, 269, 270, 380, 383, 386; 
line profiles in, 26; str’ucture, 26, 
49-51, 57-77; motion, 26, 58, 61, 
253, 380, 386; lifetimes, 58, 59; 
numi)ers, 59, 60, 62-68; line pro¬ 
files, 68-77; temperature, 72-77, 
253; density, 73, 253; origin of, 
386, 387; importance of in corona, 
386 

Stal)ility, l-hermal: 

intr()(luc(Hl, 143, 148, chapter 5; 
cribn’ion, 147; 11 , 152; hydrogen, 
152, 159 163; 11, 163 167 

Supertlu‘rrnic jcds 12, 15, 352, 380, 
383 

T<*inp<n*ature minimum: 

{see Lhol,oHpli<'r<‘) 

'Tluu'mal instability of chromosplieric 
riuliation' 

{see stability) 

Thermodynmnic (M{uilibrium, local 

ci;rE); 

defined, 2, 7; departur(‘s from <l(v 
IukhI, 18; in the continuum, 35, 
183 187; (lepju’turc's from in spieuh's, 
7t; hic <l(‘lined, 80; nuvthodology, 
Chapter 4; im{)orlane('i of d(‘|>arl,ures 
from in <‘lu‘ornos|)heric energy bal¬ 
ance and l.<*mp(‘ra(.nre structure, 158, 
159 -167; applied to chrom()sph<a’(*, 
('hapters 6, 7, 9; in H 183 187; 
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in hydrogen, Chapters 4, 6, 9; 158; 
in Hell, 159; in He I, 230, 231, 232; 
in metals, 381; in photosphere, 365- 
367 

Thick atmosphere: 

defined, 95; solution for hydrogen, 97 
Thin atmosphere: 

defined, 92; solution for hydrogen, 
93, 95 

Transport problems: 

mechanical vs. radiative, 18 et seq. 
Turbulence: 

{see Astronomical turbulence) 


Velocity fields: 

in stellar atmospheres, page 6 et 
seq.; chromospheric, 57, 143; spicule 
{see Spicules); effect on line pro¬ 
files, 385,410 

Wik: 

defined, 82; use summarized, 134 

Y,: 

defined, 83 

F,: 

defined, 83 



